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PREFACE

In a series of papers written during the period 1967-1971, Richard
Montague outlined a highly original approach to the problem of providing
a precise account of natural language syntax and semantics. In a sharp
departure from the linguistic methods of the Chomsky school, Montague
introduced a powerful body of techniques from the field of mathematical
logic, principally the set-theoretic semantical methods pioneered by his

teacher Tarski.

Montague's tragic death in 1971 cut short what was certainly the most
ambitious research undertaking of his career, and one for which he was
uniquely qualified. Although he completed only three papers dealing spe-
cifically with natural language, the ideas they contain have provided the
basis for an entire branch of current linguistic research, and the interest
in his work continues to grow among philosophers, linguists and logicians.
The present work attempts to provide the technical background necessary
for a thorough understanding of Montague Semantics, at the same time ex-
ploring some of the mathematically interesting applications of higher-

order modal logic.

The focus of Part I is the logic of intensions, denoted by IL, which
Montague introduced in his paper '"Universal Grammar." This system extends
Church's functional theory of types by the addition of two operators,
corresponding roughly to intension and extension. Montague's formalized
English fragments admit translation into IL, which is given a '"possible

worlds' semantics along the lines of Carnap-Kripke.

Following a brief introduction to the Montague program in Chapter 1,
the syntax and semantics of IL are set out in detail. A natural axiomati-
zation is provided, and Henkin's generalized completeness theorem for the
theory of types is extended to the Montague system. This leads to a stan-
dard completeness theorem for a restricted class of '"persistent" formulas,
a result which has applications to certain "extensional'' fragments of

English.
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In Chapter 2 some natural axiomatic extensions of [L are considered
and normal forms are obtained for formulas of IL. In addition, Montague's

system is compared with a two-sorted extensional theory of types.

Part II, which is essentially self-contained, deals with an alternative

formulation of higher-order modal logic, dcnoted by ML,. This system takes

quantifiers and the necessity operator as primitives aid allows only pred-
icate types, in distinction to the arbitrary functional types of IL. Al-
though equivalent to Montague's system, MLP is perhaps more natural to the
logician, and it has a number of interesting applications of its own in
modal logic and set theory. Bressan has shown that such systems are also

of interest in connection with the foundations of physics.

In Chapter 3, generalized completeness is proved for MLP and for the
theory MLP+C obtained by adding a natural axiom schema of comprehension.
A related principle of extensional comprehension, first proposed by Bres-
san, is shown to be equivalent in MLP+C to an axiom of atomic proposi-
tions considered by Kaplan and Fine. Every general model of MLP is shown
in §10 to be homomorphic, in a truth-preserving sense, to one in which any
two indices (possible worlds) are distinguishable by a formula. In §12 a
general theory of propositional operators is developed within MLp which
includes "axiomatically" defined classes of operators and those arising

from Kripke-type relevance relations as special cases.

In Chapter 4 a Boolean semantics is defined which validates every
theorem of MLP+C . This semantics is applied to show the independence of

the extensional comprehension principle from the axioms of ML +C , and

P
to obtain a number of other independence results in higher-order modal
logic. Topological models, in the sense of McKinsey and Tarski, are ex-

plored in §16, and in §17 the Boolean semantics for ML, is combined with

P
the earlier generalized semantics to reconstruct the Scott-Solovay proof
of Cohen's result on the independence of the continuum hypothesis. In

this application of higher-order modal logic to set theory, certain modal
sentences function as "interpolants' which express in formal terms various

properties of the underlying Boolean algebra.

Except for minor revisions, the present work constituted my doctoral
dissertation in mathematics, submitted to the University of California,

Berkeley, in September 1972. I began working with Professor Montague
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in July 1970, investigating several questions related to his system IL.
Our work was interrupted by his death in March 1971, and Professor Dana
Scott generously agreed to supervise the completion of my dissertation,
for which I am deeply appreciative. I am also greatly indebted to the
other members of my doctoral committee, Professors Leon Henkin and Robert

Vaught, for their consistent direction and advice.

I must thank in addition Nuel Belnap, Harry Deutsch, Haim Gaifman,
David Kaplan, Uwe Monnich, Barbara Partee and Robert Solovay for helpful
conversations and correspondence, my wife Janet for her patience, and the
National Science Foundation for providing financial support during 1970-

1971 under N.S.F. Science Faculty Fellowship No. 60068.

Montague's semantical methods are coming to seem less formidable,
thanks largely to the efforts of Barbara Partee and others to bridge the
separate disciplines of linguistics, philosophy of language, and mathe-
matical logic. One is encouraged to hope that the work of Richard Montague
may eventually bring these disciplines closer to their common goal, the

understanding of language.
Daniel Gallin

University of San Francisco

June 1975
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CHAPTER 1. INTENSIONAL LOGIC

§1. Natural Language and Intensional Logic

When we speak of a theory of meaning for a natural language such as
English, we have in mind an analysis which obeys the functionality prin-
ciple of Frege, according to which the meaning of a given expression
should be a function of the meanings of its constituents.l Philosophers
of language since Frege have accepted the distinction, in discussions of
meaning, between the extension or denotation of an expression ¥ , and its
intension or sense. Let us denote the former by Ext[Z] , the latter by
Int[Z] . We know what the extensions of certain sorts of English expres-
sions should be, according to semantical conventions which we tacitly
accept when we translate English sentences into the symbolism of predicate
logic. For example, if ¥ 1is a name (e.g., 'Jones') and we denote the
universe of all individuals by D , then Ext(¥] 1is an individual, i.e.,
an element of D . If ¥ is a common noun phrase (e.g., 'former thief')
or an intransitive verb phrase (e.g., 'run slowly'), then Ext[Z] is a
set of individuals, or equivalently, an element of the set 2D (the set
of former thieves, the set of individuals who run slowly).2 If ¥ is a
sentence then Ext[Z] is simply a truth-value, or element of the set
2 ={0,1} .

Can we identify meaning with extension? For the purposes of a begin-
ning course in symbolic logic, we often do. Thus, for example, the exten-
sion (truth-value) of the sentence 'Jones runs slowly' depends only on

the extensions of 'Jones' and 'run slowly', construed as above, and Frege's

! Frege [1892], English transl. in Feigl and Sellars [1949]. Carnap {1947}
refers to "Frege's principles of interchangeability."

. s A
2 Here and throughout, exponentiation of sets has its usual meaning: B
denotes the set of all functions, or mappings, from A into B. As usual,
we identify the number 2 with the set {0,1}.
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functionality principle is satisfied. Philosophers have long been aware,
however, of natural examples for which Frege's principle fails when mean-
ing and extension are identified, examples involving "oblique" or intcn-
sional contexts.’ For example, in the sentence 'Necessarily the morning
star is identical with the morning star', which should certainly be counted
true if we understand 'necessarily' to mean "in all possible worlds,"
replacement of the second occurrence of the constituent 'the morning star’'
by the expression 'the evening star', which has the same extension, pro-
duces the false sentence 'Necessarily the morning star is identical with
the evening star' -- false because we can casily imagine a world in which
these stars are not identical. Thus the extension of the sentence is not

a function of the extensions of its parts. To take another example, let us
suppose that Jones is at this moment a member of the United States Senate,
so that the common noun phrase 'colleague of Jones' has the same extension
as the phrase 'United States Senator'. The compound phrase 'former col-
league of Jones' has as its extension a certain set of individuals, among
whom is Jones's old law partner, Smith. If we replace the constituent
'colleague of Jones' by the coextensional 'U.S. Senator', however, we
obtain the phrase 'former U.S. Senator', the extension of which does not
contain Smith. This shows that the extension of 'former colleague of
Jones' is not a function merely of the extensions of its parts, so that
Frege's principle fails here as well. This second example shows that the
difficulty cannot be avoided by simply refusing to countenance the exis-
tence of such entities as ''possible worlds,' for even in the absence of

such notions we encounter problems of the same sort.

Aware of the special problems posed by oblique contexts, Frege did not
abandon the functionality principle for extensions but rather held the
view that the extension of an expression ¢ depends on the syntactic
context in which it occurs. When ¥ 1is used in an ordinary context its
extension is Ext[Z] , but when used in an oblique context its extension
becomes Int[¥] , the {ordinary) sense of ¥ . According to this view, the
failure of the functicnality principle for extensions is attributable to
the ambiguity of natural language. In principle one could eliminate the

difficulties by introducing, for each expression ¥ , a new expression

3 See Quine [1960] for discussion and examples.
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“¢ (the concept of Z ) whose extension is the intension of ¥ . The func-
tionality principle for extensions could then be preserved by using *¥

in place of ¥ when ¥ occurs in oblique contexts. Equivalently, one
could amend the functionality principle for extensions to assert that the
extension of a compound expression is a function of the extensions of
those of its constituents standing within ordinary contexts, together with

the intensions of those constituents standing within oblique contexts.

The first serious attempt to develop an intensional logic -- i.e.,
a logic of intensions -- along the lines suggested by Frege was that of
Church [1951], who provided an axiomatic version of the Frege theory. The
task of providing a referential semantics* for the theory remained, how-
ever, due to the problem of finding an adequate interpretation for inten-
sions. In recent years this problem has been solved by means of a device

which goes back to Carnap.S

Consider the examples given earlier, in which the functionality prin-
ciple for extensions failed to hold. What seems essential in both examples
is that the extensions of the various expressions involved depend on the

particular state of affairs. For instance, the extension of the name 'the

morning star' depends on the particular world in question; the extensions
of the common noun phrases 'colleague of Jones' and 'U.S. Senator' both
depend on the particular moment in time. When we know the extension of
such an expression for a particular state of affairs we may still need to
know its extensions for other states of affairs before we can determine
the extension of a phrase of which it is a constituent. For example, to
determine the set of former colleagues of Jones (at this moment), it is
not enough to know the set of colleagues of Jones (at this moment); we
must also know the set of colleagues of Jones at each past moment. Carnap
made the proposal that the intension of an expression be identified with
the function on possible states of affairs whose value, at a particular
state of affairs, is the extension of the expression in that state of
affairs. That is, according to Carnap ''extension" is really a function

of two variables: we should speak of Ext[¢,i] , where ¥ is an expres-

% I.e., a model theory in the sense of Tarski [1954].
5 See Carnap [1947], §40.
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sion and 1 is a possible state of affairs, in place of our earlier

Ext[{Z] . We then identify Int[Z] with the function F on the set I

of possible states of affairs, such that F(i) = Ext{¢,i] for each i € I.
This definition meets an implicit criterion of Frege's that the extension
of an expression should be recapturable from its intension; in the present
case the former is just the value of the latter at a particular state of

affairs.®

Kaplan [1964] used Carnap's proposal to provide a semantics for
Church's intensional logic. Kaplan followed a suggestion of Carnap, how-
ever, in identifying possible states of affairs with models of the under-
lying language, taking I to be a set of such models. This approach has
a number of disadvantages, and it has now been widely supplanted by the
approach of Kripke [1959], which takes the notion of a possible state of
affairs -- in the context of modal logic, a possible world -- as primi-
tive.’ Montague [1968] and Scott [1970] suggested that a possible state of
affairs be thought of as specifying the context of use appropriate to a
particular language. Expressions of the language are thought of as index-
iggl,e i.e., their extensions depend on a particular context of use. For
example, to evaluate the truth or falsity of an utterance of the English
sentence 'l was here yesterday', one must know the speaker s , the time
t , the world w , and the spatial position p = (x,y,z) . Thus, a possi-

ble state of affairs -- in Scott's terminology an index or point of ref-

erence -- can be thought of as a sequence i = (s,t,w,p, ... ) , where
the remaining coordinates specify, in general, various other aspects of
the context of use.® Given an expression ¥ and an index i , we should
be able to define the extension Ext[¥,i] of ¥ at 1 , and then, fol-
lowing Carnap, define the intension Int[¢] of X by the equation
Int[2](i) = Ext[£,i] for i € I , where I 1is the set of indices.

What sorts of entities serve as the intensions of the particular

types of English expressions considered earlier? Suppose we let D now

6 See Church [1956], p. 9.
7 Cf. Bayart [1958] for an early approach along these lines.
8 The term is due to C.S. Peirce. See Bar-Hillel [1954].

9 See the discussion in Lewis [1970].
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represent the set of all possible individuals, i.e., individuals which

exist with respect to at least one index i € I . If % 1is a name then

IntfZ] will be an individual concept, i.e., an element of DI . If ¥ s

a common noun phrase or intransitive verb phrase, Int[Z] will be a prop-

erty of individuals, i.e., an element of [20]I . If Z 1is a sentence,
10

Int[£] will be a proposition, i.e., an element of 2I

The potential which Carnap's idea holds for the analysis of natural
language only becomes fully clear when we carry the construction to higher
orders, for we can then assign intensions to many parts of speech whose
analysis eludes ordinary predicate logic. Montaguell first suggested such
an approach for verbs which take a propositional object, such as ‘know’
and 'believe', which play a key role in a number of problems in the philos-
ophy of language. Montague's proposal was to assign to such verbs inten-

sions in the set

or in other words extensions which are functions mapping an individual and
a proposition to a truth-value. The intension of the sentence 'Jones be-
lieves that snow is white' could be expressed in terms of the intensions

of its constituents by the condition:

Int['Jones believes that snow is white'](i) =

Int['believe'] (i) (Int['Jones'](i),Int['Snow is white'])

Although discussion of the proper treatment of belief continues among
philosophers and seems to have no single satisfactory answer, Montague's
higher-order intensional approach at least provides an adequate framework
for the analysis of one sense of belief, according to which the object of

belief is a proposition (as opposed to a sentence or some other entity).1?

10 some authors, e.g., Scott [1970] and Lewis [1970], take concepts to be
partial functions on I, possibly undefined for some indices.

11 Talk given in 1967, reported in Montague [1970a].
12 g5ee Partee [1973].
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Montague's student Kamp13 pointed out that the intensions of adjectives

could be taken to be elements of the set

[[2D1 ”D]I] "

so that the extensions of an adjective map properties of individuals to
sets of individuals. For the common noun phrase 'former collecague of

Jones!', for example, we would have the semantic condition:

Int['former colleague of Jones'](i) =

Int{'former'] (1) (Int['colleague of Jones'])

In Montague [1970b] the method was extended to encompass a limited but com-
pletely formalized fragment of English, for which a precise syntax was pro-
vided in terms of grammatical categories and formation rules, as well as a
referential semantics. The richer fragment of Montague [1970c] accommodates
sentences, common and proper nouns, relative clauses, singular terms, ad-
jectives, transitive and intransitive verbs (including so-called "inten-
sional' verbs), and verbs taking a propositional object. The same paper
also outlines a general theory of grammar and semantics.!% In Montague
[1973], the trcatment is simplified somewhat and extended in various ways,

e.g., to accommodate intensional prepositions and adverbs.

Various philosophers and linguists in recent years, among them David-
son, Parsons and Lewis, have been interested in giving a precise semantical
account of natural language. The English fragments constructed by Montague
constitute an important step in this direction. They are rich enough to
provide an analysis of certain philosophical problems which hinge on inten-
sional notions, and their underlying method has already been extended in
various ways.!9 It is worth noting that the English fragments obtained in
this way, as well as the formal logic IL to be discussed in §2, satisfy
Frege's functionality principle for intensions -- the intension of a com-
pound is a function of the intensions of its constituents -- and also the

functionality principle for extensions, as amended to take into account

13 Aiso, independently, Parsons [1968].
14 cf. Lewis [1970] and Partee [1975a].
15 gee Partee [1975b].
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oblique contexts. Whether or not the intension Int[¥] should be identi-
fied with the meaning of Z 1is an arguable question; as Lewis points out,
however, ''intensions are part of the way to meanings ... and they are of

interest in their own right." 16

Let us use the term English to refer to one of the formalized fragments
in Montague [1970c¢c], [1973]. In each case wec can single out a certain sub-
set of the basic vocabulary which consists of extensional words: loosely
speaking, those which do not create oblique contexts.l? Consider, for ex-
ample, the adjectives 'former' and 'tall'. Each tas an intension in the

set

[[2D] [21)]1} I ’

but they differ in that the extension, at i , of 'former colleague of
Jones' depends on the entire intension of 'colleague of Jones', whereas
the extension, at 1 , of 'tall colleague of Jones' depends only on the
extension at i of 'colleague of Jones'. Put differently, the set of tall
colleagues of Jones, at i , is determined once we know the set of col-
leagues of Jones at 1 ; the same is not true of the set of former col-
leagues of Jones at i . The adjective 'tall' is therefore extensional,
in contrast to the intensional adjective 'former'. Extensionality of an

adjective can be expressed by the following condition on its intension F

1f i€1, 6,He€r2’, and i) = H(1)
then F(i)(G) = F(i) ()

Similarly one can distinguish between extensional and intensional verbs,
prepositions, etc., and require of every model of English that the inten-
sions of all extensional words satisfy the appropriate semantic restric-
tion. Those expressions which only involve extensional words!® then com-

prise a sublanguage which we shall call Extensional English. We refer to

this language briefly in §4.

16 Lewis [1970], p. 25.
17 See Montague [1970c], pp. 395-396.

18 Certain of the formation rules may have to be restricted also.
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§2. The Logic IL

Montague makes use, in Montague [1970c], [1973], of an auxiliary for-

mal logic which he calls Intensional Logic, here denoted by IL. The lan~

guage of IL is broad enough to encompass a wide variety of intensional
notions; Montague uses the semantics for IL, in fact, to provide his se-
mantics for English, by means of a translation of English into the symbol-
ism of IL.! Our principal object of study in this chapter will be the
logic IL.

In constructing domains of entities to serve as intensions of various
expressions of English, we have observed the need to pass from a given
domain A to another domain AI , and from given domains A and B to
the domain BA . This observation motivates the choice of symbolism for
IL, which is based on the theory of types as formulated in Church [1940],

in which functional abstraction is taken as a primitive notion.

Types. Let e , t , s be any three objects, none of which is an
ordered pair. The set of types of IL is the smallest set T satisfying:

(1) e, t €T,
(ii) a,pP €T imply (a,B) €T,

(iii) o € T implies (s,a) € T .

As will emerge later, objects of type e will be possible entities or in-
dividuals, objects of type t will be truth-values, objects of type (a,p)
will be functions from objects of type a to objects of type f , and ob-
jects of type (s,a) will be functions from indices to objects of type «a,
i.e., senses appropriate to denotations of type a . We frequently write

ap for (a,B) and sa for (s,a)

! To accommodate a fragment of English admitting tenses, one would add
tense operators to the formalism of IL, as in Montague [1973]. The seman-
tics of IL would then be extended to take account of the tense operators.
See Cocchiarella [1966].
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Primitive Symbols. For each o € T we have a denumerable list of

variables

cO , c? y 2 ,
a a a
of type a , together with the improper symbols =, A, "~ , Y, [, ]

We also denote the variables of type a , in their proper order, by

xa I ya s ZQ 3> UCL 3 Va 3 wa El fa b ga 3 ha F
AN A
and the constants by
R ,
. 8 ” s 4 1 1] T 1]
so that, e.g., ha is x, and ey dis e . We use the letters 'x', 'y',
tzt, ... , 'h! (serif type), with or without superscripts or primes, as

syntactical variables ranging over formal variables of IL, and similarly
we use 'c', 'd', with or without superscripts or primes, to range over con-

stants of IL.

Terms. We characterize recursively the set TmCL of terms of IL of

type a , as follows:

(1) Every variable of type a belongs to Tm(1 ,
(ii) Every constant of type a belongs to Tma ,

(iii) A € Tmyy , B € Tm_ imply [AB] € Tm

ap g’
(iv) A € TmB , X a variable of type a imply Xx A € TmaB R

v) A, BE€ Tma imply [A = B] € Tmt ,

(vi) A € Tma implies “A € TmS ,

a

(vii) A € Tm implies YA € Tm_ .
sa a

2 One could allow here an arbitrary set of constants, not necessarily de-
numerable. See comment at the end of §3.
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We write Aa for A when A ¢ Tma , and adopt the usual conventions re-
garding grouping in terms. In particular, we sometimes use parentheses ( ,

) in place of brackets [ , ] , and outermost brackets may be omitted.

Semantics. Let D and I be non-empty sets. By the standard frame

based on D and I we understand the indexed family of sets,

(MQ)QGT
where

(1) Me =D,

(it) M =2={0,1},

M,
(iii) MaLB = MB = {F]E: M, —»MB}
(iv) M = MaI = {F] F:1 - M}

A (standard) model of IL based on D and I 1is a system M = (Ma, m)

a€T
where
(i) (Ma)aeT is the standard frame based on D and I ,
(ii) m (the meaning function) is a mapping which assigns to each constant

¢, @ function from 1 into Ma ; in symbols, m(ca) € MaI
Intuitively, a constant o of type e represents a name, like 'Jones'
or 'the morning star', and must therefore be assigned an individual con-
cept, rather than an individual, as its meaning or intension. Similarly, a
constant ¢ . of type et might represent a basic common noun, like
'thief', which must be assigned a property of individuals, rather than a

set, as 1ts meaning.

If M is a model based on D and I , the domain D of M is de-

noted by Dom(M) , and the index set I of M is denoted by Ind(M) . We

denote by As(M) the set of all assignments over »M , i.e., all functions
a on the set of variables of IL such that a(xa) € Ma for every variable
X, of type a . If a € As(M) , Xg is a variable of type a , and X € M
then a(x/X) denotes the assignment a' whose value a'(y) for a vari-
able y 1is equal to X if y is X, and afy) otherwise.

We define the value V? a(Aa) in M of the term Aa with respect to

the index i and the assignment a , by the following recursion on the
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term Aa of TL (we suppress the superscript 'M'):

(1) V.
(2) V., (c)

—
tal
2
-
0]

alx,) »

m{c )(1) ,
= v ’
(3) Vi,a(AaBBa) \i,a(AaB)[\i,a(Ba)] s
(€)) Vi,a(xxa AB) = the function F on Ma whose value at X € M<1 is
cqual to Vi 3'(AB) , where a' = a(x/X) ,

- . . v .
(5) Vi,a(Aa = Ba) 1 if vi,a(Aa) \i,a(Ba) , and 0 otherwise,

(6) Vi a("Aa) = the function F on I whose value at j € I 1is equal
to Vj,a(Aa) y

(7 Vi,a(v/\sa) = Vi,a(‘\sa)(i)

It is easily seen that we always have vi,a(Aa) € Ma . Here value plays the
role of extension in our earlier discussion, although to allow for free
variables both the extension and the intension of a term Aq will depend
on the assignment a . Precisely, we define Exta[Aa,i] to be Vi’a(Aaj ,
and Inta[Aa] to be the function F on [ whose value at 1 € 1 1is

3
Vi,a(Aa) ’

Clauses (6) and (7) deserve special attention. The cap operator

acts as a functional abstractor over indices, although s itself is not a
type and no variables ranging over indices are present in IL.* Given a term
Ay > an index i and an assignment a , we have Exta[”Aa,i] = Inta[Aa] 5
i.e., for ecach term Ay of IL we can produce another term AA(I whose ex-
tension (with respect to a and any index 1 ) is the intension of AL
(with respect to a ). In particular, the extension Exta[”Aa,i] of “Aa
is independent of i € I , so that Inta[”Aa] is always a constant func-
tion on I . The cup operator ~ 1is an inverse to the cap operator. Given

a term Ase , for example, which denotes for a particular index and assign-

3 We adopt this course for reasons of convenience. There would be no diffi-
culty, however, in making the assignment part of the context of use, by
replacing our present indices, i, by pairs (i,a).

“ In Chapter 2 we consider a two-sorted theory of types which contains
such variables.
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ment a certain individual concept, the term YA is of type e and denotes
the individual which is the value of the concept for the index in question.
The terms Aa and ""Aa will always have the same extensions, and hence
also the same intensions. However, for an arbitrary term Asa , which may
not be of the form “Ba , the terms A and "YA need not have the same

extensions,

An occurrence of a variable xB in a term A(1 is bound if it occurs
within a part XxB BY , otherwise free. As usual, the value Vi,a(Aa) de-
pends only on the values a(xB) for xB free in Aa , so that, e.g., if
A(1 contains exactly the distinct variables xB . yY free, and X € MB s
Y € MY , we can write

Vi;X,Y(Aa)

to denote the value Vi a(Aa) for any assignment a such that a(x) = X,
3

a{y) = Y . In particular, if Aa is closed, i.e., contains no free vari-

ables, then Vi a(Aa) is independent of the assignment a , and we write

simply Vi(Aa)
The class MC of modally closed terms is the smallest class such that

(1) Xy € MC for every variable Xy s

(ii) "A[I € MC for every term Aa N

(iii) [AaBBa] € MC whenever AGB y Ba € MC ,
(iv) [Aa = Ba] € MC whenever Aa R Ba € MC ,
Ax_ A, € MC whenever A, € MC .

(v) X, 8 wheneve B

It is easily checked that the value Vi a(Aa) of a modally closed term Ac1
s
is independent of 1 € I , and we can therefore write simply Va(Aa) . If

Aa is both closed and modally closed we write V(Aa)

A formula of IL is a term At of type t . Given a model M , an index
i and an assignment a , we say that the formula A is satisfied in M

by i and a, and write
M, i, a sat A ,

if V? a(A) =1 . In the case that A 1is closed, modally closed, or both,
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we write respectively M, i sat A, M, a sat A, or M sat A . Also,

we give the obvious meaning to an expression such as
M; i; X,Y sat A,

when A is a formula containing exactly the distinct free variables xB s
y. ., and X , Y are elements of M, , MY respectively. A formula A is
true in M if M, i, a sat A for every index i and assignment a
A set I of formulas is satisfied in M by i and a , and we write
M, i, a sat = , if M, i, a sat A for every A €3 . I 1is satisfi-
able in IL if M, i, a sat I for some model M , index i and assign-

ment a . A formula A 1is a semantical consequence, in IL, of a set T

of formulas, and we write
r = a in IL,

if M, i, a sat A whenever M, i, a sat T . A formula A 1is valid in

1L, and we write
= A in IL,

if A 1is a semantical consequence in IL of the empty set of formulas, or

equivalently, if A 1is true in every model of IL.

We introduce the sentential connectives, quantifiers and modal opera-

tors in IL by definition®:

t 7t
F= th X, = th T],
~= xx_ [F = xt] ,
A= o hy DAL [fx =yl = M [FTIT,

Yx A= [ X A=) T1],
a a a

5 With the exception of the modal operators, these definitions follow Hen-
kin [1963]. We write [A A B] instead of [[A A] B] where A and B are for-
mulas; similarly for the other binary connectives.
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3

X A= ~¥x ~A
a a

[A,=B = ["A ="B],
A= [A=T],
OA= ~O~A .

It is readily verified that the connectives and quantifiers have their
usual meanings in any model M under these definitions; hence, for exam-
ple, M, i, a sat [A v B} just in case either M, i, a sat A or
M, i, a sat B, and M, i, a sat an A just in case M, i, a(x/X)
sat A for every X € Ma . The necessity operator [J acts as a quanti-
fier over indices: M, i, a sat OA if and only if M, j, a sat A

for every j € I .6

Many of the usual principles of type theory -- tautologies, laws of
rewrite for bound variahles, etc. -- continue to hold in IL. However, there
are some accustomed laws which turn out not to be valid in the intensional
setting, in particular (as is typical of modal quantification theories) un-
restricted laws of universal instantiation and substitutivity of equals.
For example, the formulas
(i) Vxe 3ye [xe = ye] - Hye [ce = ye] s

(ii) c =d > [c¢ c. > c_:
e e e e e e

il
[=8

i

are not valid in IL.7 Various restricted formulations of these principles
are valid in IL, however: Let A(xa) be a term involving the variable Xy
and denote by A(Ba) the result of replacing all free occurrences of Xy
in A(xa) by the term Ba , Tewriting bound variables in A(xa) if neces-

sary to avoid clashes. Then the following schemata are valid in IL:

(1) an At(xa) - At(Ba) , provided no free occurrence of X, lies in

the scope of in At(xa) s

6 Thus, necessity is an S5 operator; see Kripke [1963b].

7 The failure of universal instantiation is due to the treatment of con-
stants in IL. In the modal predicate logic of §9, which can be viewed as
an alternative formulation of IL, an unrestricted principle of universal
instantiation is valid. Cf. also the two-sorted type theory of §8.
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(i1) an At(xa) - At(Ba) , if Ba is modally closed,

(111} }3(1 = C<I - AE{BG] = A [Ca) , provided no free occurrence of X

lies in the scope of

a

~

in AB(XQ) ,

(iv) B

i
e
4

Hl

AB(BQ) AB(LG) , if Ba and Ca are modally closed,

a a

(v) B

i
(@}
v

1

Ag(B) = A ()

§3. Generalized Completeness of IL

Since IL incorporates the theory of types, its valid formulas are not
recursively enumerable, and therefore no complete axiomatization exists.
In this section we prove a generalized completeness theorem for an axiom-

atic formulation of IL, based on the corresponding result in Henkin [1950].

Generalized Semantics.! Let D and I be non-empty sets. By a frame

based on D and [ we understand an indexed family (MQ)GGT of sets,

where

(1) M, =D,
(i) M, = 2= {0,1},

M
(ii1) M is a non-empty subset of MB a Y

ap
. . I
(iv) Msa is a non-empty subset of Ma

A general model (g-model) of IL based on D and I is a system M =

(Ma’ m)aéT

, where

(1) (Ma)aET is a frame based on D and I ,

(ii) m (the meaning function) is a mapping which assigns to each constant

¢, @ function from I into Ma ,

1 The terminology employed here is that of Henkin [1950].
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(iii) There exists a function VM (the value function) which assigns, to
. M
each 1 € 1, a € As(M) , and Ag € Tm(1 , a value Vi,a(Aa) € Ma s
in such a way as to satisfy the recursive conditiens (1) through (7)

on page 13.

As remarked in Henkin [1950], this notion of general model is impredica-
tive, as a result of clause (iii). The difficulty in attempting to define
value in an arbitrary frame is caused by the recursive conditions (4) and
(6) corresponding to A and * , since the functions described there may
simply fail to belong to the appropriate domain M, . We must therefore add

clause (iii), which stipulates the existence of VM ; the uniqueness of VM

follows immediately from the recursive conditions (1) through (7). In §6 we

provide a more direct characterization of a large class of g-models.

The notion of satisfaction of a formula in a g-model is exactly as be-
fore, with model replaced by g-model. The formula A is a g-semantical
consequence, in IL, of a set T of formulas, and we write

T

= A in IL,
g

if M, i, a sat A whenever M 1is a g-model of IL, i € 1 , a € As(M) ,
and M, i, a sat T . If T 1is empty we say that A is g-valid in IL,

and we write
= A in IL.
g

A set 3 of formulas is g-satisfiable in IL if M, i, a sat 2 for some

g-model M , index 1 , and assignment a .

It should be remarked that the sentential connectives, quantifiers and
modal operators continue to have their usual meaning even in general mod-
els. The valid schemata (i) through (v) given at the end of §2 continue to
be g-valid, and since every standard model of IL is a g-model it is immedi-

ate that
r J=g A in IL implies T P A in IL,
|:é A in IL implies [ A in IL,

Z satisfiable in IL implies Z g-satisfiable in IL.
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The Theory IL. We give a deductive structure to the language of IL in
the usual way, first specifying a recursive set of axioms and inference
rules and then defining a theorem of IL to be any formula obtainable from
the axioms by repeated application of the rules. We use the term IL to re-
fer to both the language and this deductive theory within the language; no

confusion should arise.

Axioms of IL.

Al. Iet T A 9t F = th [gx] ,

A2. X, =Y, > fatx = faty ,

A3. an [ fan = gan ] = [f=4g],

AS4. (an AB(X)) Ba = AB(BG) , where AB(BQ) comes from Aﬁ(xa) by

replacing all free occurrences of x by the term B , and (i) no
free occurrence of x in A(x) lies within a part Ay C where
y 1is free in B , and either (ii) no free occurrence of x in
A(x) lies within the scope of "~ , or else (ii') B is modally
closed,

As. D[f =g ] = [f=g],

AS6. Aa = A(1 .

Rule of Inference.

R. From Aa = A& and the formula B to infer the formula B' , where
B' comes from B by replacing one occurtence of A (not immedi-

ately preceded by A )} by the term A’

This axiomatization for IL corresponds very closely to the axiomatization
for the theory of propositional types given in Henkin {1963], as simplified
in Andrews [1963]. AS4 is just Henkin's Axiom Schema 7, suitably modified
for IL. The new axioms A5 and AS6é are analogues of A3 and AS4, with the

~

intensional abstractor playing the role of the functional abstractor
X . We remark in passing that AS4 can be replaced by the following schema-

ta, corresponding to Henkin's schemata 7.1 through 7.5:

m

AS4.1 (Ax_ A A, , if x is not free in A, ,
a a B

g Ba B

AS4.2 (an xa) Ba = Ba R
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AS4.3 (A, [ABYCﬁ]) B, = [(AxA)B] [(xC) B],
Asdd Ox, [Ag = CoD B = [ OxA) B = (Ox0) B,
AS4.5 (an XyB AY) Ba = Ay [(Ax A) B] , if x and y are distinct and

y 1is not free in B ,

AS4.6 Oy “ALg) By = (O A) B],

AS4.7 (an AAB) Ba = “[(Ax A) B] , if B 1is modally closed.

Similarly, Rule R can be replaced by the eight rules below:

R1. From At = Aé and A to infer A' ,
. o At . -
R2. From Aaﬁ = AaE to infer A Ba s A Ba ,
: = A' i = '
R3. From Aa = Aa to infer BaBA z BaBA s
R4. From A, = A! to infer Xx_ A = Ax_A' ,
B f a a
R5. From A_ = A' to infer “A = "A' ,
a a
: = A! 3 VA = VA!
R6. From Asa = A,a to infer A= YA'
< = ' i = = = '
R7. From A = AL to infer [Ba z A] [Ba = A'],
= ! 1 = = t =
RS. From A = A} to infer [A = Ba] = [A' = Ba]

A proof in TL is a sequence of formulas cach of which is either an axiom
or clse is obtainable from earlier formulas by Rule R. A formula A is

provable in IL, or a theorem of IL, and we write
- A in IL,

if it is the last line of a proof in IL. If A is a formula and T is a

set of formulas, we write
r - A in IL

and say that A is derivable from T in IL, if there exist formulas BO,

B, ..., B™! in T such that

is a theorem of IL. A set 2 of formulas is consistent in IL if the for-

mula F  is not derivable from % in IL.
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THEOREM 3.1 (Soundness Theorem for IL)

(1) ‘—» A in IL implies f:g A in IL,
(ii) T |~ A in IL implies T }=gA in IL,

(iii) 2 g-satisfiable in TL implies I «consistent in IL.

Proof: The axioms of IL are easily seen to be g-valid (in the case of
AS4 one can either show this directly or verify the g-validity of the
equivalent AS4.1 through AS4.7), and Rule R clearly preserves g-validity.

This proves (i), from which (ii) and (iii) follow immediately.

The Generalized Completeness Theorem for IL (Theorem 3.3) is the con-
verse to Theorem 3.1. Before we can prove it we need some additional infor-
mation about the theory IL, which is provided in the following list of
metatheorems. The reader can easily reconstruct the proofs of these theo-
rems, in the order listed, by consulting Henkin [1963] and Andrews [1963];
we remark that later theorems in the list frequently imply earlier ones
(e.g., T35 implies T5.1), but in general these later theorems depend on

earlier ones for their proof.

Some preliminary terminology: Given a term A (xa) and a term Ba ,
we say that B 1is free for x in A(x) if no free occurrence of x in
A(x) lies within a part Xy C , where y occurs free in B . A senten-
tial formula is one built up from the formulas T , F and variables of
type t by means of the connectives = ,~ , A, >, VvV . A sentential
formula is a tautology if it is valid (or equivalently, g-valid) in IL.
An arbitrary formula of IL is tautologous if it comes from a tautology by

uniform substitution of formulas of IL for free variables.

Metatheorems of IL.

T1. oA, =4,
T2. [
T3. = vx T
a
T4. - ar
T5.1 | A, = B, implies [ B, = Ay
T5.2 |- A, =B, and I B, =C, imply [ A= C
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Té6.

T7.

T8.

TS,

T10.

T11.

T12.

T13.

T14.

T15.

T16.

T17.

T18.

T19.

T20.

T21.

T22.

T23.

INTENSIONAL LOGIC

= T AT
- [A=T] =A, where A is any formula.
|- A implies |- ¥x, A

|- ¥Yx, A(x) implies [ A(B) , where A(B) comes from the for-
mula A(x)} by replacing all free occurrences of x by the term B,
and (i) B is free for x in A(x) , and either (ii) no free occur-
rence of x in A(x) 1lies within the scope of " , or else (ii")

B 1is modally closed.

- A(x,) implies = A(B,) , where A(x) and B satisfy the

conditions of T9.
|- A and |- B imply |~ A A B

- Ax, AB[X) = Ay, AB(y) , where A(x) and A{y) are identical
except that A(x) has free occurrences of x where A(y) has

free occurrences of y , and vice-versa.

|—» an A(x) = Vya A(y) , where A(x) and A(y) are formulas sat-
isfying the conditions of T12.

[ Vx| Aan S Ban ] = [A=B], where x is any variable not

occurring free in A or B .

F A(M and |- A(F) imply | A(x,) , where A(T) and A(F)
come from the formula A(x) by replacing all free occurrences of

x by T and F respectively.

- TAF = F

F~ TA Xg T X

- [T~ xt] = X

- A->B and | A imply | B

- x = Yo fan = faBy

T
-
I

= gaﬁ 7 fxa = 8%y

- F - X

[—- A if A is a tautology



T24.

T25.

T26.

T27.

T28.

T29.

T30.

T31.

T32.

T33.

T34,

T35.

T36.

T37.

T38.

T39.

T40.

T41.

T42.

T43.

T44,
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f—' A if A is tautologous.

]—- an A(X) AVA(BQ) , where A(x) and B satisfy the conditions
of T9.

|—- A(Ba) *’3xa A(x) , under the same conditions.

|- Exa [Aa = x] , where x 1is any variable not free in A .

|- an [A >B] -+ {A—V¥x B] , where x 1is any variable not free
in A .

|~ B, =Cp AB(B) = AB(C) , where A(B) , A(C) come from A(x,)
by replacing all free occurrences of x by the terms B , C re-
spectively, and (i) B and C are free for x in A(x) , and ei-
ther (ii) no free occurrence of x in A(x) lies within the scope

of © , or else (ii') B and C are modally closed.

|- B, = B, - AggB = AQBB'

I~ Agg = Agp = AB = A B

oA, = AL, » “AsA

A, =B, > B=A

- A, =B > [B,=C, > A=C]

|- B,=C, ~ AB(B) = AB(C) , where A(B) , A(C) come from A(x,)

by replacing all free occurrences of x by the terms B , C re-

spectively, and B and C are free for x in A(x)

- B, =c, ~ O[B=C]

- A-+0A, if A is a modally closed formula.
l—» (1A > A, where A 1is any formula.

- A->OA

- ~oAa - O~0A

- Ofa-B] - [OA->OB ]

- A implies | OA
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T45. |~ ~0A = O~A

T46., |- ~OA = O~ A

T47. QoA = OA

T48. |- @A = QA

T49. |- OOA = oA

T50. |- O QA = OaA

T51. |~ DO[AAB] = mAAOB
T52. |~ O[AVvB] = OAvVOB
T53. |~ OAvOB - [ [Av B]
T54. |- O[AAB] » OAANOB
TS5, O [A-B] » [OA>OB]
T56. - OVx, A = ¥xOA
157, = O3x A = IxOA
TS8. = 3x A > 0O3xA

TS, |k O¥x A = Vx OA

T60. |- 0O ["foq = “8gy) = [f =gl

T61. k- OB, =C] » B=C

T62. [ Ay = £, - O A= Vf]

T63. A €T implies T | A

Té4. T |- A and T €A imply A |- A

T65. F A implies T [—- A

T66. T |~ A and T |~ [A~B] imply T |- B

T67. T |- A implies T |—~ an A , where x 1is any variable not occur-
ring free in T .

T68. T U {A} | B if and only if T |- [A > B]

T69. T - A if and only if T U {~A } 1is inconsistent.

We can now prove a key lemma needed for the Generalized Completeness

Theorem for IL:
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LEMMA 3.2. Let Z be a set of formulas, consistent in IL, and suppose
there are infinitely many variables of each type which do not occur in any
formula in § . Then there exists a sequence 3= f& )iEm of sets of
formulas such that:

(1) zcE,
(ii) For each i € o , E& is a maximal consistent set of formulas in
IL,

(iii) For each 1 € w and each formula B(xa) , we have 3x B(x) ¢ i&
if and only if B(ya) € fi for some variable y which is free for

x in B(x) ,

{(iv) For each i € ® and each formula B , we have B ¢ E; if and

only if B € 55 for some j € w .

Proof: If A 1is a finite set of formulas, let Cnj(A) denote the
conjunction, in some standard order, of the formulas of A , which we take
to be the formula T if A 1is empty. Given an arbitrary sequence T =

(T e
in IL if whenever Ai < Ti for all i € w , each Ai finite, the set

of sets of formulas, we say that T 1is relatively consistent

{Oan(Ai)li € w}

of formulas is consistent in IL. Given a formula A and i € o , we say

that A is relatively i-consistent with T in IL if the sequence obtained

from I' by adding A to Fi is relatively consistent in IL.

Let (iO,AO) , (il,A1) , ... be an enumeration of all pairs (i,A) ,
where 1 € @ and A 1is a formula of IL. We define for each k € w a se-

quence Zk = ( Z? ) of sets of formulas, satisfying the conditions:

i€w
(1) For each k € w , Z? = ¢ (the empty set) for all but finitely many

values of i € w ,

(2) For each k € w , there are infinitely many variables of each type

which do not occur in any formula in any Zi for i € w .

For k = 0 we put 28 =7z, Zg =¢ for i>0.
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Given Zk satisfying (1) and (2), we define 2k+1 as follows: Suppose
(ik,Ak) is the pair (i,A)

. . . . . k k+1

Case 1. A 1is not relatively i-consistent with Z" . Then take Z

to be Zk
Case 2. A 1is relatively i-consistent with Zk

Case 2.1. A does not have the form 3xa B or B . Then let

Zk+1 be the same as Zk , except put Z§+1 = Z? U {A} .
. k+1 k
Case 2.2. A is 3xa B(x) . Then let I be the same as 2 ,
k+1

except put 2 = Z? U {a, B(ya)} , where y 1is the first variable of

i
type a which does not occur in Zk or B(x) , and B(y) comes from

B(x) by replacing all free occurrences of x by y .

Case 2.3. A is < B . Then let Zk+1 be the same as Zk , except
put Z§+1 = 2? U {A} , and put Z§+1 = {B} , where j 1is the smallest num-

ber different from i for which Z? = ¢
LEMMA 3.2.1. Each Zk is relatively consistent in IL.

Proof: By induction on k . If ZO were relatively inconsistent then

for some formulas BO, B1 s e Bn_1 in Z the formula

o1 % asta . A

would be inconsistent in IL, and hence Z itself would be inconsistent in
IL by T41, contradicting the hypothesis of Lemma 3.2. Assume Zk relative-
ly consistent, and let (ik,Ak] be the pair (i,A) . We show that Zk+1

is relatively consistent:

Case 1. A is not relatively i-consistent with Zk . Then Zk+1 = Zk
and is therefore relatively consistent.
Case 2. A 1is relatively i-consistent with Zk
k+1

Case 2.1. A does not have the form 3xa B or B . Then 2

is obtained from Zk by adding A to 2? , and is therefore relatively

consistent by the assumption under Case 2.
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Case 2.2. A is 3xa B(x) . Let Y be the first variable of type

a not occurring in Zk or B(x) , and suppose that Zk+1 were relative-

ly inconsistent. Then for some finite sets Aj E_Zj , ] € w, the set
(O[3 #1ULOMCNIMB) AAABY) ]}

would be inconsistent in IL. But then, letting I be the set {<>an(Aj)|
j #1 } and using T13, T56, T67, T69 and others, we would have:

T |- O~ [cCnj(a) AAABY) T,

I | vy O~ [Cnj(a) A AABY) T,
I |~ Ovy~[Cnjd) AnAABY) T,
I |- O~3y [Cnj(e)) AAABKY) T,
T |- O~ [Cnj(a) AAAIYBKY) T,
r |- O~ [ Cj(a;) AAATXBX ],
I = O~ (cCnj(s) AATL,

so that by T69 again the set

{OCnja) [ 3413V LO0CIM) AATY

would be inconsistent in IL, contradicting the assumption under Case 2 that
A 1is relatively i-consistent with Zk .

Case 2.3. A is OB . Let j be the smallest number different
k+

from i for which ZK = ¢ , and suppose that 2 1 were relatively incon-
sistent. Then for some finite sets Aﬂ < Zz , £ €, the set
{Oan(Az)lﬂ%i,j UL O Cni(a) AAT IUL{OB ]
would be inconsistent in IL. But by T50, T54 we have
- Olenjsp) aal » OB,
so that the set
{OCnjs) | 44,5 YU L O Cnja) AAT Y

would be inconsistent in IL, contradicting the assumption under Case 2.
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LEMMA 3.2.2. The sequence 2 = ( z.)

: is relatively consistent,
1 “il€w

where

= k

237 Ugeo %5
Proof: Clearly Z? E_Z§+1

in the usual way, using Lemma 3.2.1.

for k , 1 € w . The assertion now follows

LEMMA 3.2.3. E; is consistent in IL for each 1 € o .
Proof: Follows from Lemma 3.2,2.

LEMMA 3.2.4. If A is a formula, i € w , and A 1is relatively i-con-
sistent with 2 , then A € f; .

Proof: Choose k so that the pair (i,A) is (ik,Ak) . Clearly A

. . . . . . + -
is relatively i-consistent with Zk , so by construction A € Z? 1 < Zi .

LEMMA 3.2.5. If A is a formula and E&[—-A , then A € ii .
Proof: Straightforward, using Lemmas 3.2.2 and 3.2.4.

LEMMA 3.2.6. f; is a maximal consistent set in IL; i.e., for every

formula A either A ¢ fi or else ~ A € Ei .

Proof: Suppose neither of the formulas A , ~ A belongs to E; . Then
by Lemma 3.2.4 neither formula is relatively i-consistent with Z . It fol-
lows that there exist, for j € o , finite sets A3 , Ag EAEE such that

tOiN 341U LOImie) Aall
and
O[3 41 U LOI i@ A~AT )

are both inconsistent in IL. But then, letting Aj = A3 U A; and using
T54, we see that

T |- O~ [cCnj(a) AAD,

Dl O~[cnja) a~al,

where T = { <>an(Aj)] i #1 } , and from this it easily follows that
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I - O~ Cnj(a,) , so that {O an(Aj)| j € } 1is inconsistent in IL,

contradicting Lemma 3.2.2.

LEMMA 3.2.7. For each 1 € w and each formula B(xa) , we have
Ix B(x) € Ei if and only if B(ya) € f& for some variable y which is

free for x in B(x)

Proof: The implication from right to left follows from Lemma 3.2.5 and
T26. For the implication from left to right, let A be the formula 3x B(x)
and suppose A € Ei . Let {i,A) be the pair (ik,Ak) ; then A 1is rela-
tively i-consistent with Zk , since it is relatively i-consistent with %
by Lemma 3.2.2. Therefore by the construction of Zk+1 , we have B(ya) €
gkl

; g_f: for some variable y free for x in B(x)

1

LEMMA 3.2.8. For each 1 ¢ w and each formula B , we have B ¢ Ei
if and only if B ¢ 55 for some j € o .

Proof: For the implication from right to left, suppose B ¢ Z. but
OB f; . Then i # j , in view of T4l and Lemma 3.2.5, and by Lemma 3.2.6
we have ~ OB € Zi and therefore O~ B € Zi by T46. But then 2 1is
relatively inconsistent, since the set {{ODO~ B , &B } 1is inconsistent
in IL by T49. This contradicts Lemma 3.2.2. The implication from left to
right follows as in the proof of Lemma 3.2.7.

This completes the proof of Lemma 3.2.

REMARK 3.2.9. Suppose I = ( I, satisfies (i) through (iv) of

i )iéw
Lemma 3.2. Then it satisfies also:

(v) For each i € ® and each formula B(xa) , we have Vx B(x) ¢ f}
if and only if B(ya) € 2& for every variable y which is free

for x in B(x)

(vi) For each i € @ and each formula B , we have [0 B ¢ Ei if and

only if B € f} for every j € w .
We omit the proof, which is straightforward.

Lemma 3.2, it should be noted, depends for its proof only on the fact

that the theorems of IL include the ordinary laws of sentential and predi-
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cate logic, together with the S5 modal laws T40, T42, T43 and T44. The lem-
ma will therefore also hold for any theory in which these laws obtain, e.g.
the first-order extensions of S5 described in Kripke [1959], Bayart [1958],
or Hughes and Cresswell [1968]. Lemma 3.2 considerably simplifies the Hen-
kin-type completeness proofs which have been given for these logics, and it
is not difficult to modify the lemma and its proof to apply to quantified

extensions of certain weaker modal logics than $5.2
We are now ready to prove:
THEOREM 3.3 (Generalized Completeness Theorem for IL)

1) I=é A in IL implies [ A in IL,

(ii)y T [=§ A in IL implies T |- A in IL,

(iii) I consistent in IL implies & g-satisfiable in IL.

Proof: Parts (i) and (ii) follow easily from (iii) as usual, and in

fact we show the somewhat stronger:

LEMMA 3.3.1. Suppose X 1is consistent in IL. Then 2 1is g-satisfi-
able in a g-model M = (Ma, m)aeT of IL based on sets D and I , where
I is denumerable and D , as well as each domain Ma , is at most denum-

erable.

Proof: We may assume without loss of generality that there are infi-
nitely many variables of each type not occurring in any formula of 2 ,
since, e.g., replacing each variable x2 by xin throughout Z produces
a set with this property, and clearly affects neither the consistency nor

the g-satisfiability of Z . Let Z = ( fi ) be a sequence of sets of

i€w
formulas satisfying (i) through (iv) of Lemma 3.2, and therefore satisfying

also (v) and (vi) of Remark 3.2.9.
Suppose a € T, i € @ . The relation

A, =~ B (mod i) if and only if [A = B] € Zi s

2 In particular, to those extensions of the modal propositional logics K,

M (also called T), B, and S4 (see Kaplan [1966]) in which the Barcan for-
mula [¥Yx oA > o¥x A] and the usual predicate laws are valid. Cf. the com-
Pleteness proofs given in Cresswell [1967] and Thomason [1970].
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between terms of type a , is clearly an equivalence relation on Tma , in
view of T1, T35 and T36. Let us denote the set of variables of type a by
Vara . Then by T29 and property (iii) of %, there exists for each A €

Tma and 1 € @ some Xx € Vara for which A~ x (mod i) . In fact, prop-

erty (iii) implies that there are infinitely many such variables x , since

for any distinct x0 R x1 PU xn_1 € Vara the formula
I [A=xavx v ks x )
is provable in IL, where x 1is not free in A and is distinct from XO s
s R B ¥ x , y € Var, then by T39 the formula

xzy » O[x=y]

is provable in IL, from which it follows that the relation x ~ y (mod i)
is independent of i € w for variables x , y , and we can write simply
X2y . Let x/~ denote the equivalence class of X, in Vara under this
relation, and let D be the quotient set Vare/& consisting of all clas-
ses x/~ for x € Vare . Then D 1is at most denumerable. Letting I = o ,
we use the sequence I to construct, in the manner of Henkin [1950], a

g-model M = (Ma, m)aéT of IL based on D and I
By recursieon on a € T , we simultaneously define a set Ma and a map-

ping Ry from Tma into MaI , satisfying the following three conditions:
(1) For i, j €1, x¢€ Vara : ua(x)(l) = ua(x)(j) s

(2) For every X € M(I there exists x € Vara such that X = ua(x)(i)
(which by (1) is independent of 1 € 1),

(3) For i €1, A, B¢ Tma : ua(A)(i) = ua(B)(i) if and only if
A~ B (mod i)

a=t: Let M =2-= {0,1} , and put ut(At)(i] =1 if A € fg and

0 otherwise. Then (1) follows from the fact that the formula X O x

is provable in IL, by T39. To verify (2), observe that by T27, T28 and

t

property (iii) of ¥ , we must have y € Ei , ~z € Ei for some variables
y , z of type t . Hence 2z ¢ f; yand p (@) =1, p(2)(i) =0

Condition (3) follows easily from the maximal consistency of Ei .
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a=¢e : Let Me =D = Vare/z , and define ue(Ae)(i) to be x/~ ,
where x 1is any variable of type e for which A o x (mod i) (this is
clearly well~defined). In particular, pe(xe)(i) = x/~ , so that clearly

(1) and (2) hold. The verification of (3) is straightforward.

a = By : Suppose MB , “B , MY , HY have already been defined, and
conditions (1), (2) and (3) hold for B and ¥y . We first define the map-

ping By from Tma into [MYMB]I , as follows: Given A € Tma , 1 €1,
and X € MB , let x € VarB be chosen such that X = uB(x)(i) , and put
ua(A)(i)(X) = uY(Ax)(i) . Such a variable x exists by condition (2) for
B ; to see that the value is well-defined, suppose that y € VarB and
uﬁ(y)(i) =X = ug(x)(i) . Then by condition (3) for B, x=~y (mod i) ,
whence by T32 Ax o~ Ay (mod i) and therefore uY(Ax)(i) = uY(Ay)(i) by
condition (3) for ¥ .

Before defining M~ we verify condition (1) for a : Suppose £ € Var,
and 1, j € I ; we show that ua(f)(i) = ua(f)(j) . Suppose X € MB . By
conditions (1) and (2) for B we have X = uﬁ(x)(i) = uﬁ(x)(j) for some
x € VarB , and therefore ua(f)(i)(X) = py(fx)(i) and ua(f)(j)(X) =
uY(fx)(j) , so it suffices to show that uY(fx)(i) = uY(fx)(j) . Let y €
VarY be such that fx o y (mod i) . By T39 the formula

fx =y - 0O [fx = y]

is provable, so that fx ~y (mod j) also, and therefore using conditions

(1) and (3) for vy we have uY(fx)(i) = HY(Y)(i) = k.03 = MY(fX)(j)

We also observe that if A € Tma , 1 €1 then ua(A)(i) = ua(f)(i)
for some f € Vara . Indeed, suppose A =~ f (mod i) ; then if X € MB s

0

say X = uﬁ(xB)(i) , we have by T33 Ax =~ fx (mod i) , so that by condition
(3) for v, w (AY(HE)(X) = uY(AX)(i) = uY(fX)Ci) = 1L, () (EI(X) . We can
therefore set

e
M, = {ua(f)(l)lfGVara}_C_ Moo

which by condition (1) is independent of i € I , and condition (2) will be
satisfied for a . To verify condition (3), suppose A , B € Tma , 1 €1,

Then the following conditions are equivalent:
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(@ B (M) = kB,

{b) For every Y €M B, (DY) = p (BY()(Y) ,

B E
(¢)  Forevery y € Varg , u (A)(1) (g (D] = u B (D g (D]
(d) For every vy € Varﬁ s HY(AY)(i) = HY(BY)(i) s
(e) For every vy € Varﬁ , Ay ~ By (mod 1) ,
(f) For every vy € VarB , [Ay = By] € Ei ,

(&) ¥x [Ax = Bx] ¢ f} , where x is the first variable of type P not

occurring free in A or B,

(h) [A = B] € Zi s

(i) A~ B (mod 1)

These equivalences employ condition (2) for B , condition (3) for vy ,

property (v) of ¥, and T14.
We remark that A € Tm(I , B € Tmﬁ , 1 € I imply that
MY(AB)(i) = ua(A)(i)[uB(B)(i)]

For, suppose B =~ xﬁ (mod 1)} . Then by T32 we have AB ~ Ax (mod i) , from
which uY(AB)(i) = uY(AX)(i) = ua(A)(i){uB(X)(i)} = uaIA)(i){HB(B)(i)] .

a = sp : Suppose MB s uB have already been defined so that condi-

tions (1), (2) and (3) hold for P . We first define the mapping Ry from
Tm, into [MBI]I , as follows: Given A € Tm, > i €1, let f €Var, be

chosen so that A =~ f (mod i) , and put ua(A)(i) = uB(Vf) € MBI . This is
well-defined, for if we also have g € Var and A~ g (mod i) , then
f~g,ie., f>~g (mod j) for all j € I , and therefore “f =~ g

{mod j) for all j € I by T34. Using condition (3) for £ , this implies
that HB(Vf)(j) = uB(Vg)(j) for all j € I , so that uB(Vf) = uB(Vg) in

M L

B

We observe that for f € Vara , 1 € I , we have ua(f)(i) = uB(“f) ,
which is independent of 1 € I ; thus condition (1) holds for a . Also, as
earlier, if A ¢ Tm(1 , 1 €1, then ua(A)(i) = ua(f)(i) for some f €
Var(I , since A~ f (mod i) implies ua(A)(i) = up(‘f) = pa(f)(i)
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We can therefore set

Moo= {u (DA ] £ €var, )¢ MBI ,

which by condition (1) is independent of i € I , and condition (2) will be
satisfied for a . Finally, we show that condition (3) holds for a : Sup-
pose A , B & Tma , 1 €1 . Choose f , g € Vara with Ao~ f (mod i) ,

B~ g (mod i) . Then the following conditions are easily seen to be equiv-
alent, using condition (3) for B , property (vi) of %, and T60:

@ M) =k BYE)

b Yf) = v ,

(b) ug( ) ug( g)

(© For all j €1, uﬁ(vf)(j) = uﬁ(vg)(j) >

(d) For all j €1, Yf= Vg (mod j) ,

(e) For all j €I, [“f="g]l €.,

() ot
(g) (=gl €2, ,

(h) fe g (mod 1) ,

"
<
oQ
—
m
[ag]
-

(i) A =~B (mod i)

This completes the definition of the frame (Ma)aET for IL based on D
and 1 . Obviously, by conditions (1) and (2) each domain Ma is at most
denumerable. To complete the definition of the g-model M = (Ma’ m)GET we

define the meaning function m by putting
) = e) em '
m(c) = K, (c -
for each constant ¢

It remains to prove that there exists a value function VM in M.

Suppose A € Tma , a € As(M) . Suppose the free variables of A are among
the distinct variables xo, xl, cee s xn_l, where xk is of type a s and
write A(xo, . ,xn~1) for A . Choose a sequence yo, yl, ver yn—l of

distinct variables, yk of type satisfying the conditions

(Ik,

(a) i

o (Yk)(i) = a(xk) (independent of i € 1) ,
k
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®)  y* is free for xX in A .

L ooald) =
Hy (y)(i) , independent of i € I , for some variable y of type a and
k

Such a sequence exists; for by conditions (1) and (2) for «a

as remarked earlier we have y o~ y' (and therefore p(y')(i) = p(y)(i) =
a(xk) )} for infinitely many variables y' . Hence for each k < n there

exist infinitely many variables yk satisfying (a), and it follows that
there exists a sequence yO, yl, e yn_1 of distinct variables satis-
fying both (a) and (b). We call such a sequence a representing sequence for

the term A and assignment a , where the original sequence xO, xl, e

xn_1 is fixed in advance to contain all free variables of A . Let A be

n—l)

which results from A by simultaneously re-

placing all free occurrences of xk by yk for k<n . Given 1 €I we

the term A(yo, e Y

define
W (A) = (R)() €M
i,a T Ky 1 a

We show that this is well-defined, i.e., the value ua( A )(i) does not

depend on the sequence yO, cee yn'l. Indeed; suppose zO, cee zn_1 is

another representing sequence for A and a ; then oy (yk)(i) = a(xk) =
k

By (zk)(i) , s0 we have yk o zk (mod i) , from which it follows by n ap-
k

plications of T31 that A(yo, . ,yn—l) o A(zo, e ,zn_l) {(mod i) , and
[

A(zo, e ,zn-l)](i) , ds required.

therefore ua[A(yO, LYh1w - Hy
Claim: VM is a value function in M .

We must verify the recursive clauses (1) through (7) on page 13. The

verification of (1) and (2) is immediate. To verify

(3) Vi,a(AaBBa) = Vi,a(AaB)[v‘ BO1,

i,a‘’a
we let xo, e xn_1 be the distinct free variables of [AB] , and we
choose a representing sequence yo, ven yn_l for [AB] and a . We then

have V, . (AB) = ug( AB) (i) = kg ( AB)() = Mg A)@ Ik, (BI@D)] =
Via®lvy ,®1 .

4) Vi’a()\x(1 A,) = the function F on Ma whose value at Y € Ma is

equal to V. a'(Aﬁ) , where a' = a(x/Y)
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[ - . q =
For, let Y € Ma , a' = a(x/Y) ; we show that Vi’a(Xx A)(Y) Vi,a'(A)

Let x , xo, xl, cee xﬂ_1 be a list of distinct variables which includes
all free variables of A , and write A(x,xo, ,xn—l) for A . Choose a
representing sequence yO, R yn—1 for Ax A and a , where of course

yk corresponds to xk . Let Ya be a variable distinct from each yk ,

free for x in A , and satisfying ua(y)(i) = Y . Then the sequence y ,

yo, cee yn_1 forms a representing sequence for A and a' , and we
therefore have V, . (A) = il R)(i) , where A is A(y,y", ... " hH
and also Vi,a(XX AJ(Y) = uaB( Ax A (1Y) = MQB( ACA (D) [k ()] =
uB[ ( Ax A )y ](i) , where Ax A is the term )x A(x,yo, .- ,yn—l) It
therefore suffices to show that uB[ (XX A)y J(1) = uﬁ( A)(i) , or
equivalently that (Ax A(x,yo, - ,yn_l))y ~ A(y,yo, - ,yn_l) (mod i)

But this follows immediately from axiom AS4 of IL.

The verification of clause (5) is straightforward, similar to that for

clause (3). To verify

(6) Vi a("Aa) = the function F on I whose value at j € I is equal
3
to Vj,a(Aa) ,
suppose that j € I and let xO, e xn_l be the distinct free vari-
ables of A . Choose a representing sequence yo, cee s yn—1 for "A and

a . Then we have Vj a(A) = ua( A )(j) , and in addition Vi a(AA)(j) =
by C R () = gy C R G) = u,CHU) 5 where £ € Vary, is cho-
sen so that "A =~ f (mod i) . It therefore suffices to show that ua(‘f)(j)
=, ( A)(j) , i.e., that A =~ “f (mod j) . But this follows from T62 and
property (vi) of Z .

(7 Vialhsy) = Vi, alhsgd (1)
For, let xo, P xn—l be the distinct free variables of A , and choose
a represcnting scquence yo, e, yn-l for YA and a . Let f € Vars(I

be such that A o f (mod i) . Then Vi a(A)(i) = usa( K')(i)(i) = ua(vf)(i)
and V., (YA) = p( YA ) (1) = Hey ( YA ) (i) , so it suffices to show that
A~ ¥f (mod i) , which follows from T34.

This proves the claim, and therefore completes the proof that M is
a g-model of IL. Now let a € As(M) be defined by:
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a(x,) = p,(x)(1) (independent of i € 1)

If Aa is any term, we clearly have Vi,a(A) = ua(A)(i) for any 1 €1,
and this implies in particular that for any formula A of IL, M, i, a

sat A if and only if A € Ei . Since Z E_E_ , it follows that M, i, a
sat % when i = 0 . This completes the proof of Lemma 3.3.1 and Theorem

3.3.

Combining Theorems 3.1 and 3.3 we immediately obtain the following gen-
eralized compactness theorem for IL, a result which can also be proved di-

rectly using ultraproducts:

COROLLARY 3.4. Let % be a set of formulas of IL. Then £ is g-sat-
isfiable in IL if and only if every finite subset Z” of 2 1is g-satisfi-

able in IL.

We conclude this section by remarking that the entire development to
this point admits a natural generalization to the case of a non-denumerable
language; i.e., a formulation of IL which permits, for some cardinal « ,

constants ci for a €T and & < K .

§4. Persistence in IL

The Generalized Completeness Theorem proved in the last section relates
the axiomatic theory IL to the generalized semantics for IL. However, we
can also obtain from it a useful relationship between the theory IL and the
standard semantics for IL described in §2. This relationship is expressed
in Theorem 4.2, which shows that with respect to a suitably restricted
class of formulas of IL, the theory IL is complete for the standard seman-
tics.!

Suppose M = (Ma, m) is a g-model of IL based on D and I . Let

a€T

(M&)GET be the standard frame based on D and I . For each a € T we

define an element A' € M' :
a a

1 A somewhat weaker form of this result is anticipated in Montague [1970a],
pp. 88-89.
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(1) Aé € D , chosen arbitrarily,

(i) A% =0,

139 1 ] = ] t 1
(iii) AQB(X ) AB for every X' € Ma ,
. v pia .

(iv) Asa(l) = A& for every i €1

By recursion on a € T we define a one-to-one mapping E Ma - M& :

i

D

(i) @e is the identity mapping on Me Mé s

2

(ii) @t is the identity mapping on Mt M% s

(iii) @aB(F) , for F ¢ MGB , is the function F' € M& such that for

g
all X' € M& , F'(X") = @B[F(éa_l(X'))] if X' belongs to the

range of & , and F'(X') = A} otherwise,

B

(iv) & (F) , for F €M , is the function F' € M! such that for
sa sa sa
all i €1, F'(i) = @a[F(i)]

Define a standard model M' = (Mé, m')aET of IL based on D and I by
letting m'(ca)(i) = @a[m(ca)(i)] for each constant c, - A term Aa of
IL is called M-persistent if, for every i € I and a € As(M) , and for
every choice of Aé € D, we have

M?
i,a!'

M
@a[vi,a(A)] =V (A,

where a' € As(M') 1is defined by a'(xa) = éa[a(xa)] for every variable
X, - In particular, then, a formula A will be M-persistent if, for every
i €1 and a € As(M) , and for every choice of Aé € D, the equivalence

M, i, a sat A if and only if M', i, a' sat A

holds. A term Aa is persistent if it is M-persistent for every g-model
M of IL.

It is immediate from Theorem 3.1 that any term provably equal, in IL,
to a persistent term is itself persistent. Also, a term A is persistent
if and only if the formula [A = x] is persistent, where x 1is a variable

of type a not occurring free in A .

The next theorem shows a large recursive class of terms to be persis-
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tent, and therefore provides a partial characterization of the class of

all persistent terms.? A truth-functional type T € T 1is one which is

built up from the type t alone by pairing; e.g., the type (tt)(t(tt))

1f B, c% ct, ..., c™! are terms of IL of types a , AN SN
a1 respectively, where

a = ao(al( C (an_1 8)...)) ,
then B! ... ¢™! stands for the term [...[[BCO]CI]...}Cn_1 of type

B , or B alone in the case n =0 .

THEOREM 4.1. Let Per denote the class of all persistent terms of IL.
Then:

(i) All variables and constants belong to Per ,
(i1) AaB s Ba € Per imply [AB] € Per ,

(iii) A, » B € Per imply {A = B] € Per ,

(iv) Aa € Per implies “A € Per ,

) Asa € Per implies YA € Per ,

(vi) A, , B, € Per imply ~ A, [AAB] ,OA € Per ,

(vii) Aa € Per implies Xxe A € Per ,
A_ € Per implies V¥x_ A , dx_ A € Per ,
t e e

(viii) Aa € Per 1implies XxT A € Per ,

At € Per implies VxT A, BXT A € Per ( T a truth-functional type)

(ix) Suppose A_ € Per and Ft(x is the formula BCOC1 ox Ll ,

¢ 8)

where €™ has type a for m=n, Ck is the term xB , and B
has type ao(al( c.. (an t}...)) . Suppose also that xB is not
free in B , and the terms B , CO, N c? belong to Per . Then

the formulas Vx [F(x) - A] and 3x [F(x) A A] belong to Per .

2 This notion of persistence is a generalization to IL of a related notion
for ordinary (non-modal) higher-order predicate logic. The question of a
complete syntactic characterization for that case is discussed in Orey
{1959]. See also Mostowski [1947].
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x) If At , Ba € Per and Xy does not occur free in Ba , then the

formula 3x [ B = x A A ] belongs to Per .

Proof: (i) through (vi) are straightforward. For (vii) and (viii) it
suffices to observe that for a given g-model M of IL, if M' and the
mappings @a are obtained from M as earlier, then @a maps Ma onto
M& when a is e or a truth-functional type T . In fact, for these
types a it holds that M, =M, and &  is just the identity mapping.
For a = e this is obvious; for truth-functional types <t it follows
easily from a result of Henkin.3 Conditions (ix) and (x) are straightfor-

ward.
From the Generalized Completeness Theorem we now obtain:

THEOREM 4.2. Let T and Z be sets of persistent formulas, A a

persistent formula. Then:

(i) = A in IL if and only if |~ A in IL,
(ii) T = A in IL if and only if T b A in IL,

(i1i) Z 1is consistent in IL if and only if £ is satisfiable in IL.

Proof: (iii) follows immediately from Theorem 3.3 (iii)} and the defi-
nition of persistence. (i) and (ii) follow easily from (iii), as does the

following

COROLLARY 4.3. Let 2 be a set of persistent formulas. Then 2Z is
satisfiable in IL if and only if every finite subset 2Z° of Z is satis-
fiable in IL.

Theorem 4.2 has application to various fragments of English, as de-
scribed in §1. In particular, it is possible to show that Extensional Eng-
lish can be translated into IL in such a way that the translate of every
sentence is a persistent closed formula of IL. This implies by Theorem 4.2
that a sentence of Extensional English will be valid if and only if its
translate is provable in IL, and since the translation is effective it fol-
lows that the valid sentences of Extensional English are recursively enu-
merable. Moreover, Corollary 4.3 yields a compactness theorem for this

fragment of English.

3 Henkin [1963], §4.



CHAPTER 2. ALTERNATIVE FORMULATIONS OF IL

§5. Modal T-Logic

We take up now the first of several alternative formulations of the
logic IL of Chapter 1. The most natural first step is to try to eliminate

~

the functional and intensional abstractors X\ and in favor of the more
familiar quantifier ¥ and modal operator [, particularly in view of the
fact that the abstractors X , © were responsible for the impredicativity
of the notion of a general model of IL. For the moment, however, we choose
to retain the full 'functional' type structure, i.e., to allow variables
and constants of all types a € T . The resulting logic we refer to as
Modal T-Logic, and denote by MLT' Since V and O are already defined in
IL, the language of MLT can be described as a sublanguage of the language
of IL. We shall adopt this course, since it will facilitate a later compar-

ison of the two logics.

Grammar. The atomic terms of ML, comprise the smallest set ATm of

T
terms of IL such that:

(i) All variables and constants belong to ATm ,
(i1) AaB » By € ATm imply ([AB] € ATm ,

(iii)} Asa € ATm implies YA € ATm .

An example is the term [*f ] of type t . A formula A of

s(et)[cee gse]
IL is an atomic formula of MLT if one of the following holds:

(1) A is an atomic term of MLT of type t ,

(ii) A 1is [B = C] , where B, and C, are atomic terms.

The formulas of MLT are generated from the atomic formulas by the connec-
tives ~ , A, -, V , the quantifier an where X, € Vara , and the ne-

cessity operator [ . Thus, every formula of MLT is also a formula of IL,
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3
but not conversely. Since 3 and < are defined in IL in terms of V , ~
and [0 , these operators are also defined in MLT.1

Generalized Semantics. Let D and I be non-empty sets. By a general

model (g-model) of MLT based on D and I we understand a system M =

(Ma’ m)aéT such that:

(1) (Ma)aéT is a frame based on D and 1 (see page 17),

(ii) m 1is a mapping which assigns to each constant c, @ function from
I into M
a

Thus, a g-model of MLT differs from a g-model of IL only in that no value

X M . . X . R .
function V is assumed to exist in the former, and indeed none will exist
in general. However, for formulas of MLT the assumption that VM exists is

unnecessary. Specifically, let M = (M

o m)a€T be a g-model of MLT based

on D and I, and let 1 € I , a € As(M) . Then V? a(Aa) € Ma can be
defined by recursion for every atomic term Aa in the usual way, and the

notion
M, i, a sat A,
where A is a formula of MLT, can then be defined as follows:

(1) M, i, a sat A if and only if V? a(A) =1, when A 1is an atomic

term of type t ,

(ii) M, i, a sat [B = C] if and only if v“; RO v“.f L€, when B
3 3
and ( are atomic terms,
(iii) Usual satisfaction clauses for ~ , A , = , V

>

(iv) M, i, a sat an A if and only if M, i, a(x/X) sat A for every
X €M ,
a

(v) M, i, a sat OA if and only if M, j, a sat A for all j €1

1 We could take ~ and - as the only connectives in MLy, defining the other
connectives in terms of these two as usual. However, the formulas [A A B]
and [A v B] would then have two readings, one in IL and another in MLp.
This would unnecessarily complicate the later exposition.
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This definition of satisfaction coincides with that given in §3 in the case
when M 1is a g-model of IL and A 1is a formula of MLT, so the same nota-
tion can be used without confusion.

Let A be either an atomic term or a formula of MLT' We say A is
modally closed if it is modally closed as a term of IL. For atomic terms
or atomic formulas A , this holds just in case A contains no constants
and no occurrence of ~ . The formula [ A is modally closed for any for-
mula A , and the set of modally closed formulas of MLT is closed under the
connectives ~ , A , -, v and the quantifier an . If A is a modally
closed formula we can write M, a sat A instead of M, i, a sat A ,
as earlier. Corresponding to our generalized semantical notions for IL,
- f=g A in ML,
and % 1is g-satisfiable in MLT’ obtained from the corresponding notions in

we have for formulas of MLT the notions T F} A in ML

§3 (page 18) by replacing g-model of IL by g-model of MLT throughout. It
should be noted, however, that T Fé A in IL does not imply F|=é A in
MLT’ even for formulas of MLT.
The Theory MLT. We can give an intrinsic axiomatization for MLT’ as

follows:

Axioms of ML..

T
AS1. A , where A 1is tautologous in ~ , A , >, VvV,
A2. xt - [ yt >Xzvy ],
A3. th—)[wyt»xsy],
AS4. an [A > B] = [A->Y¥x B] , where x 1is any variable not occurring

free in the formula A ,

AS5. an A(x) -~ A(Ba) , where A(B) comes from the formula A{(x) by re-
placing all free occurrences of x by the atomic term B, and (1)
B is free for x in A(x) , and either (ii) no free occurrence of
x in A(x) lies within the scope of O, or else (ii') B is mod-

ally closed,

AS6. an [ Aan = Ban ] - A =B, where x 1is any variable not occur-

ring free in either of the atomic terms A , B,

A7. X X,
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AS8. Ba z Ca -+ [ A(BY - A(C) ] , where A(B) , A(C) come from the for-
mula A(xa) by replacing all free occurrences of x by the atomic
terms B , C respectively, and (i) B and C are free for x in
A(x) , and either (ii) no free occurrence of x in A(x) lies
within the scope of O, or else (ii') B and C are both modally

closed,
AS9. OA->A,
AS10. O [A-B] - [OA~OB],

AS1l. A->[A, if A 1is modally closed,

"

Al2. O [ fsa gsa] - f=g

Rules of Inference.

R1. From {A -+ B] and A to infer B ,
R2. From A to infer an A,
R3. From A to infer [ A .

We state without proof the following

THEOREM 5.1 (Generalized Completeness Theorem for MLT)
(1) F% A in MLT if and only if |—- A in MLT’
(ii) T t=g A in MLy if and only if T [~ A in MLy,

(iii) Z 1is consistent in MLT if and only if Z 1is g-satisfiable in MLT'

§6. Extensions of IL and MLT

Since an arbitrary frame and meaning function determine a general model
of MLT’ it is natural to seek a set of conditions, formulated in the lan-
guage of MLT, which will be satisfied in exactly those g-models of MLT
which are also g-models of IL. For this purpose the theory IL proves to be
slightly too weak, however, so we now consider a natural axiomatic exten-

sion of it.
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Intensional Logic with Descriptors. In both IL and MLT we introduce
the abbreviations
[A <> B] for [A-B] A [B~A],

HMQA for h&V% [A «— x=x'],

where x' 1is the first variable of type a distinct from x and not oc-

curring free in the formula A . We denote by D® the formula
!
Bf(et)e Vget [ 3.xe [gx] - g[fgl ] ,

which we call the axiom of description for individuals. Since p® is both

closed and modally closed, it will be either true or false in any g-model

of IL, independent of the index and assignment.

We denvte by IL+D the theory obtained from IL by adding D¢ as a
new axiom, and we write |~ A in IL+D when the formula A is provable

in this theory. By a general model (g-model) of IL+D we understand a

g-model of IL in which D¢ is true. From Theorem 3.3 it is easy to see

that generalized completeness extends to the logic IL+D .

That IL+D 1is a natural extension of IL is evidenced by the fact! that
many familiar validities of type-theoretic predicate logic depend for their
proof on the axiom D® . The intuitive content of D° is just the asser-
tion that there exists a function on sets of individuals, whose value for
any singleton is its unique member. Thus, p® is valid in IL, as are the

additional description principles below:

D% I gyyq Y9y [ 3%, [9x] ~ elfsl T,

aq . vov
: BF(s(at))(sa) vgs(at) [O 3!xcI [Ygx] ~ 0O [Yg“[fg]] ] .

The formula D is the analogous principle of description for objects of
type a , while % is an intensional principle of description for such
objects. In particular, Be asserts the existence of a function F from
properties of individuals to individual concepts, such that for any prop-
erty G , if it is necessarily true that G 1is satisfied by exactly one

object, then F(G) 1is the concept of the unique individual satisfying G

I observed in Henkin [1963], p. 343.
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The following result, which generalizes a similar result for tvpe the-
ory due to Church, shows that we need not add the formulas Da R i to

IL+D as axioms.
LEMMA 6.1. For every type a € T , the formulas % and % are

provable in IL+D .

Proof: We first use generalized completeness to show that the formula

[Da - ﬁa] is provable in IL for each a . Let M = (Ma, m)aET be a g-mod-
el of IL such that M sat D® . By a rewrite of bound variables {(for nota-
tional convenience only), we have
’, , 1 ’ ’, ’ro
M sat Bf(atJa Vgat [ 3ix, [g’x] - g’[f'g”’]1 ] .,

and therefore we have
M; F'osat Wgl [ 3ix, [9°x] > g’ [f'g"] ]

for some F' € M(at)a . No index i need be specified, since the formula

in question is modally closed. We now let

M

F= VF'[ ng(at] A[fiat)avg] ) € M(s(at))(sa)

It is readily verified that
M Fosat Vo oo [D3x; [ex] ~ D [g7[fel] ],

where f is of type (s(at))(sa) , and therefore M sat ﬁa . This proves

the assertion,

It therefore remains only to show that D(I is provable in IL+D for
every a . We use the generalized completeness of IL+D : Suppose M =
(Ma, m)aéT is a g-model of IL+D ; we show that M sat p” by induction

on the type a . The case @ = e is immediate. For a =t we let
F= Wing, [g=rx x 1)¢€n
tt - t t (tt)t ’
and verify that
M Fosat Vg [ 3ix [ox] > 9ff . el 1,

from which it follows that M sat Dt (Cf. Henkin [1963], p. 328).
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Now assume that M sat DB ; we show that M sat DaB . First, by a

rewrite of bound variables,
M sat EfEEt)B Vgét [ 3!xB [g’x] - g°[f'9’]1 1],
so that
M; F' sat Vgét [ E!XB [g’x] - g’[f'g’] 1]
for some F' € M(Bt)ﬁ . Now let A(f’) be the term
Xg(aﬁ)t Ax, [ fzﬁt)ﬁ XyB Hh(aB) [gh Ay =hx]]
of type ({af)t)(aB) , and let
F= W) en
F! ((ap)t) (af)
It is routine to verify that
M; F sat Vg(aﬁ)t { H!hap [gh] - glfgl ],

where f is of type ((aB)t)(aB) , and hence that M sat DaB (C£. Church
[1940], p. 62).

Finally, assume that M sat Da ; we show that M sat Dsa . By a re-

write of bound variables, we have
Mosat 3F7 o Vel 3tx (9'x] > ¢’(f'9"] 1,
and hence
M; F' sat Vgat [ BIXa [g’x} = g7[f'g"] ]
1 ’
for some F' € M(at)a . Let A(f") be the term
Xg(sa)t [ f(at)a Xya BhSq [ghay =" h]]
of type ((sa)t)(sa) , and let
F= VM (A(F)) €M
F! ((sa)t) (sa)

One verifies easily that

M; F sat vg(sa)t [ B!hsa [gh] - gifg} 1,
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sa

where f 1is of type ((sa)t)(sa) , so that M sat D . This proves

Lemma 6.1.

Modal T-Logic with Replacement. In order to characterize the general

models of IL+D it is necessary to add to the theory MLT certain natural

principles of comprehension for functions, which we call replacement prin-

ciples since they bear a formal resemblance to the replacement schema of

axiomatic set theory. The schemata in question are the following:

a,B,A, . - :

R : an 3.yB A - BfQB an VyB [y=f£fx > Al , where f 1is the
first variable of type aP not occurring free in the formula A ,

gEA 0 3!xa A - Efsa O an [ x=Yf - A1, where f is the first

variable of type sa not occurring free in the formula A .

We denote by MLT+R the theory obtained from MLT by adding all instances

of the replacement schemata as new axioms, i.e., by adding all formulas
Ra’B’A and ﬁa’A where A 1is any formula of MLT' A general model (g-mod-

el) of MLT+R is a g-model of MLT

ment schemata are true, i.e., satisfied by every index and assignment. As

in which all instances of the replace-

earlier, it follows from Theorem 5.1 that generalized completeness extends
to the present logic, so that, in particular, a formula A of MLT is prov-

able in MLT+R if and only if it is g-valid in MLT+R , 1.e., true in

every g-model of MLT+R .

LEMMA 6.2.1. For all types a , B € T and every formula A of IL,

RQ)B,A

the formulas and REOM are provable in IL+D .

Proof: We use generalized completeness. Let M = (Ma, m)aéT be a
g-model of IL+D , and let i € I , a € As(M) . We show that M, i, a sat
a,B,A
R i 3
G

there exists a unique Y € M, for which M; i; a,X,¥Y sat A , where

. Assume that M, i, a sat an ER A . Then for every X € Ma

a,X,Y abbreviates the assignment a(x/X)(y/Y) . By Lemma 6.1, M sat DB,

and therefore
M; B! osat Ygg, [ dlyg [av] - I peyp o

for some F! where we can assume that the variable f' 1is dis-

Mg -

tinct from X, and does not occur free in A . Letting
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N '
Fe Vi p (M [f Mg A 1) e,

ﬁ >
one easily verifies that

M; i; a,F sat an VyB [y =fx - A],

where f 1is the first variable of type aB not occurring free in A , and

therefore

M, i, a sat 3Af VxVy [y =fx - A],

so that M, i, a sat Ra’B’A .

~aL,A

We show that M, a sat R : Assume that M, a sat [ 3!xa A, so

that for every 1 € I there exists a unique X € Ma such that M; i; a,X

sat A . By Lemma 6.1, M sat 6a , and therefore
. 1 I v vaY t
My F'osat g .y [O3tx [Yex] -~ O ["g7[f'g]] ]

for some F!' , where f' 1is a variable of type (s(at))(sa)

€M
(s(at)) (sa)
not occurring free in the formula A . Letting

M -
Foe Vo g CF g A €M,

it is straightforward to check that
M; a,F sat 0O an [x=Yf - AT,

where f 1is the first variable of type sa not occurring free in A .

Therefore
M, a sat IfOV¥x [ x="f » A],
which completes the proof of Lemma 6.2.1.

The semantical argument given here can, of course, be effectively re-
placed by a direct syntactical proof in the theory IL+D , for any given
a, P, and A . The lemma shows that, in particular, all instances RG’B’A
and ﬁa’A will be provable in IL+D when A 1is a formula of the sublan-

guage MLT of IL, so by the generalized completeness of IL+D we obtain:

COROLLARY 6.2.2. Every g-model of IL+D 1is a g-model of MLT+R .



50 ALTERNATIVE FORMULATIONS OF IL

Before proving the converse to Corollary 6.2.2, which is included in
Theorem 6.2, we need an analogue of Lemma 6.2.1. We first observe that the

description principles p® s 0% are all formulas of MLT.

LEMMA 6.2.3. For every type a € T , the formulas 0% and 0% are
provable in MLT+R .
Proof: Let M = (Ma, m)aéT be a g-model of MLT+R ;

at,xa,x&) be the formula

we first show

that M sat D . Let A(g
[ H!xa [gx] A gx T v [~ 3!xa [9x] A x = x* ]
of MLT. Choosing X' ¢ Ma arbitrarily, we see that
. L ' Id
M; X' sat \1gat 3.xa A(g,x,x")
Using replacement and rewrite of bound variables, it follows that
. 1 = 4
M; F,X' sat Vgat an [ x = fg > A(g,x,x") ]

for some F € M , where the variable
(at)a

A(g,x,x”) . But then clearly

f does not occur free in
(at)a

M; Fosat V¥g . [ 3ix_ [gx] - g[f(m)(I gl 1.,

a ~a ’
and hence M sat D . To see that M sat D , let A(gs(at)’hsa’hsa)

be the formula
[ O E}!x(1 [Ygx] A0 [¥Yg*h] ] v [ ~0O El!x(I [Ygx] A h =h* ]

of MLp. Let H' € Msa be arbitrary, and suppose that we can show the fol-

lowing condition:
™) M; H' sat Yg 3'h A(g,h,h”)
Then by replacement and rewrite of bound variables,
M; H' sat 3f Vg VYh [ h = fg - A(g,h,h") ],

where f is a variable of type (s(at))(sa) not occurring free in the

formula A(g,h,h’) . We therefore have

M; F,H' sat Vg Yh [ h = fg + A(g,h,h”) ]
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for some but from this it is straightforward to check

FeEM sty (sa)
that

My Foosat Vg [O3ix, [Yex] » DO [Yg7[fg]] ],

where f 1is of type (s(at))(sa) , and hence that M sat 5% . so it re-
mains only to prove condition (*). Assume that G € Ms(at) ; we show that
M; G,H' sat 3!'h A(g,h,h”) . First, in the case M; G sat 0O 3!xa [Ygx] ,

we have by replacement
M; G sat Ehsa 0 an [ x="h - Ygx ],

from which it easily follows that M; G,H' sat 3!h A(g,h,h”) . On the
other hand, this conclusion is immediate when M; G sat ~ 0O Elxa [Ygx] .

This completes the proof of Lemma 6.2.3.
We can now state the main result of this section:

THEOREM 6.2, The logics IL+D and MLT+R have exactly the same gen-

eral models.

Proof: In view of Corollary 6.2.2 and Lemma 6.2.3, it suffices to

prove the following: Given any g-model M = (Ma, m)aéT of MLT+R , there

exists in M a value function VM satisfying the recursive conditions (1)

through (7) on page 13.

We first define, for each term Aa of IL and each variable X, not

occurring free in A , a formula

EqA(x) ( x equals A)

of MLT’ whose free variables are x together with the free variables of
Aa . The definition is by recursion on Aa :

. ) s A . _

(i) Aa is v, » X4 distinct from Vg o Then Eq (x) is [v = x]

(ii) Aa is S arbitrary. Then EqA(x) is ¢ = x]

(iii) Aa is [BﬁaCB] s Y, not free in Aa . Let fBa , xB be the first

variables of their respective types which are distinct from y and

not free in A , and let EqA(y) be the formula
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3f 3x [ EqB(f) A EqC(x) Ay s fx ]

(iv) Aa is Xxﬁ BY , fa not free in Aa . Let yY be the first vari-
able of type vy which is distinct from x and does not occur free
in B, and let Eq(f) be the formula

B
Vx dy [ Eq (y) A fx =y ]

) A is [BB = CB] » X, mot free in A, - Let y be the

a B’ %

first distinct variables of type P which are distinct from x and

do not occur free in A , and let EqA(x) be the formula
B C
Jy 3z [ Eq (y) AEq (2) A [ x>y =1211.
(vi) A is "B, , f_ not free in A_ . Let x, be the first variable
a B a a B
of type B which does not occur free in B ; and let EqA(f) be

the formula
B .
O3x [ Eqg (x) A x = ¥f ]

(vii) A is "B , X not free in A_ . Let f be the first vari-
a sa a a sq

able of type sa which is not free in B , and let EqA(x) be the

formula
B v
Af [ Eq (f) A x = Yf ]

LEMMA 6.2.4. For every term Aa of IL and every variable x, not

occurring free in A , the formula Ei!xcL EqA(x) is provable in MLT+R .

The proof is straightforward, using generalized completeness and induc-

tion on the term Aa .

Now suppose that M M, m)

. qer 1S @ g-model of ML_+R . We define a

T

value function VM in M as follows: Given a term Aa , an index i and
an assignment a over M , we let V? a(Aa) be the unique X € Ma such

that M; i; a,X sat EqA(x) , where x 1is the first variable of type «

M .
is a value

not occurring free in A . It is routine to verify that V
function in M, i.e., satisfies the recursive clauses (1) through (7) of

page 13. We omit the details.
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Intensional Logic with the Axiom of Choice. We can strengthen the de-
scription principles p® s ﬁa of IL+D by replacing the quantifier 3!

in their antecedents by the weaker existential quantifier 3 , obtaining

thereby the following axioms of choice:

Ac Fetrya at [ 3x, [ox] - glfe] 1,
e V -
At 3F )y (sa) P9sqar) [0 [oxl = D [e7lfell 1.

These principles are valid in IL, and if we add them to IL as new axioms

we obtain a theory which we denote by IL+Ac . In fact, it suffices to add
only the formulas act , since the intensional axioms Rca can be shown to
follow in IL, as in the proof of Lemma 6.1; however, it does not suffice

here to add the formula Ac® alone. By a general model (g-model) of IL+Ac

we understand a g-model of IL in which these axioms of choice are all true.

As before, generalized completeness extends to this logic, and clearly the

description principles p® s D% all hold in IL+Ac .

Modal T-Logic with Replacement and Choice. 1In a similar way we can
Ra’B’A

. L sa,A .
strengthen our earlier replacement principles and R’ to give

the following principles of replacement and choice:

CL,B,A . S = -
Rc : an 3yB A BfaB VYx ¥y [y = fx Ad,
Re®A . O3x A - 3F_OWx [ x= f - A],
a sa a

where in each case f is the first variable of indicated type which does
not occur free in the formula A . The theory MLT+RC comes from MLT by

adding all instances of these schemata in MLT to the axioms of MLT, and a
general model (g-model) of ML +Rc is defined in the obvious way. By in-

T
specting the proofs of Lemmas 6.2.1, 6.2.3 and Theorem 6.2 one can prove:

THEOREM 6.3. The logics IL+Ac and MLT+Rc have exactly the same

general models.

§7. Normal Forms

The ideas of the previous section can be used to obtain various normal

forms for formulas of IL.
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THEOREM 7.1, For every formula A of IL we can effectively find a
formula A' of MLT with the same constants and free variables, such that
[A = A'] 1is provable in IL.

Proof: For a term Aa of IL and a variable X, not free in Aa , let
EqA(x) be the formula of MLT defined in the proof of Theorem 6.2. One
easily shows by induction on Aa :

LEMMA 7.1.1, If X, is not free in Aa then the formula

B (x) = [A = x]

is provable in IL.

Now suppose A 1is a formula of IL and let x be the first variable
of type t which does not occur free in A . Then we can prove in IL the

formula

A s Ix[[A=sx]Aax],

so by Lemma 7.1.1 we can also prove
A
A = 3x[EQ(x)arx],
and the right-hand side of this equality is the desired formula A'

COROLLARY 7.2. Let A be a formula of IL, and let A' be the corre-
sponding formula of MLT’ as above. Then:
(1) |~ A in IL+D if and only if |- A' in ML+R
(i1) | A in IL+Ac if and only if |- A' in MLp+Rc .

Proof: By Theorems 6.2, 7.1 and generalized completeness.

A formula A of MLT is a prenex formula if it consists of a string of

quantifiers followed by a quantifier-free matrix; i.e., A has the form
QoxO lel . Qn_lxn_1 M , where each Qk is ¥ or 3, and the formula
M contains no quantifiers. A is a Skolem formula if in addition no uni-

versal quantifier precedes an existential quantifier in the prefix, so that
A has the form 3x0 3x1 e me-l v oL Vxn-l M , where the formula M

is quantifier-free.
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THEOREM 7.3. For every formula A of MLT we can effectively find a
Skolem formula A* with the same constants and free variables, such that

[A + A"1 is provable in ML +Rc .

Proof: Given a prenex formula B of MLT’ we say that B 1is a prenex
form of A if [A «= B] 1is provable in MLT+RC and A and B have the
same constants and free variables. We observe that the usual principle of

interchange of equivalents holds for the logic MLT+Rc .

LEMMA 7.3.1. All instances of the schemata

(1) an 3yB A > Hfa Yx ¥y [y =£fx > A],

P
(i1) O3x_ A <« 3If OVx [ x=YFf » A],
a sa a

(iii) 0O an A an Oa

are provable in ML_+Rc , where in (1) and (ii) f 41is a variable which

T
does not occur free in A .

Proof: For (i) and (ii) we only need to establish the converses of the
principles of replacement and choice; but these are immediate. (iii) is the
so-called Barcan formula, which is easily proved using generalized com-

pleteness.

LEMMA 7.3.2. If A and B are prenex formulas of MLT then for each
of the formulas ~ A, [AAB] , [A>B] , and [A v B] we can effectively

find a prenex form.
Proof: As usual.

LEMMA 7.3.3. If A 1is a prenex formula of MLT then we can effectively

find a prenex form of A .

Proof: By induction on the number of quantifiers in the prefix of A .
0 n-1

Suppose A is QOX R Qn—lx M. If n=0 then OA is quantifier-
free and hence in prenex form. Otherwise we can clearly assume that the
variables xo, e xm1 are all distinct, and we have two cases:

Case 1. QO is ¥ . Then in MLT+Rc we can prove

() oA < ow’s,
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@ oA« wos,
by Lemma 7.3.1 (iii), where B 1is the formula lel R Qn_lxn-1

B is a prenex formula with fewer quantifiers than A , so by the induction

M . But

hypothesis (0 B has a prenex form C , and by (2) the formula on C will

be the desired prenex form for O A .

Case 2. QO is 3 . Suppose xO is of type a , and write B for the

LI M . By Lemma 7.5.1 (ii), (iii) and rewrite of

bound variables, we can prove in MLT+RC :

formula lel .0 Q

(1) DA <« DngB,

2 oA = 3 o’ [ - 8],

0

3 D& «— Frwlorl=vf > 87,

where f 1is the first variable of type sa which does not occur free in

B . Writing M(xo,xl, . ,xn—l) for the matrix M , we can choose new
variables yl, RPN yn_1 , different from x0 and f , so that in MLT+RC
we can prove
0 0 .
(4) OA « dfYx O x" =Y ».
1 n-1 0.1 n-1
Qly ce Qn_ly M(X Y 5 eee Y ) ] >
) DA « 3f onmqul G I ST
0 1 n-1
M(x7,y", ... .y )]

By the induction hypothesis, therefore, we can find a prenex formula C

such that the formula
0
OA < 3df ¥x C

is provable in MLT+Rc , and this gives the desired prenex form for 0O A .

By Lemmas 7.3.2, 7.3.3 and a straightforward induction on A we have:

LEMMA 7.3.4. For every formula A of MLT we can effectively find a

prenex form.

To prove Theorem 7.3 it clearly suffices to combine Lemma 7.3.4 with the

following result:
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LEMMA 7.3.5. Let A be a Skolem formula with n existential quanti-
fiers in its prefix. Then we can effectively find a Skolem form of an A

having at most n existential quantifiers in its prefix.

Proof: By induction on the number n . Suppose A 1is of the form
Jy . Byn_l B , where B is the formula vz0 ... 2" 1M . Clearly we
1

0 - C s .
can assume n >0 and x , ¥y , ... , " distinct, by dropping any vac-

0

uous quantifiers. Using Lemma 7.3.1 (i) and rewrite of bound variables, we

can prove in ML +Rc  the following formulas:

0 1 n-1
(@))] an A an E]y{3 Jy" ..o 3y B,

() ¥x A <> 3f Vx Oy e - 3yl ey

S

where f 1s the first variable of type af not occurring free in B .
Writing M(x,yo, - ,zO, ... )} for M, we can choose new variables ul,
s un_l, vo, e vm-1 different from x , yo and f , so that in

MLT+Rc we can prove
¥x A <+ 3f ¥x Vy0 c,

where C is the formula

1 n-1 0 m-1 0

du . Ju vy LAY [ yO = fx - M(x,yo,ul,...,v yeen) ]

Since C is a Skolem formula with n-1 existential quantifiers, two ap-
plications of the induction hypothesis give a Skolem formula C' with at

most n-1 existential quantifiers in its prefix, such that
Yyx A < 3fC!

is provable in ML +Rc . Thus 3f C' is the desired Skolem form of Vx A .

COROLLARY 7.4. For every formula A of IL we can effectively find a
Skolem formula A* of MLT with the same constants and free variables, such
that f[A = A*] is provable in IL+Ac .

Proof: Theorems 6.3, 7.1 and 7.3.

REMARK: Dual to this existential Skolem form we have a universal Sko-
lem form, in which no existential quantifier precedes a universal quanti-

fier. The corresponding theorems follow from Theorem 7.3 and Corollary 7.4
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by considering the existential Skolem form of ~ A . It should be noted
also that the matrix of a prenex formula can be put in various modal normal

forms! on the basis of the S5 axioms of MLT.

§8. Two-Sorted Type Theory

As we observed in §2, the cap operator ~ acts as a functional ab-
stractor over indices, although the grammar of IL lacks variables over in-
dices since s alonc is not a type. This omission is reasonable, since IL
was intended as a formal logic with intensional features close to those of
natural language, and in natural language we do not refer explicitly to
contexts of use; indeed, if we did refer to them explicitly there would be
little justification for the Carnap approach. From a formal point of view,
however, it is natural to consider interpreting IL in an extensional theory

of types having two sorts of individuals. We call this logic Two-Sorted

Type Theory, and denote it by Tyz.
Types. The set T2 of types gf_Tyz is the smallest set such that:

(i) e, t, s ET,,

(i1) a, B € T2 imply (a,B) € T2 .
Thus, the set T of types of IL is contained in the set T2 .

Primitive Symbols. For each a € T2 , we admit variables

of type a , which we identify with the corresponding symbols of IL when
the type a belongs to T . We also have the improper symbols = , A, [

and ] . As before, we denote the first nine variables of type a by:

1 E.g., the modal conjunctive normal form described in Hughes and Cress-
well [1968], pp. 54-56.
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Terms. The sets Tm2 a of terms of Ty, of type a are characterized

recursively:l

(1) Variables and constants of type a belong to Tm2 .

(ii) A € Tm B € Tm imply [AB] ¢ Tm

2,08’ 2,a

(1ii) A ¢ Tmz,g implies an A ¢ TmZ,aB s

(iv) A, Be Tmz,(1 imply [A = B] ¢ Tm2’

2,8 °

t

Generalized Semantics. Let D and 1 be non-empty sets. By a frame

for Ty, based on D and I we understand an indexed family (M)
— 2 S —_— a aéTz

of sets, where

(i) M_=D,

(ii) Mt =2 = {0,1} ,
(iii) MS =1,

Ma
(iv) M is a non-empty subset of M

af B

The frame is standard if the inclusion in condition (iv) can be replaced

by equality. A general model (g-model) of Ty2 based on D and I is a

system M = (Ma, m)aéTz satisfying:

(1) (Ma)a€T2 is a frame for Ty2 based on D and I ,

(ii) m(c ) €M for each constant c¢_ ,
a a a

(iii) There exists a function VM which assigns, to each .assignment a
M .
over M and each term Aa , a value Va(Aa) € Ma , in such a way

that the following conditions hold:

(1) v, (x) a{x) s

(2) v (e = me) s

! We employ freely in this section various of our notational conventions
for the logic IL.
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(3) V (AB) = Y (Ae) [V, (B
(4) Va(an AB) = the function F on Ma whose value at X € Ma
is equal to Va'(AB) , where a' = a(x/X) ,

(5) Va(A = B

" a) = 1 if Va(AQ) = Va(Ba) , and 0 otherwise.

If the underlying frame is standard then condition (iii) is unnecessary,

and M 1is called a (standard) model of Tyz. As before, a formula is a term

A of type t . The notions M, a sat A, F[=g A in Ty, fzg A in
Tyz, and I 1s g-satisfiable in Tyz, are defined in the usual way, as are
their standard semantical counterparts, e.g., the notion TFA in Tyz.
Also, we employ in Ty2 the definitions of the logical operators T , F ,

~ ,A,=>,Vv,Y¥,3 given in §2.

The Theory Tyz.

Axioms of Ty2.

Al. gtt TA gtt F = th [ax] ,

A2. L fatx E faty s

A3, an [ fan = gan 1 = [f=4],

AS4, (an AB(X)) Ba = AB(BQ) , where A@(BQ) comes from AB(XQ) by

replacing all free occurrences of x by the term B, and B is

free for x in A(x)

Rule of Inference.

R. From ACI = A& and the formula B to infer the formula B' , where
B' comes from B by replacing one occurrence of A (not immedi-

ately preceded by X ) by the term A’

We have generalized completeness for the two-sorted logic Ty2, as a trivial
extension of Henkin's result for ordinary type theory. It is worth noting,

in particular, that the schemata

(1} an A(x) - A(Ba) , where the term B 1is free for x in the for-

mula A(x) ,
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(ii) Ba = Ca - AE(B) = AB(C) , where B and C are free for x in

the term AB(XQ) R

are provable in Ty2 without further restriction (Cf. discussion at the end
of §2).

We denote by Ty2+D the theory obtained from Ty2 by adding as new ax-

ioms the formulas

pe: I lerye "Oer [ 3%, (X1 » glfg] 1,

pS: 3 (stys 195 [ 31xg [9x] > glfg] ]

As before we can prove:
LEMMA 8.1. In Ty2+D the formulas
. !
D”: Hf(at)a Vgat [ 3‘xa fgx} = g[fg] ]
are provable for each type a € T2 .

*
Interpretability of IL iB_Tyz. For each term Aa of IL we define Aa’

the translate of Aa in Ty2, as follows:

e

CO TR 5 I
CEONN G I S
(13) [Agh )" = BT,

(V) [hx, AB]“ = Ax A,

v (A =Bl = A =8,
wi) Al - e A
(vii) [VASG]* - [A*xs] )

The free variables of A; are just the free variables of Aa together,
in some cases, with the single variable X, - The constants of A  are the

constants ¢ such that cg occurs in A . If T 1is a set of formulas

sp

of IL, we denote by T the set of formulas A for A €T .

S
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*

THEOREM 8.2. The translation of A into A preserves the standard
semantics. Precisely, let T and 2 be sets of formulas of IL, A a for-
mula of IL. Then

S

(1) = A in IL if and only if |= A" in Ty,
(11) T F A inIlLifandonlyif T | A inTy,,
(iii) % satisfiable in IL if and only if 2 satisfiable in Ty,.

Proof: (i) and (ii) follow from (iii), which in turn follows from the

following

LEMMA 8.2.1. Let D and I be non-empty sets, and suppose that M =
(Ma, m)aGT s M = (M;, m*)aﬁTz are standard models of IL and Tyz, respec-

X

tively, based on D and I , so that Ma = M; for a € T . Suppose also

that m(cg) = m"(cza) for each constant CZ of IL. Then for every term

Ag of IL, every assignment a over M and index i €1

M M %
Vi’a(Aa) = V(A
where a® is the partial assignment a(xs/i) over M .
Proof: Straightforward induction on Aa .

Less obvious than Theorem 8.2 is the fact that the translation of A
into A" provides a relative interpretation, in a sense close to that of
Tarski, Mostowski and Robinson [1953], of the theory IL+D in the theory

Ty2+D . Precisely:

THEOREM 8.3. Let I and I be sets of formulas and let A be a for-
mula of IL. Then:

ot

(1) |- A in IL+D implies |~ A" in Ty,+D ,

o

(ii) T b A in IL+D implies I |~ A in Ty,*D

(iii) 2" consistent in Ty ,+D implies % consistent in IL+D .

Proof: Again (i) and (ii) follow from (iii). By generalized complete-

ness it suffices to show:
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LEMMA 8.3.1, If 2" is g-satisfiable in Ty2+D , then Z 1is g-satis-
fiable in IL+D .

Proof: Let M = (Ma, m")aGT2 be a g-model of Ty2+D in which 2

is satisfiable, based on sets D and I . Define a g-model M = (Ma’ m)aéT

L

of IL based on D and I by letting Ma = M; for @ € T and putting

m(cg) = m*(cza) . For a€¢As(M) and i €I Ilet

M:\' %
W) = V)

where a* is the partial assignment a(xs/i) . It is easily checked that

VM is a value function in M , and clearly for every formula A of IL

(+) M, i, a sat A if and only if M, a¥ sat A"

But Z* is satisfiable in M* , and in fact we can assume that M*, a”

sat Z* for some a” of the form a(xs/i) , where a € As(M) and i ¢ I.
But then by (t), M, i, a sat 2 . It therefore remains only to show that
M is a g-model of IL+D , i.e., that M sat D® . But it is clear that
%" is »°
(t), the proof is therefore complete.

, and M sat D® since M' is a g-model of Ty,+D . By

We conclude with two remarks. First, it is possible to interpret the
theory Ty2+D in the theory IL+D in a similar sense, using notions to
be developed in the next chapter; we shall return to this question briefly
in §13. Second, each theory is strongly interpretable in the other, in the
sense that the implications in Theorem 8.3, for example, can actually be
strengthened to equivalence. We omit the very lengthy proof of this fact,

although the general idea is discussed at the end of §13.
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CHAPTER 3. HIGHER-ORDER MODAL LOGIC

§9. Modal Predicate Logic

We now consider ancther alternative formulation of IL, which we call
P T of §5, this

logic takes ¥ and O as primitives; unlike MLT’ however, its types are

Modal Predicate Logic and denote by ML . Like the system ML,

restricted to include only those for individuals and predicates at various
levels. Here predicate is used in a precise sense employed by Montaguel to

mean relation-in-intension. Thus, an n-place predicate is to an n-place

relation what a property is to a set. Such a restriction of the set of
types seems natural to a formulation in which ¥ and [0 are primitive,
and it is perhaps not surprising that several authors have proceeded along
these lines in generalizing modal predicate logic to various higher orders.
Bayart [1959] and Cocchiarella [1969] give generalized completeness theo-
rems for systems of second-order S5; Bayart's methods, however, do not seem
to generalize readily to higher orders. Bressan [1964] has applied higher-
order S5 to problems arising in the foundations of physics, and in his most
recent work [1972] he develops in detail a logic similar to MLP’ allowing
unlimited predicate types. Montague [1970a] independently employed a sec-
ond-order modal logic in connection with his analysis of belief contexts,
mentioned in §1, and remarked that the same construction could be carried
to higher (and even transfinite) orders. The logic MLP is therefore a nat-
ural and useful alternative to IL; moreover, we shall see that MLP has some

distinct advantages over IL when we come to consider the Boolean semantics

of Chapter 4.

Higher-Order Predicate Logic. Before defining the syntax and semantics

of MLP’ we consider a formulation of ordinary (non-modal) higher-order
predicate logic, which we denote by LP' This logic, which is essentially

the version presented in Orey [1959], will be useful in its own right in

! Montague [1970a)], p. 71.
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a later section, and its syntax and semantics will be closely paralleled

by those of the logic MLy.

Predicate Types. Let e uve any symbol which is not a finite sequence.
The set P of predicate types is the smallest set such that:

(1) e € P,

(i1} C. , O

0 o € P imply (oo,o

n-1 Cp) €F

1% " s [ERRR

That is, the set of predicate types contains e and is closed under the
formation of arbitrary finite sequences. Objects of type e will be indi-

viduals, and objects of type (o ,0_ .} will be relations of n

0,01,... n-1

arguments, of which the first is an object of type 9 > the second an ob-

ject of type o s etc.

Primitive Symbols. For each o € P we have a denumerable list of

variables
0 1 2
X xO s X5 s

0 1 2
C »C_ € _,
e} &) a
of type o , together with the improper symbols = ,~ , > , VY , [, ]

We also denote the variables of type o , in their proper order, by

Xooa Yoo Zo s U s VoW fog o h e a s o
’
XYoo 2l s
and we use the letters 'x', 'y', ... , 'r', with or without superscripts

or primes, to range over formal variables of Lp. A symbol s _ of type o©

is a variable or constant of that type.

Grammar. An atomic formula of Lp is an expression of one of the forms

where s is of type o = (co,cl,...,cn_l) and sk is a symbol of type

2 We fix the set of constants here for reasons of convenience. One could
allow an arbitrary set of constants, not necessarily denumerable.
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fo for k< n; or

k

where s , s' are symbols of type e . The formulas of LP are generated
from the atomic formulas by the connectives ~ , - and the quantifier

ch , where X5 is an arbitrary variable.

It is important to note that the empty sequence ¢ belongs to P , so
that a symbol S¢ standing alone is an atomic formula.

The sentential connectives A , v , «> and the quantifier EXO are
defined as usual. For an arbitrary predicate type o # e and symbols s ,

s' of type o we use [s = s'] as an abbreviation for the formula
uxO yxt L. vl [ s x'x" ... x = st X ... X

k .
where o = (00,01,...,on_1) and x is of type oy for k< n . We use

3!x0 A as an abbreviation for the formula
I ¥x_ [A > x=x'],
c o

where xé is the first variable of type o different from x and not oc-

curring free in the formula A .

Generalized Semantics. Given a set X , we denote by P(X) the power

set, or set of all subsets, of X . Given sets X0 s vee s Xn-l , we let

X0 X .. X Xn—l denote their Cartesian product, i.e., the set of all se-
quences (ao,...,a , where a, € X for k< n.

n-1) IR

Let D be a non-empty set. By a frame for LP based on D we under-

stand an indexed family (MGJQGP of sets, where
(1) M =D,

(ii) For each type o = (GO""’cn—l) R M(7 is a non-empty subset of

PM_x ... xM )
%0 Un-l

The frame is standard if the inclusion in (ii) can be replaced by equality.

A general model (g-model) of LP based on D is a system M = (Mc’ m)GEP
such that:
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(i) (Mo)cép is a frame for LP based on D ,

(ii)  The mapping m assigns to each constant ¢, an element of M0 .

M is a (standard) model of Lp if the underlying frame is standard. We de-

note by As(M) the set of all assignments over the g-model M , i.e., all

functions a on the set of variables such that a(xc) € MO for each vari-
able X5 For an assignment a , we let a be the extension of a to the
set of all constants, defined by the rule that Z(cc) = m(co) € MG . We can

define the notion
M, a sat A

by recursion on the formula A of LP’ as follows:

(i) M, a sat s 0.0 s™1 if and only if (5{50),...,§Isn—1)) € a(s) ,
(i1) M, a sat [s = s'] if and only if a(s) = a(s') , where s and

s' are symbols of type e ,
(iii) Usual satisfaction clauses for ~ , > , ch

It is readily verified that the defined equality relation [s = s'] for
symbols of type o # e represents identity in any g-model of Lp, in the
sense that M, a sat [s = s'] 1if and only if a(s) = a(s') . From this
it follows that M, a sat 3!xc A if and only if there exists a unique
X € MG for which M; a,X sat A . (As in earlier sections, a,X 1is here
an abbreviation for the assignment a(x/X) .) We define as usual the seman-

tical notions: A is true in M, A 1is a g-semantical consequence of T

in LP, A is g-valid in Lp, etc.
The Theory LP.
Axioms of LP‘
AS1. A , where A 1is tautologous in ~ and =~ ,

AS2, an fA->B] - [A->V¥YxB], where x 1is any variable not occurring

free in the formula A ,

AS3, ch A(x) ~ A(SU) , where the symbol s 1is free for x in the for-
mula A(x) ,
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ASS. s = sé = [ A(s) » A(s') ] , where the symbols s and s' are

free for X in the formula A(xo)

Rules of Inference.

R1. From [A - B} and A to infer B,

R2. From A to infer ng A .

It is well-known3 that generalized completeness holds for the logic LP’

as does the corresponding result for the logic LP+C , Predicate Logic with

Comprehension, obtained by adding to the axioms of Lp all instances, in the

language of Lp, of the following schema:

1 n-1

oA BfU\fxOVxl...Vxn_l[fxox...x - A7,

C

where o = (c xk is of type o, for k< mn, and f0 is

0’01""’0n—1) s X
the first variable of type o which is not free in the formula A .

Modal Predicate Logic. As indicated earlier, the syntax and semantics

of MLP closely parallel the syntax and semantics of LP' In fact, the set P

of predicate types is the same for the two logics, the difference lying in

their intended interpretation. In MLP, objects of type (00,61,...,Gn_1)
will be predicates (relations-in-intension) of n arguments, of which the
first is an object of type oy > the second an object of type Oy s etc.

Grammar. The variables and constants of MLP are the same as those of

LP' The improper symbols of MLP

operator @O . The formulas of MLp are generated from the atomic formulas

are those of LP together with the necessity

given earlier by means of the operators ~ , -, ch and O . The senten-
tial connectives A , v , +> , the quantifier Exo , and the possibility

operator < are defined as usual. We carry over from Lp the abbreviations
[s = s'] for symbols of type o # e , and EI!xG A (given earlier). In MLP

we also write

[s=s'] for O[s =s'],

3 By the method of Henkin [1950].
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where s and s' are symbols of arbitrary type o , and

i

Jtix A for Ix' ¥x [ A = x=x'1],
[¢2 (o) a

where XL is the first variable of type o different from x and not

free in the formula A .

Generalized Semantics. Let D and I be non-empty sets. A frame for

ML, based on 1) and I 1is an indexed family (M) of sets, where
p —— —— o’ o€P
(i) Me =D ,

(i1) For each type o = (oo,...,on_l) R MO' is a non-empty subset of
PO X XM )t
0 n-1

The frame is standard if equality holds in (ii). A general model (g-model)

© ML S is SY'S = :
gﬁ_llp based on D and I 1is a system M (MO, m)oEP such that

3

(1) (MU)GEP is a frame for MLp based on D and I

(i1) The mapping m assigns to each constant ¢, an element of Mo .

If n =0 we adopt the usual set-theoretic convention identifying the
Cartesian product X0 SRR Xn_1 with the set containing only the empty

sequence ¢ . In any g-model M of MLP we therefore have

M, c plent =2t

so that M¢ is always a non-empty set of propositions. A (standard) model
of MLP is a g-model whose underlying frame is standard. An assignment is

defined as before, and the notion
M, i, a sat A,

where i € 1 and a € As(M) , is defined by recursion on the formula A :

(i) M, i, a sat s O ™1 if and only if (5(50),...,E(sn-1)) is

an element of a(s)(i) ,

(i) M, i, a sat [s = s'] if and only if a(s) = a(s') , where s and

s' are symbols of type e ,
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(iii) Usual satisfaction clauses for ~ , » , on ¥

(iv) M, i, a sat OA if and only if M, j, a sat A for all j €1

The defined equality relation [s0 = sé] for types o # e now represents
contingent identity of predicates in any g-model of MLP: We have M, i, a
sat [sG = sé] if and only if a(s)(i) = a(s')(i) . But for every type o,

M, i, a sat [s_=s'] if and only if a(s) = a(s') . It is also easily

1
o fod
checked that M, i, a sat 3!xq A just in case (i) M; i; a,X sat A for
some X € Mo , and (ii) the condition M; i; a,X sat A determines X(i)
uniquely. On the other hand, M, i, a sat EI!XG A just in case there

exists a unique X € Mc for which M; i; a,X sat A .

As in §2 and §3 we introduce the notions A is true in M , P|=é A
in MLP, F% A in MLP, and 2 is g-satisfiable in MLP' We also have the
corresponding standard semantical notions [ [~ A in MLP’ A in MLP, and
2 1is satisfiable in MLP. The set of modally closed formulas of MLP is the
smallest set containing all atomic formulas of the form [se = sé] , all
formulas of the form (0 A , and closed under the connectives ~ , - and
the quantifier ch . For such a formula A we write M, a sat A, as

earlier, since the index i 1is irrelevant.
The Theory MLP.
Axioms of MLP'

AS1. A , where A is tautologous in ~ and =~ ,

AS2. VXG fnA - B] - [A->V¥Yx B] , where x 1s any variable not occurring

free in the formula A ,

AS3, on A(x) — A(So) , where the symbol s 1is free for x 1in the for-
mula A(x) ,

Ad, X = x |,

1]

AS. e 5 Ve 7 XeF Ve

AS6. s =s' - [ A(s) - A(s') ] , where the symbols s and s' are

free for X in the formula A(xc) ,

AS7. OA->A,
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AS8. O (A-B] » [ODA~OB],

AS9. ~0OA » O~{[1A.

Rules of Inference.

RI. From [A -~ B] and A to infer B,
R2. From A to infer an A,
R3. From A to infer [ A .

We write |-= A in MLP, if the formula A 1is provable in this theory, and
Tl—A in MLy, if the formula

is provable in ML, for some formulas BO, Bl, e 1 in T . A set 3

of formulas is consistent in MLP if some formula is not derivable from Z

in MLP' The soundness of the theory MLp

tics for MLP is easily established using the following straightforward se-

mantical lemma:

relative to the generalized seman-

LEMMA 9.1.1. Let M be a g-model of MLP’ and suppose the symbol s _
is free for the variable X in the formula A(x) . Then for every index

i and assignment a ,
M, i, a sat A(s) if and only if M; i; a,X sat A(x) ,
where X = 5(5)
THEOREM 9.1 (Generalized Completeness Theorem for MLP)

(i) I:g A in MLy if and only if F A in ML,

(i1) T Fg A in ML, if and only if T - A in MLy,

(iii) 2 is consistent in MLP if and only if Z 1is g-satisfiable in MLP‘

We sketch briefly the proof, which is considerably simpler than the
proof of Theorem 3.3. As earlier, it suffices to prove the implication from
left to right in part (iii), and again we can assume that the consistent
set £ omits infinitely many variables of each type o . Lemma 3.2 carries

over to the theory MLP (see comment on pp. 29-30), 50 there is a sequence
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T= (I Dy,
(iv) of Lemma 3.2 (see page 25) and hence also properties (v) and (vi) of

of sets of formulas of MLP having properties (i) through

Remark 3.2.9 (page 29). Given symbols s , s' of type o , the relation
s~ s' if and only if [s =s'] € I, ,

which is independent of i € w , is easily shown to be an equivalence re-
lation on the set Sym(r of symbols of type o . Moreover, for each symbol
5, we have Sq Xy for infinitely many variables X o By recursion on
the type o we define a set MU and a mapping By from Sym(T into MU

such that:

(1) . 1is onto MO ,

- ] 2 . 1 ~ t
(2) ug(sg) = ug(sc) if and only if S, o Sk

We first let Me =D = Syme/w and define ue(se) to be se/z . Next, we

assume that MG and B have been defined for k< n ; we define a map-
k "k

ping o from Sym_ into P(M_x ... x M )w where o = (0n,...,0
el o UO Gn~1 0
by putting the sequence .

n-1

4] -
(1w (5" ), oov » 1 (s ) )
% %o n-1 “n-1

into uo(sgj(i) just in case the formula s SO... sn_1 belongs to Ei

This is well-defined, by AS6, and if we let Mc be the range of K then
conditions (1) and (2) hold. We define a g-model M = (Mc’ m)GEP of MLP
based on D and I = ® by letting m(cc) = uo[cc) for each constant ¢,

It is readily verified by induction on the length of the formula A that
M, i, # sat A if and only if A € f& )

for every i € I , using Lemma 9.1.1 and property (v) of % at the quanti-
fier step. From this we conclude that M, i, a sat Z when i =0 and
a = u , and the proof is complete.

Persistence in MLP. The notion of persistence, discussed in §4, also
in a much simpler form. Suppose M = (Mo’ m)oép is a

be the standard

carries over to MLp

g-model of MLP based on D and I , and let (Mé)gep
frame for MLP based on D and I . It is easily seen that MG < M& for

every o € P, so that the system M!' = (M', m) is a standard model of
’ o] o134
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MLp and As(M) ¢ As(M') . A formula A of MLp is called M-persistent if

M, i, a sat A 1if and only if M', i, a sat A

for every i € I and a € As(M) , and persistent if it is M-persistent for
every g-model M of MLp. Any formula which is provably equivalent to a

persistent formula is itself persistent, and as earlier we can prove:

THEOREM 9.2. Let Per be the set of all persistent formulas of ML
Then:

p

(1) All atomic formulas belong to Per ,

(ii) A, B € Per imply ~ A, [A > B] € Per ,
(iii) A € Per implies (O A € Per ,

(iv) A € Per implies Vxe A € Per ,

(v) Suppose A € Per and F(XG) is an atomic formula of the form

s sO... X .. sn-1 in which the variable x_ occurs non-initially.
Then the formulas ch [F(x) - A] and 3xcr [F(x) A A] belong to

Per .

From generalized completeness (Theorem 9.1) and the definition of persis-

tence, we obtain

THEOREM 9.3. Let T and & be sets of persistent formulas, A a

persistent formula of MLP' Then:
(1) |:: A in MLp if and only if |—» A in MLP’
(ii) T F A in ML, if and only if T - A in ML,

(ii1) % 1is consistent in ML, if and only if & 1is satisfiable in ML

P P’

(iv) 2 is satisfiable in MLP if and only if every finite subset 2Z“ of

Z is satisfiable in MLP‘

Modal Predicate Logic with Comprehension. Among the various axiomatic

extensions of MLp it is most natural to consider the deductive theory we
denote by MLP+C , obtained by adding to the axioms of MLp all instances

of the following comprehension schema:
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0.1 n-1

A Hfo F]on Vxl . Vxn-l [ £ x'x"... x — A],

C

where o = (co,ol,...,d xk is of type o for k< n , and fo is

n—l) ’ k
the first variable of type o which is not free in the formula A .* This

schema expresses the principle, valid in ML,, that every formula with free

p
variables determines a predicate, i.e., a relation-in-intension. A g-model

of ML, in which all instances CO’A are true (i.e., satisfied by every in-

p
dex and assignment) is called a general model (g-model) of MLP+C . It is
evident that generalized completeness carries over to the logic MLP+C

Extensional Comprehension. It is reasonable to ask whether the ordi-

nary comprehension principle, that every formula with free variables deter-

mines a relation, can also be expressed in the language of ML,. Although

p-

the models of MLp admit only predicates at the oth type level for each

o # e , we can identify ordinary relations with constant predicates, so

that, e.g., a relation

RC M x ...xM
0 n-1

would be represented by the predicate F ¢ Mo , 0 = (UO,..., ) , satis-

o
n-1
fying F(i) = R for all i € I . That the variable fO denotes such a

constant predicate is expressible in MLp by the formula

0 0 n-1
X

rnce) ¢ w0 oM poe ROl n-1

v O~ f xO... X

s

where xk is of type oy for k < n . The principle of extensional com-

prehension is then expressed by the schema:

et 03 [raee) A e oo o Ay,

k . .
where o = (00,...,on_1) , X is of type oy for k< n, and fG is
the first variable of type o which is not free in the formula A . We

. R yA
denote by MLP+C+EC the theory obtained by adding all instances ec®

to the axioms of MLP+C , and define a general model (g-model) of MLp+C+EC
in the obvious way. Note that a g-model M of MLP is a g-model of MLP+C

* The notation Cc’A was given a different meaning on page 71, when A is a
formula of Lp. We shall refer to an instance of the comprehension schema
in Lp, when it is necessary to distinguish the earlier formula from the
present one.
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just in case the following condition holds: For every o = (00,...,on_1) s

n-1
X

every formula A(xo,..., ) where x has type oy and every assign-

ment a over M , the predicate F belongs to MG , where

F(1) = { (XgoeeonX ) I M5 45 ax )X sat A}

0 X0

for each i € I . If in addition the constant predicates Gi defined by
Gi(j) = F(i) (j € T ) always belong to Mo , then M 1is a g-model of

MLP+C+EC . Hence:

LEMMA 9.4. The theory MLP+C+EC is equivalent to the theory obtained
by adding to the axioms of MLP+C the formulas

o, _
ET O Vfg 390 [ Rn(g) A~ f =g ]

for every o # e .

Some remarks about the schema EC are in order. It was discovered in the
course of proving that the theories IL and MLP have mutually interpretable
extensions (Corollaries 13.6 and 13.12). Initially it seemed to the author
that IL+D and MLP+C would be equivalent theories in this sense, but it
proved necessary to add the schema EC for the argument to go through. Al-
though EC seems weaker than the more natural schema C of comprehension, we
shall see in §15 that neither schema is stronger than the other, and in
particular EC is independent of MLP+C ; i.e., there exist g-models of
MLP+C in which EC fails. The discovery that EC is in fact a stronger prin-
ciple than originally suspected apparently confirms a conjecture of Bres-
san,® who first made mention of an equivalent schema in his paper Bressan
[1964]. We shall return to the schema EC in §11, where we introduce certain
axioms of a rather different character which nevertheless prove to be

equivalent to EC.

5 Bressan [1972].
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§10. Propositions in ML,

Given an arbitrary g-model M of MLP with index set I , we can de-
fine, for each formula A and assignment a , the intension Inta[A] of
A with respect to a ; viz., we take it to be the unique proposition P
in the set ZI such that for i € I , P(i} =1 if M, i, a sat A , and
P(i) = 0 otherwise. We have seen that the domain M¢ is always a non-empty
set of propositions, which we call the propositions of the g-model M . In
general, the proposition Inta[A] determined by a formula and an assign-
ment may fail to belong to b% ; however, if M satisfies comprehension
then in particular M, a satisfy

A

C Jp,dlpe—al,

¢

where P, is the first variable of type ¢ which does not occur free in

A, and from this it follows easily that Inta[A] € B%

The Algebra B(M) of Propositions. Let M be a g-model of MLP+C
with index set 1 , and let P be a proposition of M . We can identify
P in the usual way with the subset X of I such that i € X if and
only if P(i) = 1. Under this identification M is put in one-to-one cor-

]
respondence with a class of subsets of I , which we denote by B(M)

THEOREM 10.1. Let M be a g-model of MLP+C with index set I
Then B(M) is a subalgebra of the Boolean algebra of all subsets of I ,

which we call the algebra of propositions of M .,

Proof: B(M) 1is non-empty, since M¢ is non-empty. If P ¢ M¢ then

by comprehension (and rewrite of bound variables), M; P satisfy the for-

" with Q(i) = 1 if and

only if P(i) = 0 . Hence B(M) is closed under complements. Similarly,

mula 3q¢ O [q <>~ p] , so there exists Q € M

if P, Q¢ M¢ then M; P,Q sat 3r¢ O [r <> p Ag] , so there exists

R € M¢ with R(i) = 1 if and only if P(i) = Q(i) =1 , and B(M) is

closed under intersections.
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A subset X of T is called M-definable if there exist a formula A
and an assignment a such that X consists of those 1 € I for which

M, i, a sat A . Using Lemma 9.1.1 it is easily shown that:

THEOREM 10.2. Let M be a g-model of MLP with index set I . Then
the M-definable subsets of I form a Boolean algebra, and this algebra co-

incides with B(M) when M 1is a g-model of MLP+C .

Indicial Equivalence. Let M be a g-model of MLP’ and let i , j € I.

We say that the index 1 1is equivalent to the index j , and write 1~ j,
if for every formula A and assignment a , M, i, a sat A if and only
if M, j, a sat A . Equivalently, i =~ j 1if and only if i and j be-
long to exactly the same M-definable subsets of I . The relation =~ is

an equivalence relation on I , whose equivalence classes play a role anal-

ogous to that of the 'sets of indiscernibles' of model theory.

THEOREM 10.3. Let M be a g-model of MLP+C . Then for all i , j €1

the following conditions are equivalent:

(1) i3,

(ii) For every o # e and every F ¢ MU , F(@) = F() ,
(iii) For some o # e and every F € MO , FE() = E(j) ,
(iv) For every proposition P of M, P(i) = P(j) ,

(v) For every X € B(M) , 1 € X 1if and only if j € X .

Proof: By Theorem 10.2, (i) and (v} both assert that i and j be-
long to the same M-definable subsets of I , and are therefore equivalent.
Clearly (iv) and (v) are equivalent, and (ii) implies (iv) implies (iii).
We show that (iii) implies (iv) implies (ii). Assume F(i) = F(j) for all

F € MO , where o = (OO""’Gn-I) . Suppose P € M¢ ; by comprehension,

M; P osat 3f O k0 L vl [ f U L Py 1,

where p¢ is distinct from f , xo, v, ><n-1 , $0 there exists F € MG

such that, choosing X, € Mo arbitrarily for k < n , we have for every

k

k
it €1 ¢ (XO,...,Xn_l) € F(i') 1if and only if P(i') = 1 . Since F(i) =
F(j) , this gives immediately P{i) = P(j) . Now assume (iv), and suppose

Fé€M , and X, €M for k < n . By comprehension,
[¢] k a

0:-'~:0n_1) ’ .
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. - 0 n-1
M; F’XO""’Xn—l sat 3P¢ Olp fg X ... X 1

>

where 1% is not among f , xO, e xn'1 , S0 that there exists P € h%

such that P(i') = 1 if and only if (XO""’Xn—l) € F(i') , for it €1 .
O""’Xn—l

it belongs to F(j) , and since XO s ey Xn_1 were arbitrary we con-

In particular, the sequence (X ) belongs to F(i) just in case

clude that F(i) = F(j) , proving (ii).

It should be observed that if M 1is a standard model then M¢ = 2I s
so that B(M) 1is the algebra P(I) of all subsets of I . In this case
the relation == is just the identity relation on [ . In an arbitrary
g-model of MLP’ or even MLP+C , the relation = may not be the identity
relation on I ; a g-model M of MLP is said to be simple if we have, for
every 1, j €I : i~ 3J if and only if 1 = j . Equivalently, M is
simple if whenever 1 # j in 1 there exist a formula A and assignment
a such that M, i, a sat A but not M, j, a sat A . We now show that,

in a precisc sense, every g-model of ML, can be replaced by a simple one.

p

Indicial Homomorphisms. Let M and M' be g-models of MLP based on

D, I and D', I' respectively. An indicial homomorphism from M onto

. . - L i
M' is a family 6 (9, 6G)U€P of mappings such that:

(1) % is a mapping from I onto I' ,

(11) For each o € P , 60 is a one-to-one mapping from MU onto Mé s

(iii) For each o = (00,...,0 ) , F ¢ MG , 1 €1 and X, € Mo (k < n),

k
k
(0GO(X0),...,0 (Xn_l)) € ﬁc(F)[G(i)] iff (XO,...,Xn_l) € F(i) ,

n-1

%n-1

5 ~ ' = 1
(iv) For every constant c, s M (cO) @O[m(cc)] , where m and m

are the meaning functions of M and M' respectively.

If there exists an indicial homomorphism from M onto M' we say that M
is homomorphic to M' and that M' is a homomorphic image of M . If the

mapping O is one-to-one, we say that 6 is an indicial isomorphism, and

that M and M' are isomorphic. Note that an indicial homomorphism 6 is
completely determined by ¢ and Ge . The composition of two homomorphisms
is again a homomorphism, and isomorphism is as usual an equivalence rela-

tion between g-models.
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THEOREM 10.4. Let M and M' be g-models of ML,, and let 8 be an

P
indicial homomorphism from M onto M' . For each a € As(M) 1let 6fa] ¢
As(M') be defined by G[a](xc) = 0G[a[x0)] . Then for every formula A of

MLP’ every 1 € I and a € As(M) , we have

M, i, a sat A 1if and only if M', §(i), efa] sat A .

Proof: Clearly for every symbol s, we have e[a](sc) = SG[EISG)] .

The proof proceeds by a routine induction on A .

COROLLARY 10.5. If 6 1is an indicial homomorphism from M onto M' ,
and =~ and =~' are the relations of indicial equivalence in M and M'

respectively, then for all i, j € I : i j 1iff O(1) =" 9(j) .
Proof: By Theorem 10.4 and the definition of indicial equivalence.

Quotient G-Models. Let M = (MU, m) be a g-model of MLP based on

[+13%
D and I, and let © be the canonical mapping from I onto the set I/~

of equivalence classes of indices under the relation ~ in M . We define

a quotient g-model

M/~ = (MO/&, m/&)cep

based on D and I/~ , and canonical one-to-one mappings 9_ from M/
onto Mgﬁz , as follows: We first put Me/u =D = Me and let ﬂe be the

identity mapping on D . For o = (0,,...,0 ) , we assume that M_ /~ ,
0 n-1 ck

o have already been defined for k< n , with 9 mapping M one-
Iy a e

k
to-one onto M/~ . For each F € M we define ¢ (F) in the set
o) o) g

o~ X i~ I/’:
PO M XL M />~

0] n-1
by: (ﬁoo(xo),...,Son_l(xn_l)) € O (F)[1/~] iff (xo,...,xn_l) € F(i) ,
0> e Xn_1 . This is well-defined, since in Theorem 10.3 it
is easily checked that (1) implies (ii) in any g-model of ML

for any X
p Clearly 00
is one-to-one on Mc . We can therefore let MG/: be the range of 00 .

Finally, for each constant ¢, we let (m/:)(cc) = Ga[m(cc)] .

THEOREM 10.6. Let M be a g-model of MLP’ M/~ the quotient g-model

defined above. Then 8 = (8, 60) is an indicial homomorphism from M

c€P
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onto M/~ . Moreover, M/~ is simple.
Proof: By the construction and Corollary 10.5.
COROLLARY 10.7. Every g-model is homomorphic to a simple g-model.

Combining Theorems 10.4 and 10.6, we see that if M 1is a g-model of

MLP+C then M/~ will also be a g-model of MLP+C . Therefore:

COROLLARY 10.8, If 2 1is a set of formulas of MLp and Z 1is g-satis-
fiable in MLp (respectively, MLP+C ), then Z 1is g-satisfiable in a simple
g-model of MLP (respectively, MLP+C ).

We also have:

COROLLARY 10.9. Let M be a g-model of ML . Then M 1is simple if and

P
only if every indicial homomorphism on M is an isomorphism.

Proof: Theorem 10.6 and Corollary 10.5.

It should be remarked that the notion of a quotient g-model can be gen-
eralized. If M is a g-model of MLp based on D and I , = is the rela-
tion of indicial equivalence in M , and = is an equivalence relation on
I for which 1= j implies 1~ j , then the quotient g-model M/® can
be defined exactly as above. For this more general notion of quotient, an-
alogues of the usual homomorphism theorems can be proved. Moreover, one can
define similar notions of indicial equivalence, homomorphism and quotient

for g-models of IL.

THEOREM 10.10. Let M' be a g-model of MLP based on D' and I' ,
and let ¢ be an arbitrary mapping from a set I onto I' . Then there
exists a g-model M of MLP based on D' and I , and an indicial homomor-

phism 6 from M onto M' extending © .

. | - ] 3 4 = -
Proof: Suppose M' = (MO, m )GGP . We define M (Mo, and one

™ oep
to-one mappings 80 from MO onto M& , as follows: We first put Me = D!

oyt . . . , . -
= Me and let Se be the identity mapping on D' . For o (GO,...,Gn_l)

we assume that Mc and 00 are already defined for k < n , such that
k k

s maps M one-to-one onto M' . For each F' € M' there exists a

oy Oy Ok o)
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unique corresponding F € P( Mo S M(I )I defined by the condition
0 n-1
s . . ) : , .
(XO""’Xn—l) € F(i) if and only if (ﬁﬁo(xo)’.."9Gn;1(xn‘1)) € Frio(i)].
Moreover, the mapping of F' to F 1is clearly one-to-one, so we can let
M, Dbe its range and ¥, its inverse. To complete the definition of M ,
; = . [ : -
we let m(cg) € MCr be chosen so that 60[m(cﬁ)] = m'(Lo) € MO . It is eas

ily verified that 6 = (9, 80) is the desired homomorphism.

o€P

As remarked earlier, all standard models of ML, are simple, although

P
general models may not be. It follows from Theorems 10.4 and 10.10 that it

is impossible to characterize the simple g-models of ML, or MLP+C by

P
means of a new axiom or axioms. We are compensated, however, by the fact
(Corollary 10.7) that we can always pass from a given g-model to its quo-

tient, which is simple and satisfies exactly the same.formulas.

We can characterize the simple g-models of MLP+C in another way:
Suppose M is a g-model of MLP+C , and let B(M) be the algebra of prop-
ositions of M . Then by Theorem 10.3 we see that M is simple if and only

if B(M) separates points in I ; i.e., whenever i # j in I , there

exists a set X € B(M) with i € X and j € X .

§11. Atomic Propositions and EC

Suppose that M is a standard model of MLP based on D and I . Then
M is simple, and therefore B(M) separates points in I ; in fact, if
i #j in I then {i} separates 1 and j and belongs to B(M) , since
B(M) contains every subset of I . This has the interesting consequence
that, in a standard model, there exists for each index 1 a strongest
proposition which is true at 1 , viz., the proposition P which is true
at 1 and false at every j # 1 . If Q 1is any other proposition true at

i, then P strictly implies Q , in the sense that Q is true at j

whenever P 1is true at j . Consequently, the formula
At O3, [paYe [g~Olp~>q]]]

which expresses the principle that there necessarily exists a strongest

true proposition, is valid in MLP, i.e., true in all standard models.
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There are closely related conditions which we might also consider. Let
us call a proposition P atomic if (i) P is possibly true, and (ii) for
every proposition Q , P strictly implies either Q or its negation.

This can be expressed by the formula:

<>p¢AVq (Olp—+q]lvOl[p~>~qa] ],

¢

which we abbreviate by Atom(pé) . The formulas

At1 : O 3p¢ [ Atom(p) A p ] ,

At, w¢[0p<+3%[MWM)AD[q*M]].

then express the respective principles that (1) there necessarily exists a
true atomic proposition, and (2) every possibly true proposition is strict-
ly implied by an atomic proposition. Both At1 and At2 are valid in MLP,
and clearly we have:

LEMMA 11.1. Let M be a g-model of MLP+C with index set I , and
let B(M) be the algebra of propositions of M . Then:

(i) M sat At if and only if for every i € I there is a smallest
set X € B(M) for which 1 € X ,

(i1) M sat At1 if and only if every i € I belongs to an atom in the

Boolean algebra B(M) ,

(iii) M sat At2 if and only if B(M) is atomic.

THEOREM 11.2. The formulas At , At1 , At

in MLP+C .

, are provably equivalent

Proof: It is easily verified that for any algebra B of subsets of
a set I , the conditions (i) For every 1 € I there is a smallest set X
in B for which i € X, and (ii) Every i € I belongs to an atom of B ,
are equivalent, and both imply the condition (iii) B is atomic. By Lemma
11.1 and generalized completeness, the formulas [At «> Atl] and
[At1 - At2] are therefore provable in MLP+C . Although (iii) does not
imply (i) for an arbitrary field B of sets, we can still prove the impli-

cation [At2 - At] in the theory MLP+C .1 For, suppose M is a g-model

1 cf. Fine [1970], p. 341.
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of MLP+C with index set I , and M sat At2 . Then B(M) 1is atomic, by
Lemma 11.1, and it suffices toc show that every index i € I belongs to a
smallest set X € B(M) , or equivalently that every i € I belongs to an

atom in B(M) . By comprehension,
M osat 3p, O [p <+ ~3q [Aton(q) A q] ],

from which it follows that there exists a set X0 € B(M) such that 1 ¢ X0
just in case 1 belongs to no atom of B(M) . Thus, if some i belongs to
no atom then X0 # ¢ , and therefore XO dominates some atom Y . Since

Y # ¢ we can choose 1 € Y ; but then i € X0 , contradicting the defini-
tion of XO .

We refer to the formula At as the axiom of atomic propositions, and

we denote by MLP+C+At the theory obtained by adding At to the axioms

of MLP+C . A general model (g-model) of MLP+C+At is defined accordingly.

Axiom At originates with Kaplan [1970], who considers an extension S5Q of

the usual propositional modal logic S5 in which quantifiers over proposi-
tional variables are permitted, and gives an axiomatization which is com-
plete for the (standard) possible world semantics. The formula At appears
as Axiom 8 in his formulation, and he remarks that it is independent of the
other axioms. In §15 we prove that At is also independent of MLP+C , a
considerably stronger theory than SSQ.2 Axiom At also appears in the log-

ic S$5n+ of Fine [1970]}, which is almost identical with Kaplan's S5Q.

Before proving the main result of the present section, we have the fol-

lowing

LEMMA 11.3. Let M be a g-model of MLP+C with index set I , and
let =~ be the relation of indicial equivalence in M . Then for each index
i € T, the following conditions are equivalent:

(1) The equivalence class i/~ belongs to B(M) ,
(i1) i/~ is the unique atom of B(M) containing i

3

(ii1i1) 1 Dbelongs to an atom of B(M)

2 Kaplan's independence proof, which is based on a normal form theorem for
S5Q, does not seem to generalize to MLp+C. The Boolean methods employed in
§15, however, apply equally well to S5Q.
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Proof: Assume (i). Then by Theorem 10.3 we have either [i/~] € X or
else [i/~] N X = ¢ for every X € B(M) , from which it follows that i/~
is an atom of B(M) containing i , and clearly such an atom must be
unique. Therefore (ii) holds. Trivially (ii) implies (iii). Assume (iii);
0 of B(M) . By Theorem 10.3, [i/~] E_XO s
so it suffices to show X5 c [i/~]} . Suppose j ¢ X0 ; then clearly i, j

say 1 belongs to the atom X

belong to exactly the same elements X of B(M) , whence by Theorem 10.3

again, 1~ j and therefore j € [i/~] , as desired.

COROLLARY 11.4. Let M be a g-model of MLP+C with index set I
Then M sat At if and only if 1/~ belongs to B(M) for all i €1
Hence, if M 1is simple then M sat At if and only if B(M) contains

all singletons {i} for 1 €I
We can now prove:

THEOREM 11.5. The theories MLP+C+EC and MLP+C+At are equivalent.

Proof: In view of Lemma 9.4 it is sufficient to show that the theory
MLP+C+At is equivalent to the theory obtained by adding to the axioms of
MLP+C all the formulas E° for o # e . The next two lemmas actually show
somewhat more. For each n € w , let n denote the n-tuple (e,e,...,e) €

P , so that in particular 0 is the type ¢
LEMMA 11.5.1. [At - Eo] is provable in MLP+C for ofe.
LEMMA 11.5.2. [E® -+ At] 1is provable in MLo+C for o # e, n(n € aw.

Proof of 11.5.1: We use generalized completeness. Let M = (MG, m)cEP
be a g-model of MLP+C with index set I , and assume that M sat At.

We show that M satisfies

o, -

E-: O Vfc 390 [Rn(@) Af=z=g],

where o = (co,...,o 1) and [f = g] abbreviates the formula

n-

0 n-1 0 n-1 0 n-1 ]

¥x . ¥x [ fx ... Xx ++ g X ... X

Suppose i € 1 , F ¢ Mo ; we shall find G € Mc for which M; i; F,G sat
{Rn{g) A f = g] . Since M sat At , there exists P € M¢ such that.
{ jl P(j) =1} is an atom of B(M) containing i . By Lemma 11.3,
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we have P(j)} =1 if and only if i~ j , for all j € I . Now by compre-

hension in M (rewriting bound variables), M; P,F satisfy the formula

39 Dvx’ e gl ™M e o P, FO

where xk is of type o) - Hence there exists G € Mc such that for all

. . .
it € 1T and Xk € MGk (k < n) we have (XO,...,Xn_l) € G(i') if and only
if (XO,...,Xn_l) € F(j) for some j such that P(j) =1 . But P(j) =1

0""’Xn-1)
belongs to G(i') if and only if it belongs to F(i) . From this we imme-

just in case i = j , so by Theorem 10.3 it follows that (X

diately have M; i; F,G sat [Rn(g) A f = g] , and the proof is complete.

We remark that EqS is itself provable in MLP+C , as is easily seen.

However, the formula EU is not provable in ML.,+C for o # e , ¢ , as we

P
show in §15.

Proof of 11.5.2: Let o be a type different from e and 1 for all

n€w. Then o = (GO""’Gk""’On) where oy = (TO""’Tm-l} . We use

generalized completeness to show that the formula [EU ~ At] is provable

in MLP+C . Let M= (MO, m)oép be a g-model of MLP+C with index set 1

which satisfies E° . We show that M sat At . Suppose i € I . By com-

prehension, M satisfies the formula

ELSR U [ f O X0 Hyo e Hym-l xkyo... ym.1 11,
L2 0 m-1 :

where x° is of type o, for ¢=n, and y, ...,y are the first
distinct variables of types Tgos oo Taly s respectively. Therefore

there exists F ¢ MU such that for all j € I and XZ € Mo (¢ = n) we
2
have (XO,...,Xn) € F(j) 4if and only if Xk(j) # & . Since M satisfies

£” |, we obtain G € M_ for which G(j) = F(i) for every j € I . Thus,
for all j € I and X, € Mc (£ = n) we have (XO,...,Xn) € G(j) 1if and
only if Xk(i) # ¢ . Now by comprehension, M; G satisfy the formula

n

3Pd> O[p=« vl L. vx [ goxo... X 3y0 . 3ym‘1 xkyo,,_ ym—l 11,

from which it follows that there exists P ¢ M¢ such that for all j €I ,

P(j) = 1 if and only if for every X € M_ , X(i) # ¢ implies X(j) # ¢.
k

Clearly P(i) =1, so it remains only to show that M; i; P satisfy
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Vq¢ [q »~0O [p¢ - q]] . Suppose Q € h% , Q(i) =1 . We must show that

Q{j) = 1 whenever P(j) = 1 . By comprehension,

0 m-1

m-1
[xy ...y > q, 1,

M; Q sat 3x_ 0O Vyo Lo Yy
x

where 94 is the first variable of type ¢ distinct from x , yo, e
ym_1 . Thus, there exists X € MG such that for all j € I and Yz €
k

M (£ < m) we have (Y,,...,Y ) € X(j) 1if and only if Q(j) =1 , and
Ty 0 m-1
therefore for all j € I, X(j) # ¢ if and only if Q(j) = 1 . But we
have Qi) =1, so X(i) # ¢ , and hence for all j € I , P(j} =1 im-
plies X(j) # ¢ , which implies Q(j) = 1 . Thus we have Q(j) = 1 when-
ever P(j) = 1, and the proof is complete.

Theorem 11.5 shows that instead of adding to MLP+C the axiom schema
EC of extensional comprehension, we can equivalently add the single axiom
At of atomic propositions. We return to consider various independence

questions related to these theories in Chapter 4.

§12. Propositional Operators

Montague [1970a] outlines a general treatment of one-place proposition-
al operators within his formalized Pragmatics, and shows how such operators
can be interpreted as properties of propositions. In this section we devel-

op this idea, using the fact that we can express in ML, various properties

P
of these operators. In particular, we shall see that we can accommodate
within MLP+C modal operators satisfying various of the Lewis axiom sys-

tems, even though MLy+C itself is based on an S5 modality.

M-Formulas. For the purposes of this section (and again in Chapter 4)
we find it notationally convenient to extend the semantics of MLP in the

following way: Let M = (MO, m) be a g-model of ML, based on D and

o€P P

I ; we wish to add to the vocabulary of MLP new constant symbols to act as
names of the various elements X € Mo for o € P . For simplicity, let us
take the object X as a name for itself; i.e., we add X itself as a new

constant of type o whenever X € M0 , and we extend the meaning function
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m of M by letting m(X) = X .1 A formula of this extended language
(which will in general have a non-denumerable vocabulary) will be called
an M-formula, and an M-sentence if it has no free variables. For an M-for-

mula A, an index 1 , and an assignment a over M , the notion
M, i, a sat A

is defined exactly as in §9, but taking into account the new constants. If
A(xo) is an M-formula containing the variable X free, and s is any

constant of the extended language, it is easily shown? that
(*) M, i, a sat A(c) if and only if M; i; a,X sat A(x) ,

where X = m(c) . It follows that the notion M, i sat A , where A is
an M-sentence, can be defined directly by recursion on the length of A ;
at the quantifier clause we simply stipulate that M, i sat on A(x) if
and only if M, 1 sat A(X) for every X € MG . We can therefore elimi-
nate any reference to assignments by working with M-sentences instead of
formulas of ML, . Note that every M—formula has the form A(XO""’Xn—l) ,

P
xo, e, xn—1 are

where A(xo,...,xn'l) is an ordinary formula of MLP,

respectively, and Xk € M(j

distinct variables of types o, , ... , o
k

0 -1

for k< n . By (*), therefore, we may think of

M, i, a sat A(XO,...,Xn_l)

as abbreviating the equivalent condition

. 0 n-1
M; i, a,XO,...,Xn_1 sat A(x ,...,x )

Propositional Operators of M . Let M= (MO, m)Oep be a fixed g-mod-

el of MLP+C , with index set I . An element F of M(¢) is called a

propositional operator of M . Since M(¢) E_p(M¢)I , we see that such op-

1 Strictly speaking we should choose, for each o € P and X € M;, some new
object cé which is not already a symbol of MLp, in such a way that the map-

ping of (o,X) to cg is one-to-one. We ignore these difficulties.

2 ¢f. Lemma 9.1.1.
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erators are always properties of propositions of M .3 Every M-formula

A(p¢) , with at most the variable p free, determines a unique operator

¢
of M ; for by comprehension, M satisfies the M-sentence

3f 0 vp

@) [ fo —A() ],

¢

and consequently M sat [ \1p¢s [Fp <= A(p)] for some F ¢ M(¢) ; i.e.,
we have P € F(i) if and only if M, i sat A(P) , for every P € M, ,
i € T . In particular, we always have the necessity and possibility oper-

ators of M , defined by:

DVp¢[FDP — Oapl,
DV%[FOP — Ol

1f s(¢) is any symbol of type (¢) and A 1is any M-formula which is not

a symbol of type ¢ standing alone, we introduce the abbreviation
sA for 3p¢ [O[p+> Al Asp ],

where is the first variable of type ¢ which does not occur free in

p
@
A . Using generalized completeness it is easily shown that:

LEMMA 12.1. For any formulas A , B of MLP and any variable f(¢) of

type (¢) , the formula
O [A+> B} = [ fA +> fB ]
is provable in MLP+C .

In a g-model M of MLP+C , therefore, it follows that for any index i ,
M, i sat [ DO [A <+ B] » [FA <> FB] ] , whenever A and B are M-sen-
tences and F is a propositional operator of M . In fact, by comprehen-
sion we can define, as in §10, the intension Int[A] of an M-sentence A
as the unique P € M¢ for which M sat [0 [P +> A] ; i.e., for which we
have, for all i € T : P(i) =1 if and only if M, i sat A . It then

follows that:

3 Here we identify M¢ with the Cartesian product MGOX...X My X where
n

n =1 and o9 = ¢, although these sets are slightly different.
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LEMMA 12.2. Let M be a g-model of MLP+C , A an M-sentence, F a
propositional operator of M, 1 € I . Then M, i sat FA if and only if
Int[A] € F(i)

In a particular g-model M there may be various interesting proposi-
tional operators in addition to the modal operators defined earlier. Tenses
provide a natural example: Let M be a standard model of MLP whose index
set [ is the set of real numbers, thought of as moments in time. For an
M-sentence A let M, i sat A express the intuitive condition that A
is true in M at time i . Then we can define the past tense operator
F € M(¢) = P(M¢)I by letting P € F(i) just in case P(j) = 1 for some
j < i . From Lemma 12.2 we see that for any M-sentence A , any i €1,
we have M, i sat FA if and only if M, j sat A for some j < 1 .
Thus, FA may be given the reading ''It has been the case that A ." Other

tenses can be treated similarly as propositional operators.

Other Modalities. We shall be interested in various systems of prop-
ositional modal logic, well-known from the literature." Consider a language
appropriate to propositional modal logic, in which formulas are built up
from propositional variables p , g , r ... by means of the sentential
connectives ~ , - and the formal propositional operator N . Each of the
modal calculi we consider takes its axiom schemata from among the follow-
ing:

AS1. A, if A is tautologous in ~ , -,
AS2. N[A - B] - [NA - NB] ,

AS3. NA - A,

AS4. A - N~N~A,

AS5.  NA — NNA ,

AS6. ~ NA > N~ NA
and has as its inference rules:

R1. From A and [A -+ B] to infer B,

R2. From A to infer NA .

4 See Hughes and Cresswell [1968].
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The systems we consider are Kripke's system® K, the Gddel-Feys-von
Wright system T, the Brouwersche system B, and the Lewis systems S4 and SS.
K contains the axiom schemata AS1 and AS2 alone, and is contained in the
other systems. In addition, T contains AS3, B contains AS3 and AS4, S4 con-
tains AS3 and ASS, and S5 contains AS3 and AS6 (or equivalently, AS3, AS4
and AS5). For each of these systems a natural semantics has been provided
by Kripke, based on so-called "relevance relations' between indices.® Spe-
cifically, we take a model of K to be a pair M = (I, R) , where I 1is a
non-empty set and R is a binary relation on I , and define an assignment
over M to be a function a on the set of variables such that a(p) ¢ ZI
for each variable p . We then define M, i, a sat A 1in the usual way,
with the following clause for the modal operator: M, i, a sat NA if and
only if M, j, a sat A whenever i R j . A formula A 1is true in M if
M, i, a sat A for every 1 and a . Amodel M= (I, R} of K is called
a model of T if the relation R is reflexive on I , a model of B (resp.,
S4) if in addition R is symmetric (resp., transitive), and a model of S5
if R is an equivalence relation on I . Kripke [1963a] proved that a for-
mula A 1is a theorem of K (resp., T, B, S4, S5) just in case A 1is true

in every model of K (resp., T, B, S4, S5).

Corresponding to the axiom schemata AS2 through AS6 and the inference

rule R2, we introduce the following formulas of ML,, in which the variable

f(¢) occurs free: ’
AE) = Dy Yo [ flp~a] - [fp »~ fql 1,
Af(F) = OV, [fe-pl,

A (F) = Dvp¢[p+f~f~p],

AgtFy = D¥py [fp - ffp] ,

A () - DV%["‘fP"foP],

R, (F) : P, [OQp~0Ofp ]

5 So designated in Kaplan [1966], p. 121. See Kripke [1963a], p. 95.

b Kripke [1963a]. The idea of using relevance relations was suggested ear-
lier by Montague [1960], Kanger [1957], and Hintikka [1961]. These authors
had in mind relations between models, however, in contrast to the indicial
approach of Kripke.
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3

Suppose that M = (MG, m)oep is a g-model of MLP+C with index set I
and let N be a propositional operator of M . N 1is called a K-operator
if M satisfies the M-sentences AZ(N) and RZ(N) ; a T-operator (resp.,
B-operator, S4-operator, S5-operator) if in addition M satisfies A3(N)
(resp., AS(N) and A4(N) , AS(N) and AS(N) s ASCN) and A6(N) ). To

see the relationship between these operators and the corresponding modal

calculi, suppose that, e.g., N 1is a K-operator of a g-model M of MLP+C

Then for any M-formulas A and B , the M-formulas

(1) A, if A 1is tautologous in ~ , - ,

(2) N[A - B] - [NA - NB]
will be true in M (i.e., satisfied by every i and a ), and in addition

(1) If A and [A~> B] are true in M then B is true in M

s

29 If A is true in M then NA is true in M .

Thus, any M-formula which is an instance (in the language of the g-model
M ) of a theorem of K will be true in M . Similar remarks apply to T-oper-

ators, B-operators, etc.

The propositional operators arising from relevance relations on the set
I are of course of a special type. We can formally characterize such oper-

ators in MLP; specifically, an operator N of a g-model M of ML +C is

P
indicial if

M sat DEp¢ qus [ Ng 0O [p~>aq] ]

Suppose this condition holds. Then N determines a binary relation R, on

the index set I of M, as follows: For each i € I , let Pi be thz
unique P € h% for which M, i sat Vq¢ [N¢ = 0O [P >q]] . (That P. is
unique follows from the observation that M, i sat NPi .) We define RN
by letting i RN j if and only if Pi(j) = 1 . This relation is called the

relevance relation for N , in view of the following straightforward

LEMMA 12.3. Let M be a g-model of MLP+C with index set 1

let N be an indicial operator of M . Then for every M-sentence A and

, and

every 1 €I : M, i sat NA if and only if M, j sat A whenever

iRy
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COROLLARY 12.4. Let M be a g-model of MLP+C . Then every indicial

operator of M is a K-operator.

For indicial operators we can show that the axioms of the various modal
calculi characterize exactly the corresponding properties of the relevance

relation. Precisely:

THEOREM 12.5. Let M be a g-model of MLP+C with index set I , and

let N be an indicial operator of M . Then:

(1) N 1is a T-operator iff RN is reflexive on I ,

(i1) N 1is a B-operator iff R, is reflexive and symmetric,

N

(iii) N 1is an Sé4-operator iff R is reflexive and transitive,

N

(iv) N is an S5-operator iff R,, is an equivalence relation on 1

N

Proof: We prove (ii); the proofs of (i), (iii) and (iv) are similar.

First, if R is reflexive and symmetric we must verify that N is a B-

N
operator. But this just follows Kripke's argument that every theorem of B

is true in every model of B, in view of Lemma 12.3. For the converse, we
assume that N is an indicial B-operator, so that M satisfies AZ(N) .

RZ(N) , AS(N) and A4(N) . To see that RN is reflexive, let i €I

Since N 1is indicial, we have Pi € M¢ , and clearly M, i sat NPi , SO

using AS(N) we obtain M, 1 sat Pi , which implies Pi(i) =1, i.e.,

i R, 1 To see that R is symmetric, suppose that i R but not

N N N
j RN i . Then Pj(i) =0, i.e., M, 1 sat ~ Pj . By comprehension there
exists Q € M¢ such that M sat O [Q «> ~ Pj] , so that M, i sat Q .

Using A4(N) , it follows that M, i sat N~ N~Q . But iR , so by

J
N
Lemma 12.3 M, j sat ~N~Q , i.e., it is not the case that M, j sat

N~ Q . But this contradicts Lemma 12.3, since for all i' € I , j RN it

implies Pj(i‘) = 1, which implies Q(i') =0, i.e., M, i' sat ~ Q .

It is natural to ask whether the converse to Corollary 12.4 holds;
i.e., whether every K-operator is indicial. It is easy to see, however,
that this is not the case. In fact, we can give an example of an S4-oper-
ator in a standard model of ML, which is not indicial. The example is the

P
present progressive tense of Scott: Let I be the set of real numbers,

and let M be a standard medel of MLP with index set I . Define the prop-

ositional operator N € M(¢) = P(M¢)I by putting P € N(i) just in case
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P(j) = 1 for all j in some open interval around i . If we think of the
indices as moments in time, then for any M-sentence A , NA can be given
the reading "It is being the case that A ." It is easily checked using
Lemma 12.2 that N is an S4-operator, but clearly N is not indicial. We
shall see in §15 that some g-models of ML_+C even contain non-indicial

P
S5-operators. lowever:

THECREM 12.6. 1In any g-model of MLP+C+EC , every SS5-operator is in-

dicial.

COROLLARY 12.7. 1In any standard model of MLy, every S5-operator is in-

dicial.

Proof of 12.6: Let M be a g-model of MLy +C+EC with index set I ,
and let N be an S5-operator of M , so that M satisfies AZ(N) , RZ(N),
A3(N) and A6(N) . From the usual proof that S5 extends S4 and B, we con-
clude that M also satisfies A4(N) and AS(N) . We show that

M sat |:|3p¢\1q¢ I'Ng+—=Ofp~>qg]].

Suppose 1 € I ; we must find P € M¢ for which

(*) M, i sat VYq [ Nq >0 [P~q]].

By Theorem 11.5, M sat At , so there exists P’ € M¢ for which M, 1
sat P' A Vq¢ [q ~0O [P'" » q]] , or equivalently, M, i sat quS [q

O [P'" » q]] . By comprehension we therefore have
(1) M, i sat [ A<«>[ [P'"~>A] ]

for every M-sentence A . Also by comprehension, there exists P € M¢ such
that M sat O [P « Vq¢ [ O [P - Ngq] - q]] . This together with (1) im-
plies that for every j € I

(2) P(j) =1 iff for every Q € M Q € N(i) implies Q(j) = 1 .

4
We show that (*) holds for P . Suppose Q € M¢ , and assume first that

M, i sat NQ , i.e., Q € N(i) . Then from (2), we have Q(j) = 1 when-
ever P(j) =1, so M sat (0[P - Q] . On the other hand, assume that

M sat OO [P - Q] ; then by AZ(N) s RZ(N) and comprehension we easily ob-
tain first that M sat O N[{P > Q] and then that M sat {3 [NP » NQJ .
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Thus, if we can show
(**) M, i sat NP ,

then we can conclude that M, i sat NQ , and the proof will be complete.

We first show
() M sat O[~P - N~P1].

For, suppose M, j sat ~ P . Then by (2}, there exists QO € N(i) with
Qo(j) =0, i.e., M, j sat -~ QO . llence using AS(N) , M, j sat -~ NQO.
But M, i1 sat NQO , SO using AS(N) we conclude that M, i sat NNQO

By comprehension, let Q1 € M¢ be such that M sat O [Q1 > NQO] . Then
Q1 € N(i) , whence by (2), P(i') = 1 implies Ql(i') =1 for all it €I,
ie., M sat [P~ NQO] . It follows that M sat [J [ ~ NQO +~P ],
so using AZ(N) N RZ(N) and comprehension we obtain M sat O [ N~ NQO ->
N~ P ] . But using A6(N) we see that M sat (O [ ~ NQO > N~ NQO ]
Therefore M sat O [ ~ NQ0 +~ N~ P ], and since M, j sat ~ NQ0 we
conclude that M, j sat N~ P . This completes the proof of (t).

In view of AS(N) , (t) implies that M sat O [ ~P <« N~P ], or

equivalently,

(3) M sat ([P +> ~N~P],
which by Lemma 12.1 yields

4) M sat O [ NP«<> N~ N~P ]

But by (2), using AS(N) , we clearly have P(i) = 1 , whence by (3), we
have M, i sat ~ N~ P | and therefore using A6(N) and comprehension,
M, i sat N~ N~ P . This with (4) yields M, i sat NP , so that (**)

holds and the theorem is proved.

We have seen that various classes of modal operators -- e.g., those
obeying specified modal axioms, or those arising from relevance relations
between indices -- can be characterized in a natural way by means of for-
mal conditions expressible in MLP' It would be interesting to know to what
further extent the language of MLP can be used in classifying propositional

operators.
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§13. Relative Strength of IL and MLp

We now compare the logics IL and MLP by means of respective transla-
tions of the formulas of each language into formulas of the other. In each
case we have the expected result that the translation preserves the stan-
dard semantics: A formula of IL is valid in IL if and only if its translate
is valid in MLP’ and vice-versa. However, these translations do not pre-
serve the deductive theories IL and MLP’ or equivalently, the generalized
semantics for these logics; in particular, there are theorems of IL whose
translates are not theorems of ML_,. We therefore consider as well the ex-

P

tended theories IL+D and MLP+C+EC , for which we prove strong relative
interpretability, in the following sense: A formula is provable in one of

these theories if and only if its translate is provable in the other.

Interpretability of MLP in IL. For each o € P we define a corre-

sponding type afc] € T as follows:

H

(1) afe]
(ii)  a[o]

€,

(s,(a[oo],(...(a[cn_l],t)...))) when o = (co,...,c )

n-1

of IL:

To each symbol So of MLP we make correspond a symbol

£ qfo}

. . n . n
(1) If s 1is X then s is xa[c] ,
‘s . n . n
(11) If s 1is s then s is Ca[a] .
For each formula A of MLP we define a translate A in IL:
(i) If A is scso... s" ! then A s ‘§_§£1... s ,

(ii) If A is [se = sé] then A is [ s =

7]

1,

|

(iii) If A is ~B then A is ~ B,
(iv) If A is [B~-+C] then A is [B-+C],
) If A is ch B then A is ¥Yx B,

(vi) If A is OB then A is OB.
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If Z 1is a set of formulas of MLP we denote by 2 the set of all trans-

lates A for A € Z . Also, we let AZ consist of all formulas of IL of

x ] , where s is a constant occurring in 2 .

i

the form EXG[U] [ c

THEOREM 13.1. Let Z be a set of formulas of MLP' Then I 1is satis-
fiable in MLP if and only if Z U AZ is satisfiable in IL.

Proof: We prove one implication only; the other is similar. Suppose
Z 1is satisfiable in MLP ; say M, i, a sat 2 , where M = (MO, m)oep is
a standard model of MLP based on D and I, i €I and a € As(M) . Let
(Mé)aéT be the standard frame for IL based on D and I , and define ca-

. o . ' .
nonical one-to-one mappings éc from Mo onto Ma[c] , as follows:
(1) @e is the identity mapping on Me =D = Mé s

‘. I
(ii) For o = (GO""’Gn-l) , F € MG = P( MOO>< L. X Mon-1) , and

Xt e M! k] (k < n) , we put @O(F)(i)(X6) cee (Xﬁ—l) =1 just in

k afo

: -1
case (XO,...,Xn_l) € F(i) , where Xk = @ck(xﬂ) (k < n)

We define a meaning function m' over the frame (M!) by letting

a’a€T
m'(c)i) = @O[m(co)] for all 1 € I , whenever 4 is a constant of
MLP’ and letting m'(da) be an arbitrary element of M&I for constants
da of IL which are not of the form c . The system M' = (Mé, m')aéT is a

standard model of IL, and one easily proves by induction:

LEMMA 13.1.1. Let A be a formula of MLP . Suppose that i €1 ,
a € As(M) , a' € As(M') , and

() a'(x) =2 [ax)]

for every variable X of MLP' Then M, i, a sat A if and only if

M', i, a' sat A .

Since M, i, a sat X by assumption, if we choose a' ¢ As(M') in
such a way that (1) holds then the lemma yields M', i, a' sat Z . Since
we clearly have M' sat AZ in view of the definition of m' , we see
that Z U AZ is satisfiable in IL, which completes the proof of the impli-

cation from left to right in Theorem 13.1.
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COROLLARY 13.2. Let £ =T U {A} be a set of formulas of MLP’ and

let 4 =4, . Then T =A in ML, if and only if T U4 [=A in IL.

COROLLARY 13.3. Let A be a formula of MLP and let GA be the con-

. Then |=A in ML, if and only if

junction of the formulas in A{ p

Fl6 ~A] inlIL

A}

Turning now to the generalized semantics, we have the following:

THEOREM 13.4. Let I be a set of formulas of MLP. If 2 U AZ is

g-satisfiable in IL, then 7 1is g-satisfiable in MLP+C+EC .

COROLLARY 13.5. Let 2 =T U {A} be a set of formulas of MLP’ and

let 4 =4, . Then T [-A in ML+C+EC implies I U4 |-A in IL.

COROLLARY 13.6. Let A and 5A satisfy the hypothesis of Corollary
13.3. Then |- A in ML,+C+EC implies I 6, >A ] in IL.

Proof of 13.4: Suppose M', i, a' satisfy 2 U by, where M' =

] 1
Mgs ™ger

each formula

is a g-model of IL based on D and 1 . Then M' satisfies

(1) Ix [ ¢

afo] * =

U]

x1,

where ¢, occurs in 2 , and in fact we can assume that M' satisfies (1)

for all constants ¢ of MLP’ by redefining m'( ¢ ) if necessary when

¢ does not occur in Z . We simultaneously define, by recursion on o € P,

a set M_ and a one-to-one mapping ¢ _ from M_ onto M!' : We first
o o) alo]

put Me =D =M and let ée be the identity mapping on D . Next, we

1
€

assume that o (Cpyee. O } and M , ® are defined for k< n .
0 n-1 oy Oy
Given F' € M'_ . , let F € P(M_x ... xM_ )' be defined by the con-
afo] % o1
. . . ' s . , -
dition that (Xo,...,Xn_l) € F(i) 1iff F (1)(X0) ... (Xn_l) 1 , where

Xi = @0 (Xk) (k < n) . It is easily checked that the mapping of F' to F
k

is one-to-one on M&[O] ; we let Mc be its range and ¢G its inverse.

Clearly the family (Mo)oép defined in this way is a frame for MLP

based on D and I . We define a meaning function m by putting m(cc) =

@;1[m'( ¢ )(i)] , which is independent of i € I by virtue of (1). The

system M = (Mc, m)oep is a g-model of MLP’ and one verifies by induction



RELATIVE STRENGTH OF IL AND MLP 101

that Lemma 13.1.1 holds in the present situation in exactly the form given
earlier. Thus, since M', i, a' were assumed to satisfy Z , we must have
also M, i, a sat X , where a 1is chosen to satisfy condition (1) of
Lemma 13.1.1. It therefore remains only to show that M 1is a g-model of
MLP+C+EC , 1 e., that the schemata of comprehension and extensional compre-

hension hold in M . Let

n-1 0 n-1

A3 awd Lwt el T e

C

. . k
be an instance of the comprehension schema, where o = (GO""’Gn—l) , X

is of type o, for k< n , and f0 is the first variable of MLP of type

k
¢ which is not free in the formula A . By Lemma 13.1.1 it suffices to
show that its translate CG’A is true in M' ; in fact, we show the some-
what stronger:
LEMMA 13.4.1. Let a , Qg > eve s O g € T and suppose that a =
(s,(ao,(...(an_l,t)...))) . Let A be any formula of IL. Then the formula
ET 3 R N

is provable in IL, where xk is of type O for k< n and fa is the

first variable of type a which does not occur free in A .

Proof: Let M = (Ma’ m)ae

T
F = Vg( “Xxo... Xxn—l A) € Ma , it is easily checked that

be a g-model of IL, a € As(M) . Putting

M; a,F sat O w0 ™t [ ¥f XX A ]
In a similar way we verify that every instance ECG’A of extensional
comprehension is true in M by showing that the translate ECO’A is true

in M' , and this follows from:

LEMMA 13.4.2. Under the hypotheses of Lemma 13.4.1, the formula

O Hfa [ VXO.. o n-1 G n-1 ]

R [OYf x ... x vO~Yf x ... X

PP Pt [ “f MU AE PR 11

is a theorem of IL.

Proof: Let M = (Ma, m)aeT be a g-model of IL based on D and I ,

and suppose i € I , a € As(M) . We put G = V? al o A ) € MB s
t
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B SR | R
where B = (ao,(al,(...(an_l,t).‘.))) , and let F = VG( gB) € Ma . One
verifies that M; i; F satisfy the formula

0

I L e I LNV V. PUIRT I

PP Mt [ ~f o0 1.,

which yields the desired result. This completes the proof of Theorem 13.4,

We remark that Corollary 13.6 can be given a direct syntactic proof.
One shows that the set of formulas A of MLP having the property that
[ 5A + A ] is a theorem of IL contains the axioms of MLP+C+EC and is

closed under the inference rules of that theory.

Interpretability of IL in ML,. We now outline a similar interpretation

of IL in MLP’ omitting detailed proofs. First, we make correspond to each
a €T atype cfa] € P :

(i)  olel

i

e,

(i)  oft] = ¢,

(iii) ofap] = (o[a],0B]) ,
(iv) ofsa] = (o[a])

For each a € T and each variable Vo[a] of MLP we define a formula

™) (v is of type a)
of MLp containing exactly the variable v free, as follows:

(1) Te(xe) is [x = x] ,

(i1) T'(p,) is [OpvD~p],

(1ii) TGB(fU[aﬁ]) is Rn(f) A ¥X o0 ¥y o) [ fxy = 750 A To0y) 1 A

VX, a7 L (%) - Iy, ey XY ],

(iv) Tsa(fo[sa]] is OVx o) [ fx-+ T 120 Fx g £X

[a]

To each proper symbol s of IL we make correspond a symbol s of MLP:

. . n - . n
(1) If s is X, then s is Xc[a] s
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(i) If s is c: then s is

N
(o[a])

Let Aa be a term of IL, X, @ Xériable of MLP. We say that x 1is open
for A if x 1is distinct from v for every variable v which occurs
free in A . For each term A_ of IL and each variable x of ML

a o[a] P

which is open for A, » we define a formula
A
Co(x) ( x codes A)

of MLP whose free variables are x together with the variables Vv where

v is free in A . The definition is by recursion on A  :

(1) A is v_ ,

o a open for A, (i.e., x distinct from v ).

*ola]

Then CoA(x) is [v=x]

(ii) A is ¢, X arbitrary. Then CoA(x) is ¢x .

ofa]

(111) Ay ds [ByCel v Yopq)

variables of MLP of types (o[B],o[a]) , o[B] respectively, which

open for A . Let f , x be the first
P a

are distinct from y and open for A . Then CoA(y) is
B C
3f 3x [ Co (f) A Co (x) A fxy ] .

(iv) Aa is XxB BY , fc[a]

able of type o[y] which is distinct from X and open for B .
Then Co(f) is

open for A . Let vy be the first vari-

Rn(f) A VX Vy [fXxy « TB( X ) A CoB(y) 1.

) Aa is [BB = Cﬁ] » Py open for A, - Let x,y be the first

distinct variables of type o[B] which are distinct from p and

open for A . Then CoA(p) is

Ix Ty [CoP At AO[p=x=y]]

i

(vi) Aa is BB s fo[a] open for Aa . Let x be the first variable

of type o[B] which is open for B . Then CoA(f) is

Ovx [ £x < CoP(x) 1 .



104 HIGHER-ORDER MODAL LOGIC

(vii) Aa is B ,

X open for A . Let f be the first variable
sa cla] a

of type (o[a]) which is open for B . Then Co(x) is
B
38 [ CoB(F) A fx ] .

For each formula A of IL we define its translate A in MLp to be the

formula 3p¢ [ CoA(p) AOp ] , where p is the first variable of type ¢
which is open for A . Given a set I of formulas of IL, we let Z denote
the set of all formulas A for A € I . Also, we let AZ denote the set

of all formulas (1) Tsa( ¢ ) , where ¢, occurs in Z , together with all

formulas (2) Ta( X ) , where x, occurs free in I .

THEOREM 13.7. Let 2 be a set of formulas of IL. Then I is satis-

fiable in IL if and only if Z U AZ is satisfiable in MLP'

We omit the proof.

COROLLARY 13.8. Let 2 =T U {A} be a set of formulas of IL, and let
2

6 =4". Then T A in IL if and only if TUA =X in ML,.
COROLLARY 13.9. Let A be a formula of IL, and let GA be the con-
junction of the formulas in A{A} . Then |= A in IL if and only if

Frot=x1 inm,.

For the generalized semantics, we state without proof the following

analogue of Theorem 13.4:

THEOREM 13.10. Let 3 be a set of formulas of IL. If T U AZ is g-

satisfiable in MLP+C+EC , then 2 1is g-satisfiable in IL+D .

COROLLARY 13.11. Let Z =T U {A} be a set of formulas of IL, and let
Z

A=24". Then T |~A in IL+D implies T U A X in ML +C+EC .
COROLLARY 13.12. Let A and GA satisfy the hypothesis of Corollary
13.9. Then |~ A in IL+D implies | [ 6"+ X ] in ML +C+EC .

We remark that Corollary 13.12, like Corollary 13.6, can be proved di-
rectly without using generalized completeness. Combining Corollaries 13.6
and 13.12, we see that each of the theories IL+D , ML _+C+EC is relative-

P
ly interpretable in the other, in the following sense:
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(1) A in ML,+C+EC implies F16,>A1 in IL+D,
B

(i) B in IL+D implies |- [8° > B ] in ML+CeEC .

We state without proof:

THEOREM 13.13. Let A be a formula of MLP’ and let B be the for-

mula [ 8y A1l of IL. Then =1 5B +B ] in ML, +C+EC implies |- A

in MLP+C+EC . Similarly, let B be a formula of IL, and let A be the

formula [ 685 % ] . Then |~ [ 6, *A ] in IL+D implies |- B in IL+D.

COROLLARY 13.14. The implications (i) and (ii) above can be strength-

ened to equivalence.

We say that the theories IL+D and MLP+C+EC are strongly relatively
interpretable in each other, in view of Corollary 13.14, We remark here,
again without proof, that the theories IL+D and Ty2+D (see §8) are also
equivalent in the same sense: each is strongly relatively interpretable in
the other. In fact, the interpretation of IL+D in Ty2+D was given in
§8 (see Theorem 8.3). For the interpretation of Ty2+D in IL+D , we rep-
resent quantification over indices (objects of type s ) by quantification,

in IL, over atomic propositions in (approximately) the sense of §11.



CHAPTER 4. ALGEBRAIC SEMANTICS

§14. Boolean Models of MLP

In this section we describe an alternative semantics for the logic MLP
of Chapter 3, which will enable us to answer various independence questions
raised earlier. The models with which we now concern ourselves are Boolean
models, in distinction to the standard and general models of §9. This is an
adaptation to higher-order modal logic of the notion of a Boolean model of
ordinary higher-order predicate logic presented in Scott [1966]. The new
feature is the presence in the language of the necessity operator [,
which turns out to be quite useful for describing various properties of the

underlying algebra.!

Given sets XO s e Xn—l , we say that R 1is an (XO,...,Xn_l)—rela—
tion if R € P(X0 X ,.0X% Xn_l) , and given a set I we say that F 1is an
I .

H - i i X -
(I,Xo,...,xn_l) predicate if F € P(Xo vl X Xn-l) . In view of the ca
nonical set-theoretic equivalence

X, * ... %X
0 n-1
x X ~
P(X0 N Xn—l) 2 ,

we can identify the (XO,...,Xn_l)-relations with mappings from the product
X0 S Xn-l into the set 2 = {0,1} whose elements represent the re-
spective truth-values falsity and truth. Under this identification, an
(XO,...,Xn_l)-relation R assigns to each n-tuple (aO”"’an-l) a truth-
value R(ao,...,an_l) , either 0 or 1 . If we now replace the set 2 by
an arbitrary Boolean algebra B , we obtain the set

X, X ... xX
B 4] n-1

! The basic idea behind the present construction is thus due to Scott,
whose earlier work motivates most of this chapter., The author is indebted
to Scott, in particular, for providing the general outline of §17.
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of all B-valued (XO,...,Xn_l)—relations. Following Scott, we here think of
B as comprising a widened class of truth-values: The zero and unit ele-
ments 0 , 1 of B represent falsity and truth, while other elements

P € B represent specific "degrees of truth'" somewhere between them. If

R 1s a B-valued (XO,...,Xn_l)—relation, then R assigns to each n-tuple

(ao,...,an_l) € X0 X L..0X% Xn-l a Boolean truth-value R(ao,...,an_l) € B,
which we regard as the degree of truth of the assertion that ag s eee s
a1 stand in the relation R . The ordinary (XO,...,Xn_l)—relations can

be identified with those B-valued relations which only assume the values

¢ and 1 . Now, from the equivalences

X, x x X I
I o [ 0 n-1
P(Xg X« X X )7 = (2
X, X x X
o [21] 0 n-1
X, % ... xX
~ P(I) 0 n-1 ,

we see that we can, for all practical purposes, identify the set of all
(I;XO,...,Xn_l)—predicates with the set of all B-valued (XO,...,Xn_l)-rela-
tions, where B is the algebra P(I) of all subsets of I . This suggests

that the standard semantics for MLP, which is based on domains

= P{M_x ... XM )

M
(00""’Gn—1) 0 n-1

of predicates, might be replaced by a Boolean semantics based on domains

% %n-1
M(c o ) = B
0** " *°n-1

of B-valued relations. Of course, if B is the algebra P(I) for some
set I then. this only amounts to a reformulation of the standard semantics

for MLP; we shall be interested, therefore, in the more general case.

Suppose that B = (B, +, +, -, 0, 1} is a complete Boolean algebra2

and D is a non-empty set. The B-valued Boolean frame for MLP based on D

is the family (Mc)UEP of sets, where:

2 For the definition and basic properties of Boolean algebras, see Sikorski
[1969] or Halmos [1963]. The hypothesis of completeness of the algebra will
be necessary for the definition of the Boolean value of a formula; as Theo-
rem 15.13 shows, this restriction cannot be dropped.
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(ii) For o = (UO""’Un—l) s MG = B

A B-valued Boolean model (b-model) of MLp based on D is a system M =
(Mo, m)GEP such that:
(1) (M0]G€p is the B-valued Boolean frame for MLP based on D ,

(ii) m (the meaning function) is & mapping which assigns to each constant

c an element of M _ |
(o} o

Let As(M) consist of all assignments over M ; i.e., all functions a on

the set of variables such that a(xo) € MG for each variable Xg - Given
a € As(M) , let a extend a to the set of constants by the rule that

E(cc) = m(cc) € MO . For each formula A of ML, and each a € As(M) we

P

define a Boolean value | A HZ € B, as follows (we suppress the super-
script 'M'):

0 n-1 . T =0 -, n-1
1 i 5,5 ... 8 ”a = a(s)(a(s"),...,a(s" 1)),
(2) I S, 5 S. ”a = 1 if a(s) = a(s') , O otherwise,
(3) I~ A Ha = -] a ”a (Boolean complement),
@ Al = [lTal,=0IBlI, 1 = -lal «f0Bl,,
(5) I Vx, A Ha = 1 X € Mc” A Ha,x (Boolean infimum), where a,X rep-

resents the assignment a(x/X) , as usual,

(6) loa iy= N | A “a , where N is the operator in B defined by:
NP =1 if P =1, NP =0 otherwise.

It is easily verified that | A Ha depends only on the values of a for
variables occurring free in A , so that, e.g., if A(xO,yT) involves only
the distinct free variables x_, ¥y, then we can write | A(x,y) HX,Y
where X € M0 and Y € MT , and if A 1is a closed formula we can write
simply || Al . If A is modally closed then | A “a is either 0 or 1.
A formula A is true in a b-model M if | A ”a = 1 for every assign-

ment a , and A is b-valid in MLP if it is true in every b-model.
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We show now that the standard semantics for MLP can in fact be viewed

as a special case of the Boolean semantics, as suggested earlier. Let D

and I be non-empty sets, let (MO)GEP be the standard frame for MLP

based on D and I , and let (M;)GEP be the P(I)-valued Boolean frame

for MLp based on D . We define canonical one-to-one mappings @G from M.

onto M; as follows: We first let @e be the identity mapping on Me =D

s

=M . For o= (6.,...,0_ ,) we assume that & is already defined for
e 0 n-1 a

k
k<n . Foreach F €M =P(M x ... xM )I , we define its image
[e) [e) g
0 n-1
Mox XM
o 0 n-1
¢ _(F) €M_= P(D

. v . - 7% 7’? . .

by the condition that i € @OLF)(XO,...,Xn_l) iff (XO""’Xn-l) € F(1) ,

where X, = @éi(x;) (k < n)

THEOREM 14.1. Suppose M = (Mo’ m)oEP is a standard model of MLP

5 " . )
based on D and I , M = (Mo’ m )OEP is a P(I)-valued b-model of MLp
based on D , and for each constant c¢_ we have m'(c_) = ® [m(c )]

o c o o

Given a € As(M) define a® ¢ As(M') by putting 2¥(x)) = & [a(x))] for

each variable X - Then for every formula A and every a € As(M)

1|A|§*={iEI|M,i,a sat A } .

Proof: Straightforward, by induction on A .

COROLLARY 14.2. Let A be a formula of MLP' If A is b-valid in MLP

then A 1is valid in MLP'

Before stating the next theorem on b-validity (Theorem 14.3), we need
several additional lemmas. The first is a counterpart for the Boolean se-

mantics of Lemma 9.1.1, and is easily proved by induction:

LEMMA 14.3.1. Let M be a b-model of MLp

is free for the variable X in the formula A(x) . Then for every assign-

and suppose the symbol S5

ment a over M we have | A(s) “a = || A(x) ”a X where X = a(s)
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We recall from §9 that [sO = sé] abbreviates the formula O [s = s']

for any type o € P, and if o = (co,...,o

n—l) then this in turn abbre-

viates

From this we immediately obtain:

LEMMA 14.3.2. Let M be a B-valued b-model of MLP’ where B 1is a
complete Boolean algebra. Let Sg sé be any symbols of type o . Then
for every a € AsM) , | s =s' ”a = 1 if a(s) = a(s') , 0 otherwise.

We can now prove:

THEOREM 14.3. Every theorem of MLP+C is b-valid in MLP'

Proof: We refer to the axioms and inference rules of the theory MLP+C
set out in §9, i.e., axioms AS1 through AS9 (pp. 73-74), all instances of
the comprehension schema (p. 77), and inference rules R1 - R3 (p. 74). It
is clear that the rules preserve b-validity, so it suffices to show that
every axiom is b-valid. For axioms AS1, AS2, A4 and AS this follows imme-
diately from the definition of Boolean value and elementary Boolean laws.

Lemma 14.3.1 shows any instance
on A(x) - A(sc)
of AS3 to be b-valid, since
I ¥x A I, = 0 A ”a,X =l Aags
where X = 5(50) . Similarly, given an instance of AS6, say

[€))] Sy = sé - [A(s) >~ A(s") ],

we show that it is true in any b-model M : Suppose a € As(M) ; then by
Lemma 14.3.2., a(s) # a(s') implies || s = s! ”a = 0 , which gives (1)
the Boolean value 1 . On the other hand, by Lemma 14.3.1 we have that

a = a i i = = ' =
3(5) = 1(5') implies [l A(s) Il = Il A(x)) ”a,X IA(s*) I, , where X
a(s) = a(s') , so that | A{s) =+ A(s") ”a = 1 , and therefore again (1)

has Boolean value 1 .
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The modal axioms AS7, AS8 and AS9 are readily verified to be b-valid
using the definition of Boolean value. For AS9, for instance, it suffices
to show that if B = (B, +, -, -, 0, 1) is a complete Boolean algebra and
N 1is the operator on B which interprets necessity -- i.e., NP =1 if
P=1, NP =0 otherwise -- then we have - NP £ N - NP for all P ¢ B .

This is immediate.

Finally, suppose that

cor If_ S D it [ £ O XL 1
is an instance of the comprehension schema, where o = (OO""’Gn—l) , xk
is of type % for k< n , and fG is the first variable of type o
which does not occur free in A . Let M = (MO, m)cep be a B-valued b-mod-
M x ... xM
% “n-1
el of MLP’ a € As(M) . Define F € B by the condition
F(XO,...,Xn_l) =i A ”a,X X . Then clearly we have
0 n-1
ol w™ el ™ A =1,
a,F

so that | oA ”a = 1 . This completes the proof.

By Corollary 14.2, Theorem 14.3 and generalized completeness for MLP+C

we have:

COROLLARY 14.4. Let A be a formula of MLP' 0f the conditions

(1) A is g-valid in MLP+C ,

(ii) A is b-valid in MLp,

(iii) A 1is valid in MLP,

we have (i) implies {ii) implies (iii).

We shall see presently that these implications cannot be reversed, and also

that condition (ii) is actually closer to (iii) than it is to (i).

M-Formulas. As in §12, we can simplify the present semantics somewhat
by using constants in place of free variables. Suppose that M = (Mc’ m)oép
is a b-model of ML,. For each X € Mc we add to the vocabularly a new con-

P
stant of type o to denote X , and as earlier we simplify the discussion
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by agreeing to let X act as a name for itself, extending the meaning
function m by putting m(X) = X for each X € My, 9 E€P A formula
of this extended language is called an M-formula, as before, and an M-sen-
tence if it has no free variables. For M-sentences the Boolean value |l A ||

can be defined by recursion on the length of A ; in particular, we have

I ccco.,. cn_1 I = m[c)(m(co),...,m(cnnlj)
for any (extended) constants c¢ , cO, e cn‘l, and at the quantifier
clause:

Ihyx, A = T X €M Fago .
It is easy to establish that || A(xo,...,xn_l) ”a = | A(XO,...,Xn_I) I,
where A(xo,...,xn_l) is a formula of ML, with distinct free variables xk

p
of type Oy (k< n) , and a(xk) = Xk . We shall make free use of M-formu-
las in subsequent sections, concluding now with the following observations:

{¢}

In a B-valued Boolean model M = (MG, m)GEP , the set M, = B can be

®
identified with the algebra B itself,? so that a proposition of M is
just an element P € B , and considering P as an M-sentence we see that

Il Pl =P . Similarly, a propositional operator of M will be a mapping

M
FeM = B ¢ - BB , hence an operator on B in the usual sense.

(#)

§15. Modal Independence Results

We remarked in §9 that the schema EC of extensional comprehension is

independent of ML,+C , and again in §11 that the axiom At of atomic

P
propositions is independent of MLP+C . Indeed, by Theorem 11.5 these in-

dependence results are equivalent.

LEMMA 15.1.1. Let B be a complete Boolean algebra, M a B-valued

Boolean model. Then | At ]l =1 if B is/atomic, and 0 otherwise.

3 Recall that, by our earlier convention (page 72) regarding the Cartesian
product of zero sets, we have MGOX...X Mcn - {¢} when n = 0,



MODAL INDEPENDENCE RESULTS 113

Proof: Since the formula
At ¢ D%¢[pAW¢[q»DD+q]]J

is modally closed, the value | At || is either 0 or 1 . But the follow-

ing conditions are equivalent:

(D hatf =1,

[}
b

@ 2, pliPAave [a-T[P~q] ]l
(3) SpeplP el Q¢ B [Q=N[P=Q] 11 =1,

(4) z =1,

peplP Tqgep peq Q]

(5) b p.-Qq =1,

PeB,0<P 'QeB, 0<P.-Q

(6) 2p e, 0<pP "Rep, 0<repR 1,

(7) B is atomic.

The equivalence of (3) and (4) follows from the fact that N[P =Q] =1 if
P=Q and 0 otherwise. For the equivalence of (6) and (7) it suffices to
observe that I REB, 0<R<P R is equal to P if P 1is an atom of
B, and 0 otherwise.

If we now take for B any complete non-atomic Boolean algebra, e.g.,
the algebra of regular open subsets of the real line,! and take M to be
an arbitrary B-valued Boolean model, we will have || At ||l = 0 by Lemma
15.1.1, so that the formula At is not b-valid. By Theorem 14.3 we immedi-

ately conclude:
THEOREM 15.1.2 The formula At is not provable in MLP+C .
In view of Lemmas 11.5.2 and 9.4 we also have

THEOREM 15.2. The formula E° is not provable in MLP+C for o # e,

n (n € w)

1 See Sikorski [1969], p. 5.

2 This result can also be formulated so as to assert the consistency of the
theory MLp+C+ ~At relative to that of a sufficiently strong theory, e.g.,
higher-order number theory. The set-theoretic proof of Theorem 15.1 can be
replaced in this way by a finitary relative consistency proof.
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COROLLARY 15.3. The schema EC is not derivable in MLP+C .

As remarked in §11, E¢ is provable in MLP+C , but Theorem 15.2 does not

resolve the status of the formulas E° for n > 0 ; we now turn to this
question. Recall that, for a type o = (co,...,cn_l) . E° is the formula
a Vfo 390 [Rn(g) A f = g] , where Rn(g) abbreviates

0

¥Yx© ... Vxn_l [Og ... xn_1 v O~g 0. L ]

and [f = g] abbreviates
vl Lt [ f Lo o g 0, L ]

We first need:

LEMMA 15.4.1. Let B be a complete Boolean algebra, M = (Mc, m)cép

a B-valued Boolean model, and suppose o = (ao,...,cn_l) . Then for any

F € Mc , we have || Rn(F) || @ 1 just in case F is an ordinary two-valued
(M _, ..., M )-relation, and ]| Rn(F) || = 0 otherwise.
%o -1

Proof: Straightforward.

A complete Boolean algebra B is A-distributive, where X is a given car-

dinal (initial ordinal), if the identity

i1 Z

E< A Z

nex Pen T Zeaon Tran Prom

holds for every doubly indexed family of elements of B , or

P
( E,n)i.n<k
equivalently, if

z [m

K¢ gex Pe o Tgpx Pl =1

for every family (P of elements of B .3 Every Boolean algebra is

Pra
A-distributive for A < o , and a complete algebra B is atomic if and

only if it is completely distributive, i.e., A-distributive for every A\ A

LEMMA 15.4.2, Suppose n € w, O<n . Let B be a complete Boolean

algebra, M = (MG, m)a€P a B-valued Boolean model based on a set D of

3 Sikorski [1969], pp. 61-62.
4 Ibid., p. 105.
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cardinality A . Then || E" | =1 if B is A-distributive, O otherwise.

Proof: The formula in question is modally closed, hence has Boolean

value 0 or 1 . Note that

_ X

T M TP
where X = Dx ...xD =D" . The following are equivalent:
@ lE =1,
() Moy, p M3 [Rn@ AF=g] | =1,
(3) For every F:X~>B, I ., g |l Rn(G) AF =G| =1,
¥ For every F:X~> B, 2 GiX - 2 'F=61] =1,
(5) For every F:X =B, 2 n | Fa<sGaf =1,

G:X » 2 a € X
(6) For every F:X > B ,

Zgixa2 [0 G(a) = 1 Fla) - @ G(a) = 0 -F(a} 1 =1,
. n
N For every family (PE)E<K , where k =\ = |X]|,
e lMegex Pg " Mgy Pl =1,
(8) B is k-distributive,

(9) B is A-distributive.

The equivalence of (3) and (4) uses Lemma 15.4.1, The equivalence of (8)
and (8} follows from the fact that X < @ implies «k = e w also, in
which case both (8) and (9) hold, while X = w implies « = A= , since

0O<n.
THEOREM 15.4. The formula E° is not provable in MLP+C for n> 0.

Proof: Let B be any non-atomic complete Boolean algebra. Then for
some cardinal X\ , B 1is not A-distributive. Take for D any set of car-
dinality X\ , and let M be any B-valued Boolean model based on D . Then
by Lemma 15.4.2, we have || gD =0 in M, so that E" is not b-valid

and therefore, by Theorem 14.3, not provable in MLP+C .

In contrast to Lemma 11.5.2, we also have the following result:
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THEOREM 15.5. The formula [En -~ At] is not provable in MLP+C for

any n € w .

Proof: If n = 0 this follows from Theorem 15.1 and the fact that E¢
is provable in MLp+C . For n > 0 it suffices to observe that I " =1
and || At || = 0 in any B-valued Boolean model based on D , where B is

chosen to be non-atomic and D is finite.

PR Ne) . .
The conditions E~ of extensional comprehension can be weakened; spe-

cifically, for a predicate type o = (oo,...,on_l) we consider the formula

lo}

E2 : Vfc 390 [ Rn(g) A O[F=g9g]] .

This formula, which is modally closed, asserts that every predicate is co-
extensional, at some index, with an ordinary relation. By generalized com-
pleteness we immediately have:

LEMMA 15.6.1. The formula [EG - E;] is provable in MLP+C .

Thus, Eg is provable in MLP+C , and Eg is valid in MLP (i.e., with re-
spect to the standard semantics) for every o # e . We now show that the

conditions Eg are essentially weaker than the conditions o

LEMMA 15.6.2. Let B be a complete Boolean algebra. Then B 1is atom-
less if and only if there exists a set L ¢ B such that for every K c L :

n P € K p=2z P € L-K P

Proof: First assume B 1is atomless. Let L = B and suppose K < L.
If T K = I P e X P = 0 , then the condition holds, so we may assume
that 0 < I K . Since B is atomless, there exist P , Q € B = L with
0<P, 0<Q and P+ Q=1 K. But then P, Q € L-K , so that we have
Il P €K P = IIK = P+Q = Z P ¢ L-K P . Conversely, assume the con-
dition holds for some set L € B, and let Q be an atom of B . Define
K ¢ L by putting P € K just in case P € L and Q =P . Since Q= p

<

for all P € K we have Q= I Pex P = 3 P € L-K P, whence Q=P
for some P € L-K , since Q 1is an atom. This is a contradiction, so B

must in fact be atomless.

Using Lemma 15.6.2, we can show the following:
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LEMMA 15.6.3. Suppose o # e, ¢ . Let B be a complete Boolean alge-

bra, M = (Mo’ m)oéP a B-valued Boolean model based on a set D , where

[D|] = |B] . Then |l E° | =1 iff B 1is atomic, and | Ez =1 iff B

contains an atom.

Proof: Say o = (UO,...,Oh) . Then MG = BX , where X 1is the Car-

tesian product MC X ... X Mo . It is easily seen that A = IBI , where

0 n
X = |X| . As before, in the proof of Lemma 15.4.2, one verifies the fact
that || E° | = 1 if and only if B is A-distributive, which is equivalent

since A = |B| to the condition that B 1is completely distributive, i.e.,

atomic. On the other hand, we have the following equivalences:

(e}
W -1,
(2 Ty, I3, [R(@) A OIF=g]1 1 =1,
(3) For every F:X - B, Z | OF =611 =1,

G:X =+ 2
(C)) For every F:X =+ B , there is G:X -~ 2 with || F=G 1l # 0,

(5) For every F:X - B , there is G:X - 2 such that

Taex, 6 =1@ = T ey Ga)=-0 F@ #0,
(6) For every family (PE)E<X of elements of B , there exists a set

K © X such that
n p - I -P
gex fr ggx g 70

(7) For every L € B there exists a set K € L such that

o P € K P $ Z P € L-K P
(8) B contains an aton.

We use here Lemmas 15.4.1, 15.6.2, and the fact that X = |B| . This com-
pletes the proof. Choosing for B an atomless complete Boolean algebra

(e.g., the algebra of regular open subsets of the real line), we obtain:

THEOREM 15.6. For o # e, ¢ , Eg is not provable in MLP+C .

THEOREM 15.7. For o # e, ¢ , E° is not derivable in MLP+C from

the set of formulas { Eg | c#el.



118 ALGEBRAIC SEMANTICS

Proof: Assume otherwise; then some formula

is provable in MLP+C and hence b-valid in MLP. Choose for B a complete
Boolean algebra which is neither atomic nor atomless, e.g., a direct prod-
uct B1 x B2 , where B1 is atomic and B2 is atomless. Let D be any

set with |D| = |B|] , and let M be any B-valued b-model based on D . By
Lemma 15.6.3, the formula above has Boolean value 0 in M , a contradic-

tion.

It was remarked in §12 that there exist g-models of ML_+C which con-

P
tain non-indicial S5-operators. We can now prove this, by the following ar-
gument: The question whether such operators exist is just the question

whether the formula
*
(&) Vf(¢) [ Az(f) A Rz(f) A As(f) A A6(f) -+
DE%V%[quD[p*q] 11,
which asserts that every S5-operator is indicial, is g-valid -- or equiva-
lently, provable -- in MLP+C .
THEOREM 15.8. The formula (*) is not b-valid in MLP’ and therefore is

not provable in MLP+C .

Proof: Let B be any non-atomic complete Boolean algebra, and let
_oB
M= (Mo’ m)O€P be a B-valued Boolean model. If F ¢ M(¢) = B

propositional operator of M , and A is any M-sentence, then FA abbre-

is any

viates the M-sentence 3p¢[ Olp <+ Al A Fp ] , from which it follows that
| FA} = F(ll AJl) . Now suppose that F 1is the identity operator, defined
by F(P) =P for all P € B . Then we have || FA |l = || A || for every
M-sentence A . From this it is easily verified that each of the M-sen-
tences AZ(F) R RZ(F) R A3(F) and A6(F) has Boolean value 1 in M ;
i.e., F 1is an S5-operator of the Boolean model M . On the other hand,

the M-sentence
(1) Odp, Yo, [ Fq—0O[p~aq]]

asserting that F is indicial, is equivalent in M to the sentence
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(2) a Eths vay [a—0Ofp->qal ],

which is provably equivalent in MLP+C to the axiom At of atomic propo-
sitions. Hence, by Lemma 15.1.1, formula (1) has Boolean value 0 in M,

and therefore (*) also has value 0 in M .

The independence results presented in this section were all proved by
means of the Boolean methods developed in §14. Whether the same results
could be obtained without these methods has not been rigorously settled,
although the author strongly believes that direct proofs using only the

generalized semantics for ML, are not possible. To complete the discussion

P
of independence, however, we mention the following result, whose proof does

not require Boolean semantics:

THEOREM 15.9. The comprehension schema C is not derivable in the the-

ory ML,+EC whose axioms are those of ML, together with all instances

P

A s . .
Ec”’ of the extensional comprehension schema. In fact, the instance

é,fx —
C : 3p¢ Oflp f(e)xe 1

is not provable in MLP+EC .

Proof: Let D and I be arbitrary sets, with |I| > 1 . Define a
frame (MG)UGP for MLP based on D and I by:
(i) Me =D,
s s M
(i1) N
(iii) For o = (00,...,cn) ,n=0, M = P{( MUOx cee XM )

{pPc¢€ ZI | P constant } = {PO’PI} s

o

Let m(co) € MU be arbitrary. It is obvious that every instance ECG’A
of extensional comprehension is true in M . But clearly, for an appropri-
ate choice of F € M(e) = P(D)I and X € D we will not have M; F,X sat
- fx

Validity and B-Validity. We have seen (Corollary 14,2) that every

b-valid formula of MLP is valid. The converse is not true, since by Lemma
15.1.1, the axiom At of atomic propositions is not b-valid. We proceed
to show, however, that it is only At that stands between validity and

b-validity.
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THEOREM 15.10. Let A be a formula of MLP. Then A 1is valid in ML

if and only if [At - A] 1is b-valid in MLP.

P

Proof: Suppose first that [At -+~ A] is b-valid. Then it is valid, by
Corollary 14.2, and since At is valid it follows that A 1is valid. Con-

t %
versely, suppose A 1is valid, and let M = (MO, m*)cep be a B-valued

Boolean model of MLP, a* an assignment over M* . If B 1is non-atomic
then || At | = 0 by Lemma 15.1.1, and therefore [ At -+ A ”a* =1 . We can
therefore assume that B is atomic. Since B 1is complete, it follows that
B is isomorphic to a complete field of sets; in fact, to the algebra P(I)
of all subsets of the set I of atoms of B .2 We can therefore identify
B with P(I) . Now let (Mo)cep be the standard frame for MLP based on D

*

and I , where D = Me , and let @G be the canonical one-to-one mapping
& s . _oa-le %

from Mc onto Mc defined in §14. If we put m(cc) = éc [m (Co)] for

each constant c¢_ and let a(x ) = é-l[a*(x )] for each variable x_ ,
o fod o o} fe]
then by Theorem 14.1:

*
Il A HZ* ={i€lI|M i, a sat A} =1,

*
since A is valid in MLP. Thus A has Boolean value 1 in M , under

the assignment a* , and the proof is complete.

COROLLARY 15.11, The b-valid formulas of MLP are not axiomatizable.

In fact, the set of GBdel numbers of b-valid formulas of MLP is not defin-

able by any formula of higher-order number theory.

Proof: It is known® that the set of valid formulas of LP is not defin-
able in higher-order number theory, and the same result clearly holds for
the set of valid formulas of MLP' This fact together with Theorem 15.10
shows that the set of b-valid formulas of MLp is also undefinable, and

therefore not recursively enumerable. The result can also be obtained by a

direct interpretation of L, in MLy By relativizing quantifiers to heredi-

5 Sikorski [1969], p. 105.

6 See Enderton [1972], p. 272 (The argument is based on Tarski's theorem on
undefinability). L. Harrington informs us that the counterpart of Corollary
15.11 for ordinary (non-modal) higher-order logic is also true, although
the proof lies much deeper.
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tarily constant predicates, using the formula Rn(f) , we can effectively

find for each formula A of Lp a formula A* of MLP such that A is

s q s . . * S . . .
valid in LP just in case A  is b-valid in MLP‘ Since the mapping is re-

cursive and hence arithmetically definable, the result follows.

Expressible Boolean Properties. We have seen that the property of

atomicity of a complete Boolean algebra B can be expressed in MLp by the
formula At , in the sense of Lemma 15.1.1; viz., in any B-valued Boolean
model we will have || At || = 1 if B 1is atomic, and 0 otherwise. There
is, in fact, a wide class of Boolean properties expressible in MLP in the
same sense, i.e., by means of a closed and modally closed formula of MLP.
Specifically, we can express in MLP any Boolean property expressible in the
language of higher-order Boolean algebra, by which we understand a formal-
ism containing primitives for the Boolean operations and relations, and
variables over elements of the algebra, sets of elements, sets of sets,
etc. To see this, we observe that variables Py of type ¢ range over
elements of B in our Boolean semantics, and the Boolean relations P = Q
and P = Q can be expressed by the modally closed formulas D[p¢ -+ q¢]
and [p¢ g'q¢] , respectively. The Boolean operations P + Q , P-Q , -P
can be expressed by the formulas pvgq, pAgq, ~p respectively. The
formula Vp¢ A(p) , where A(p) is modally closed, expresses quantifica-
tion over elements of the algebra, while Vf(¢) [Rn(f) - A(f)] expresses
quantification over subsets of the algebra, and similarly for higher or-

ders. We therefore have:

THEOREM 15.12. For any sentence A of the language of higher-order
Boolean algebra we can effectively find a closed and modally closed formula
A* of MLP such that for any complete Boolean algebra B and any B-valued

™

*
Boolean model M , || A = 1 if and only if A is true in B .

Incomplete Boolean Models. We may attempt to relax the requirement of

completeness on the algebra B in our definition of Boolean model. How-
ever, the next theorem shows that it is in fact not possible to do so. Let
B be an arbitrary Boolean algebra, not necessarily complete, D a non-

empty set. A B-valued Boolean model of MLP based on D 1is a system M =

(Mo’ m)cép such that:

(i) (MO)UEP is the B-valued Boolean frame for MLP based on D ,
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(ii) m assigns to each constant ¢, an element of M0 ,

(i1ii) There exists a function || HM which assigns, to each formula A
of ML, and a € As(M) , a Boolean value | A HZ € B, in such a way
as to satisfy the recursive conditions (1) through (6) on page 108,

Clause (iii) should be interpreted as follows with respect to condition (5)

on page 108: Given a formula on A and an assignment a , the Boolean in-

fimum I exists in B and is equal to || ch A HZ .

M
xeu IA ”a,X
c
THEOREM 15.13, If there exists a B-valued Boolean model then B is

complete.

Proof: Suppose M = (Mc, m) is a B-valued Boolean model, where B

o€P
is an arbitrary Boolean algebra. Suppose K < B , and define an operator
PeM, = B> by putting F(P) = P if P € K, F(P) =1 otherwise. Then
L M M
by clause (iii) we have || Vp¢ f(¢)p¢ ”F =0, M¢ Il f(¢)p¢ “F,P
n PeB F(P) = 1T B oK P , so that the infimum II K of K belongs to

B . Since K was arbitrary, B is complete.

In the next section, we consider a somewhat different generalization of the

notion of a Boolean model.

§16. Topological Models of ML,

Since the early 1940's, one branch of the study of propositional modal

logics has centered around topological interpretations, or more generally,

1

interpretations in such structures as topological Boolean algebras-, which

are naturally related to topological spaces. A topological Boolean algebra

is a structure (B,N) , where B 1is a Boolean algebra and N 1is an oper-

ator on B satisfying:

(i) NP =P,

(ii) N{P - Q] = NP . NQ ,

1 Also called closure algebras; see McKinsey [1941], McKinsey and Tarski
[1944]. We here employ the dual notion, as in Rasiowa [1963].
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(iii) NNP = NP ,

(iv) Nl=1.

The motivating example is a topological field of sets (B,N) , where X is

a topological space with interior operator N , and B is a field of sub-

2

sets of X closed under N . It can be shown® that every topological Bool-

ean algebra is isomorphic to a topological field of sets.

In any topological algebra (B,N) we can define the usual topological
notions: An element P € B is open if NP = P , or equivalently if NQ = P
for some Q € B . The closure of an element P is defined to be -N[-P] ,
and P 1is closed if it is equal to its closure, or equivalently if -P 1is
open. The infimum P1 . P2 et Pn of finitely many open elements is
again open, and the supremum 2 PEK P of any set K of open elements
is open, if it exists in B . For any P € B, NP equals the supremum

Z Q Q of all open elements dominated by P .

Q=P, NQ =

It is easily verified that clause (ii) of the definition of topological

algebra can be replaced by
(ii') N[P = Q) <[NP = NQ] ,

so that a topological algebra (B,N) consists of a Boolean algebra B to-
gether with a Boolean S4-operator on B , in the obvious sense. It is this
fact that provides the connection, remarked earlier, between topological
algebras and modal logic. Accordingly, we say that a topological algebra

(B,N) 1is an SS5-algebra if it satisfies also
(v) _NP < N[-NP]

for all P € B, or equivalently, if every closed element is also open {and
hence conversely).? In such an algebra, the open elements form a Boolean
subalgebra B* of B, which is a complete subalgebra, in the sense that
if K¢ B* and the supremum Z K exists in B , then it belongs to B* .

Consequently:

2 McKinsey and Tarski [1944].
3 See McKinsey and Tarski [1948], p. 8.
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LEMMA 16.1. Let (B,N) be a complete S5-algebra. Then the open ele-

ments form a complete subalgebra B* , and for every P € B we have

(1) NPs Dot qsp Q-

Conversely, if B 1is any complete Boolean algebra, B* isa complete sub-
algebra of B , and we define an operator N € BB by condition (1), then

(B,N) is a complete S5-algebra and B* consists of its open elements.

Let (B,N) be a complete S5-algebra, D a non-empty set. We define

the (B,N)-valued topological frame for MLp based on D to be the family

(Mc)c€p of sets, where we simultaneously define the set M0 and the Bool-
ean value [ X =Y || for X, Y € M, as follows:
i Me =D ; || X=Y|=1 if X=Y in D, 0 otherwise.

(ii) For o = (o Mc consists of all mappings F from

Q> :On_l) 3

MG X .. % Mc into B such that for any sequences X , Y €
0 n-1
- - 4
MGOX . X Mcn_1 » Ty N Il X =Y, I = [FX) = F(Y)] .* We
let 1F=Gl="Ty .4 . «u [F(X) = G(X)] for any
% ®n-1
F,GeM .
g

A (B,N)-valued topological model (t-model) of MLP based on D is a system
M= (MCF’ m)

o€p such that:

(1) (MG)UGP is the (B,N)-valued topological frame based on D ,

(ii) m assigns to each constant ¢, an element of MG .

Let As(M) consist of all assignments over M , in the usual sense. For
each formula A of MLP and each a € As(M) we define {l A HZ € B as in
§14, except that condition (6) on page 108 is now replaced by:

6"y |OaA ”a = NJ A ||a , where N is the interior operator of the
algebra (B,N)

% 1n any Boolean algebra we write [P = Q] for the Boolean combination

P.Q + (-P)-(-Q), where P, Q € B. Condition (ii) is necessary in order to
validate the equality axioms of MLp in the topological semantics. See the
proof of Theorem 16.2.
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A formula A is true in a t-model M if || A HZ =1 for all a € As(M) ,

and A is t-valid in MLp if it is true in every t-model.®

THEOREM 16.2. Every theorem of MLP+C is t-valid in MLP.

Proof: Clearly the inference rules R1 - R3 of ML, preserve t-validity.

The proof that every axiom of ML, is t-valid proceeds as in the proof of

P
Theorem 14.3, except that one must verify that axiom schema AS6 can be re-

placed in MLP by the following axioms:

A6.1 x =y >y =x_,

e e e e
A6.2 X, =Y, [ Yo T2, T X, =2, 1,
A6.3 O = y0 Ao A XM= yn-l ~ [ f X B f yO... yn—l 1.,
where xo, e s xn_l, yO, e yn_1 is the first sequence of dis-

tinct variables such that xk and yk are of type o (k < n) ,

and f is of type o = (co,..., n-l)
These axioms are easily seen to be t-valid -- in the case of A6.3 this fol-
lows from clause (ii) in the definition of a topological frame -- so that

every theorem of ML, is t-valid. It remains to verify the t-validity of

P
each instance

0 n-1

oA, v e a0l x — A]

0

C 3If O vx
g

of the comprehension schema. Suppose that M is a (B,N)-valued topological

model and a € As(M) . As in the proof of Theorem 14.3 one defines a map-

ping F from MGO>< fes X Mgn_1 into B by letting F(XO,...,Xn_lj =
Al It must then be shown that F € M_ ; but this follows
a,XO,...,Xn_l [of
from the fact that the formula
vl Lt Vyo e Vyn_l [ x0 = yO Aon s y"'1

0 -1 0
-+ . A(x ,...,xn Y =AY , .0,y

is provable in MLP and hence t-valid, where A is A(xo,...,x ) , the

5 The idea of interpreting first-order modal logic in complete topological
algebras is apparently due to Rasiowa [1951].
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1 n-1

variables yo, cen yn— are distinct from xo, vee 4 X and from each
other and do not occur in A , and yk is of the same type as xk (k < n).

We omit the details.

REMARKS. Suppose B 1is a complete Boolean algebra. The trivial oper-
ator N € B® is defined by: NP =1 if P =1, NP =0 otherwise. The
pair (B,N) is an S5-algebra, and a (B,N)-valued topological model is just
a B-valued Boolean model, as defined in §14 (This operator corresponds to
the trivial topology). Thus, every b-model is alsc a t-model, and every
t-valid formula is b-valid. If we define N ¢ BB by letting NP = P for
all P € B (the discrete operator), we obtain another S5-algebra (B,N) ,
corresponding to the discrete topology. In any discrete topological model
M , the formula O A ++ A 1is true for every formula A , so that the ne-
cessity operator (O is vacuous and hence M is essentially the same as
one of Scott's Boolean models of ordinary higher-order logic. Thus, both
Scott's Boolean models and those defined in §14 can be construed as topo-

logical models.

The notion of a topological model can be further generalized by permit-
ting a smaller set of Boolean-valued relations at each level. Thus, if

(B,N) is a complete SS-algebra, a (B,N)-valued general topological frame

is defined as before except for the replacement of clause (ii) by:

(ii') For o = (OO,...,on_l) s M0 is some non-empty set of mappings F

from M x ... X M into B such that for any sequences X , Y
0

EMGOX...XM Hk<an|stYkII s [F(X) = F(Y)T .

This leads to the notion of a (B,N)-valued general topological model. If

N 1is the trivial operator on B , we speak instead of a B-valued general
Boolean model. Every theorem of MLP is true in every general topological
model, but in general the comprehension axioms will not hold. Nevertheless,
such general models prove useful, e.g., in showing the independence of the

axiom of choice in ordinary higher-order logic.

Homomorphisms. Let (B,N) and (B',N') be topological algebras. A
homomorphism from (B,N) into (B',N') is a mapping ¥ from B into B'
such that for all P, Q € B : (i) o(P + Q) = 0(P) + 9(Q) ; (ii) O(-P) =
-9(P) ; (iii) O(NP) = N'[0(P)] . Here we use + and - ambiguously to
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denote the operations of B' as well as those of B . A homomorphism ¢
is complete if it preserves infinite infima and suprema in B ; i.e., if

. . . :
z P e K 9(P) exists in B' and is equal to O( Z P ¢ K

z P €K P exists in B . We shall be interested in complete homomorphisms

® on complete S5-algebras (B,N) . In this case the range (B',N') of ¢

P ) whenever

is also a complete S5-algebra, and all infima and suprema are preserved.6

Let M = (Mo’ m)OGP

where (B,N) 1is a complete S5-algebra, and suppose that ¢ is a complete

be a (B,N)-valued topological model based on D ,

homomorphism from (B,N) onto (B',N') . We define a (B',N')-valued topo-
3 [ — ' 1 1 3
logical model M (Mo, m )ceP also based on D , which we call the image
of the model M under ¢ . We first let (Mé)OGP be the (B!',N')-valued
topological frame based on D , and define by recursion on ¢ mappings 00

from Mc onto M& satisfying the following condition:
(1)  Forall X,YeM , dlx=Y]= o X=9M0I.

(Recall that the value || X = Y || is defined for X , Y € M, in any topo-
logical frame.) The definition of 00 is as follows: We first let ae be
the identity mapping on Me =D = Mé . For o = (00""’Gn—1) , we assume

that 00 maps Mc onto M& for k< n , in such a way that condition

k k k
Mco>< el X Mc o
(1) holds for each Uk . Given F € M0 c B n , we define
M' x .., x M
% %n-1
. t t =
9 (F) € B by: 9 (F)(Xg,...nX! ;) = O[F(X5,....X DI,
where Xi = 60 (Xk) for k< n . This is well-defined, for if we also have
k
X} =9 (Y,) for k< n, then using condition (1) for o, we see that
k %% k k
L=t xp=x =1 ock(xk) = aok(Yk) =9l x, =Y, || . Since FeM_,
however, the inequality
(2) I k < n Nl Xk = Yk I = [FX) = F(Y)]
holds in B , and applying 9 to this we have 1 = Il K <n N'9|| Xk = Yk i

=o[m, _ NI X =Y | ]=9[F(0 «FMN] = [PFCO] = 8[FMNI] , so

® Such a mapping O will preserve the subalgebra of open elements. However,
a complete Boolean epimorphism which preserves the set of open elements may
fail to preserve the operator N.
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that O[F(X)] = 8[F(Y)] . In essentially the same way we show that SG(F)

belongs to M& . For suppose X', Y' ¢ Méox oo X Mén_l , and let Xﬁ =

¢ (X)), Y =¢0_(Y,) for k< mn . Applying 9 to inequality (2) again,
oy k k % k

and using condition (1) for o s We have

Tyeen NMIX =Yl s [9[FCO] = 0[F(N] ]

[9,FYX) =9 (YY) ],

as required. Finally, we show that Gc is onto Mé : Suppose F!' € Mé s

and define a mapping F from Mc X ...0X Mc into B by:
0 n-1
B FX)= 2pcp 9py<srrxy P
where X' = (Xé,...,Xﬁ_l) and Xi = Ock(Xk) (k < n) . Applying & to (3):
S[F()] = = S(P) = F' (X ,

P € B, 8(P) < F'(X')

since ¢ 1is onto B' , so it remains only to verify that F ¢ MG , i.e.,

that (2) holds for arbitrary X , Y € Mcr X L., % Mc . For this it suf-
0 n-1
fices to show that

It N |l Xk =Y

K<n - F(X) £ FY) ,

kn

and by the definition of F(Y) it suffices in turn to show
4 SOy g N | XkEYkH cFX) ] = Fr(YY),
where Y! =& _(Y,) (k< n) . But (4) is equivalent to

k % k

m, o, NIx =Y | - Fr(x') = F'(y"),

where Xi =9 _ (X,) (k< n) , and this clearly holds since F' € M' .
% k ¢}

To verify condition (1) for o , suppose F , G € Mc and let ?(MG
k

denote the product M_x ,.. X L . Then:
o n-1
BTy ¢y [FOO =60 ]
k
Ty exu [ PFO0]=96E0] ]
k

ol F =6 |
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I X' € XM [ GU(F) xX") = 6G(G) xY ]
o2
k
I8 ) =0, © I,

i)

as required. To complete the definition of the image model M' , we define

'(c = m . :
mt( G] 00[ (cc)] for each constant <y We can now state

LEMMA 16.3. Let M be a (B,N)-valued topological model of MLP’ and
let M' be the image of M under a complete homomorphism ¢ from (B,N)
onto (B',N') . Then for every formula A of MLP’ every a € As(M) and
a' € As(M") , if a'(xg) = &O[a(xo)] for every variable X then we have

M

]
I A HZ, =9ff A Ha . In particular, if A is a closed formula of MLP then

M! M
fal™ =9sal™.
Proof: Straightforward, by induction on A .

Before applying Lemma 16.3 we need some algebraic preliminaries. The
direct product (B,N) of a family of complete S5-algebras (Bi’Ni) i€l
is defined in the usual way: B 1is the ordinary direct product of the

Boolean algebras Bi , B = ><i61 Bi , consisting of all indexed families

(Pi)iEI such that Pi € Bi for all i € I , with the Boolean operations
defined coordinate-wise,’ and the interior operator N is defined by let-
ting N(Pi)ieI = (NiPi)i€I . It is a routine matter to verify that (B,N)
is again a complete S5-algebra, and that the projection mapping "j from
B onto B, defined by nj(Pi)iéI = Pj is a complete homomorphism from

(B,N) onto (Bj,Nj) for each index j € I . Let us call a complete S5-
algebra reducible if it is isomorphic to a direct product of trivial com-
plete S5-algebras, i.e., algebras (Bi,Ni) in which the interior operator
Ni is the trivial one: NiP =1 if P=1, NiP = 0 otherwise. We say
that a (B,N)-valued topological model is reducible when the algebra (B,N)
is reducible. It is not difficult to show that (B,N) is reducible if and
only if the complete subalgebra B* of open elements of (B,N) is atomic.

We omit the proof.

THEOREM 16.4. A formula A of MLP is b-valid if and only if it is

true in every reducible topological model of MLP‘

7 Sikorski calls this the direct union; see Sikorski [1969], p. 50.



130 ALGEBRAIC SEMANTICS

Proof: Since every Boolean model of MLp is a reducible (in fact, triv-
ial) topological model, one implication is immediate. For the converse, as-
sume A is b-valid. We can assume without loss of generality that A is
closed, since A can be replaced by its universal closure otherwise. Let
M be any (B,N)-valued topological model of MLP’ where (B,N) 1is a reduc-
ible complete S5-algebra. We can assume that (B,N) is itself the direct
product of trivial SS-algebras (Bi,Ni) (1 € 1) . If A is not true in M

then | A HM # 1, so clearly niH A HM # 1 in B, for some i € I . Let
Mi be the image of the model M under the complete homomorphism "o Mi

is a (Bi,Ni)-valued topological model of ML hence a Boolean model, since

p,
Ni is trivial. In view of the assumption that A is b-valid, we conclude

that Jj Al =1 in M, . On the other hand, Lemma 16.3 implies that

My M
fan®=nlai™#1,
which is a contradiction.

Let (B,N) be any topological algebra, P € B a non-zero open ele-
ment. The set By = {Q€¢B| Q=P } becomes a Boolean algebra

0,, 1

(BP: +P1 'P’ “pr Upr P)

if we let +, and -  coincide with the corresponding operations + , °

P P
of B, define p Q to be P-(-Q) , and let 0p s 1P be 0, P, respec-

tively. If we let Ny be the operator on BP which coincides with the

operator N for all Q € B then (BP,NP) is a topological algebra,

s
which is complete (resp., ai S5-algebra) if (B,N) is complete (resp., an
S5-algebra). The mapping ©(Q) = P-Q is a complete homomorphism from (B,N)
onto (BP,NP) . Conversely, if (B,N) is a complete topological algebra
and ¢ is a complete homomorphism from (B,N) onto (B',N') , then it is
easily shown that (B',N') is isomorphic to (BP,NP) , where P is the

open element I ) =1 Q of B . It follows, in particular, that

Q € B, 9(Q

a trivial complete S5-algebra has no proper complete homomorphic images.

THEOREM 16.5. Let A be a modally closed formula of MLP which is not

t-valid. Then for some topological model M of MLP and some a € As(M) ,

we have |l A HM =0 .
a
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Proof: Let M be a (B,N)-valued topological model, a an assignment

over M such that | A HZ # 1 . Since A is modally closed, the formula
O A« A is provable in MLp and therefore true in M , by Theorem 16.2,
so that the element P = -|| A HZ # 0 is open in (B,N) . Let o be the

complete homomorphism from (B,N) onto (BP,NP) defined earlier, and let
M' be the image of M wunder ¢ , a' the assignment over M' defined

' =
by a (xc) Sg{a(xg)] . Then by Lemma 16.3,

MY Mo, M
Pat = onatt = pgpalt -0,
as required, and the proof is complete.

The hypothesis that A be modally closed cannot be dropped from Theo-
rem 16.5. For example, the formula [p¢ v [~ p¢] fails to satisfy the
conclusion of the theorem, but it is not even valid in MLP’ and therefore

a fortiori not t-valid.

We conclude with several remarks. It can be shown that there exist
b-valid formulas of MLP which are not t-valid. For it follows from the re-
sults of Scott [1966] that there are sentences of ordinary higher-order
logic which are valid (true in every standard model of LP) but not true in
every Boolean model, in his sense. By relativizing higher-order quantifiers
to hereditarily constant predicates, we obtain a closed and modally closed
formula A of MLp which is valid in MLP but fails in some discrete topo-
logical model M , in the sense that || Al # 1 in M . Since A 1is valid
in ML, Theorem 15.10 implies that the formula [At - A] is b-valid; but
if this foirmula were t-valid then it would be true in M , which is impos-
sible since it is easily checked that | At || = 1 in any discrete complete

S5-algebra.

The problem of classifying the various types of complete S5-algebras --
or equivalently, the various types of pairs (B,B*) where B* is a com-
plete subalgebra of B -- is probably not trivial, in view of a result of
Kripke8 which implies that any complete Boolean algebra B* is a complete

subalgebra of some countably generated complete Boolean algebra B .

8 Kripke [1967].
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§17. Cohen's Independence Results

We have seen in §15 that the Boolean semantics for MLp yields a number
of independence results in modal logic; i.e., theorems to the effect that
a particular modal formula is not provable in a particular modal theory. We
can also use the Boolean semantics for MLp to study certain of the well-

known independence results in set theory first proved by Cohen.!

It was a joint discovery of Scott and Solovay? that Cohen's indepen-
dence proofs could be recast in the framework of Boolean-valued logic, by
means of Boolean models similar to those introduced in §14. In particular,
one can show in this way that the continuum hypothesis cannot be proved in
set theory even when the axiom of choice is added. In the first published
exposition of the Boolean method,? Scott actually proved a somewhat weaker
result, viz., that the continuum hypothesis cannot be proved in higher-
order number theory with the axiom of choice. This proof involves all the
ideas needed for the stronger result and avoids some of the messier details
connected with Boolean models of the full theory of sets. We examine now a
proof, similar to Scott's, of the independence of the continuum hypothesis
in higher-order number theory with the axiom of choice. Our proof, however,
employs formulas of MLP as modal "interpolants' at various stages of the
argument. It should be remarked that the present approach could be adapted
to the context of set theory by replacing the higher-order modal logic MLp
by a full modal set theory.L+

Higher-Order Number Theory. We augment the axioms of the theory LP+C

defined on pages 70-71 by several additional axioms to obtain a theory NP’

Higher-Order Number Theory, which will play the role of set theory in our

formulation of the independence proof. We first add, for each type o , an

1 Cohen [1963].

2 gee Scott [1966], [1967al, [1967b], Rosser [1969].
3 scott [1967a].

¥ See Lemmon [1963].



COHEN'S INDEPENDENCE RESULTS . 133

axiom of choice:

Ac® : 3f wo’ (f)

(0,0)

where Woc(f) is the formula

on Yy, [ fxy vx=yvVvfyx] A Vg(c) [ 3x0 gx -

3x  Lgxavy [ay->~fyx]111.

Ac® asserts that a well-ordering of the objects of type o exists; it is

therefore valid, i.e., true in all standard models of LP’

Consider now a standard model of LP based on the set « of natural
numbers. If we let < be the first constant of type (e,e) and write
Xx <y for <xy , we can characterize the usual ordering on « by the fol-

lowing second-order Peano axiom:

. e
Pe : Wo'(<) A Vxe 3ye [x <yl A Vye [ er [x<y] -+

3xe Vze [z<y ==+ z<xvz=x]1,

which asserts that the usual ordering of « 1is a well-ordering with no
greatest element in which every element except the least has an immediate

predecessor.

The theory NP takes for its axioms all those axioms of LP+C which
contain no constants other than < , together with the Peano axiom Pe and
the axioms Ac® for o € P . The rules of inference are those of the theo-
Ty LP (Rules R1, R2 on page 71). Clearly, any standard model of NP is iso-
morphic to the standard model M = (MG, m)cgp based on ® , in which m(<)
is the usual ordering on « .5 We can easily define the usual number-theo-
retic operations as relations in NP’ using higher-order quantifiers, and
rational and real numbers can be defined as higher-order entities and their
usual properties established in NP‘ Thus, the theory Np incorporates the
usual body of algebra and analysis normally required in mathematical argu-

ments.

The continuum hypothesis is the assertion that every class of subsets

of ® 1is either denumerable or else equinumerous with P{w) . Since the

5 Here we ignore the values m(cy) for constants c, other than <.
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axiom of choice is present, we can formulate this as follows: Every non-
empty subset G of P(w) 1is either the range of a function on « or else
the domain of a function onto P{w) . We therefore seek to establish that
the formula Ch below is not provable in the theory NP:
Ch : v 3
Sen ey o
3f ! A -+
(e, (&) [ vxe 3 Y(e) [gy fXY] A VY(e) [QY er fo] ]
v 3f ! A .
((edu (o)) [ Weey [0V 7 3t2ey Frl m¥zey vy fov 4 fy2) 1]

Extensional Predicates. We introduced at the end of §1 a distinction

between extensional and intensional words of English, and we indicated how
the extensionality, for example, of an adjective ¥ could be expressed by
a semantic condition on its intension Int[¥] in a model of formalized
English. This distinction can be carried over to the formal logic MLP’

where it proves to be an important element in the independence proof.

Let M = (MU, m)OEP

gle out a class Ec of (hereditarily) extensional predicates F € Mo . For

be a g-model of ML,. For each type o # e we sin-

convenience, we define Eo also for o = e , so that the definition takes

the following form:

(1) Ee =D = Me s

(ii) For o = (co,...,on_l) s Ec consists of all F ¢ Mc such that

(a) F(i) ¢ E_x ,.. x E for all 1 €1 ; (b) Forany X , Y €
= 9% %n-1

EGOX Lol X Ecn_1 and any i € I , if Xk(i) = Yk(i) when oy # e

and Xk = Yk when g = e, then X € F(i) iff Y € F(i)

That is, the question whether a given sequence (XO""’Xn—l) of exten-
sional objects belongs to F(i) depends only on the values Xk(i) where
%y # e and the values Xk where o = €. We can define the classes Eo
formally in MLP' Precisely, we define for each o € P and each variable

x _a formula
g
Extc(x) ( x is extensional )
of ML, with exactly . free, as follows:

P

(1) Ext®(x) is [x=x],
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(i) For o= (op,...,0, ;) , Ext’(£) is the formula
o
o o™ R0 Ly Ext K& 1 A
k<n
(o)
ovx® v w0 vyl e v [ Ext X5 A
a.
Ext k(yk) A <K s yk 1] - [f LMo yo... yn_l 11,
where xO, e xn-l, yo, e yn_1 is the first sequence of dis-
tinct variables such that xk and yk are of type % (k < n) .

The formula Extg(x) is modally closed, in the extended sense that the

equivalence [ Extg(x) Rand Exto(x) is provable in ML_, and if M is a g-

P
model of MLp and X € Mc then clearly X € EU if and only if M satis-

fies Extc(X) . We shall henceforth drop the superscript on the formula

Exto(x) , the type o being clear from context.

LEMMA 17.1. The formulas ch Ext(x) are provable in MLP for o= e
and o =1 (n € @) , and the formula 3x_ Ext(x) is provable in MLy+C

for every type o .
The proof is omitted.

If M= (Mc’ m)oéP is a B-valued Boolean model of MLp based on D , where
B 1is a complete Boolean algebra, then for each X € M0 we clearly have

I Ext(X) ||l = 0 or 1 , and if we let E,={X €M [ Ext(X) Il =11, we
obtain the following recursive characterization:

(i) Ee =D = Me s

(ii) For o = (co,...,cn_l) . Ec consists of all F € Mc such that

(a) For X € Moox ol X Mcn_1 , F(X) = 0 unless Xk € Eck (k < n);
(b) For X ,Y €E x ... xE , F satisfies the inequality

% %n-1
ot X, =Y, I = [FX)=FM]

k<n k

Thus, if m(cc) € Ec for each constant S then the extensional objects

in M form a B-valued general Boolean model of MLP’ in the sense of §16,

6 Here Cnj Ak denotes the conjunction {AOA Lee A An-l].
J k<n J
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which is isomorphic to a (B,N)-valued topological model, where N is the

discrete operator on B .

(Ext) denote the formula of MLP

obtained by relativizing all quantifiers of A to the formula Ext(x) ;

Given a formula A of Lp, we let A

i.e., replacing each subformula ch B of A by ch [Ext(x) - B] . Let
AA consist of all formulas Ext(sc) , where S is either a constant in
A or a free variable of A . The next theorem shows that, loosely speak-
ing, the extensional predicates in a model of higher-order modal logic form

a model of ordinary (non-modal) higher-order logic. Precisely:

THEOREM 17.2, If A 1is provable in L_+C then A(EXt) is derivable

from AA in MLP+C .

P

Proof: One shows that the class of formulas A for which A(EXt) is
derivable from AA contains all the axioms of LP+C and is closed under
the rules R1, R2 of LP. As in the proof of Theorem 16.2, it is necessary to

use the fact that axiom AS5 of LP (page 71) can be replaced by:

A5.1 Xg =¥y ™ ye = X,

AS5.2 X, 5 Yy [ Yo 2™ X, = 2 ],

253 x0 = y0 Aooon o yn-l - [ f KoM of yo... yn-l 1.,
where xO, ey xn-l, yo, ey yn-l is the first sequence of dis-

tinct variables such that xk and yk are of type Ok (k < n),

and f is of type o = (00,...,0 1)

n-

In addition, the proof makes use of Lemma 17.1, and (for the verification

of A5.3) the following result, which we state without proof:
LEMMA 17.2.1. For any type o the formula
_ 7 (Ext) -
Ext(xc) A Ext(yc) -+ [ [x =vy] -+ X =Y.}
is provable in MLP‘

Modal Number Theory. We consider now a modal analogue of NP’ which we

denote by MNP' Its axioms are those axioms of MLP+C containing only the

constant < of type (e,e) , together with the axioms of choice:
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o .

AC wo(f) ,

Bf(c,c)

where WOo(f) is the formula

Rn(f} & on Vyo [ fxy vx=y v fyx ] A

DVg oy [ 3, 0x > I [gxnvy [oy~~fyx]1]1,
and the Peano axiom

. e
PE : WO (<) A Vxe 3ye [x < y] A Vye [ 3xe [x < y] =

3xe Vze [z<y == z<xvzszx]].

The inference rules of MNP are the rules Rl, R2, R3 of MLP (page 74). It

is clear that the axioms of MNP will all hold true in the standard model
M= (MU, m)OEP of MLp based on ® and any set I of indices, if we take
for m(<) the function on I whose value at any i € I 1is the usual or-
dering on ® . To see that AC® holds, it suffices to take any well-order-
ing (X)p, ©Of M, and define F €M . = PO x M)' by putting

FG) = { (X)) [ E<m} (G €D

(Ext)

LEMMA 17.3.1. The formula AC® - [Ac”] is provable in ML,+C

for each type o € P .

Proof: Let M = (Mc, m)cep be a g-model of MLP+C based on D and

I such that M sat AC® ,7 and suppose i € I . Say F € M
(Ext)

(c,0) and M

sat WOG(F) . We show that M, i sat [Aco] , or equivalently, that

M, i osat 3F [ Ext(f) A wol (F) (BX®)

By comprehension there exists F' € M(c o) such that M satisfies
3

(1 0 an Vycr [ F'xy <+ Ext(x) A Ext(y) A Vyé [ Ext(y’) A
y =y, - BX; [ Ext(x’} A x=x" AFx’y"11171.
It is easy to see from (1) that M sat Ext(F'} , so it remains only to

show that M, i sat Woo(F')(EXt) . By Lemma 17.2.1 and some obvious sim-

7 We regard the formulas AC® and PE as modally closed, in view of the fact
that [0AC® <> ACP]. and [BPE + PE] are theorems of MLp.
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plifications, it suffices in turn to show that M, i satisfy

(2) ch Vyc { Ext(x) A Ext(y) - F'xy vx =y VvF'yx] A

Vg(c) [ Ext(g) A BXU gx - BXG [ gx A VyG [gy > ~F'yx] 11 .

For the first conjunct, assume X , Y € E_ and suppose that M, i do not
satisfy X =Y or F'YX . We show using (1) that M, i sat F'XY . Since
M, i do not satisfy F'YX , there exists X' € EO such that M, i sat
X = X' and for every Y' € EG , if M, i sat Y =Y' then (Y',X') is
not in F(i) . Hence if Y' ¢ EO and M, i sat Y =Y' then (X',Y') €

F(i) , because M sat WOG(F) and M, i do not satisfy X = Y , there-
fore do not satisfy X' = Y' or, a fortiori, X' = Y' ., This shows that

M, i sat F'XY . For the second conjunct of (2), assume G € E and

(o)
G(i) # ¢ . Since M sat WOG(F) , there exists X € M0 , X € G(i) , such
that for all Y € M_, Y € G(i) implies (Y,X) ¢ F(i) . But then, using
extensionality and (1), Y € G(i) implies (Y,X) § F*(i) . This completes
the proof.

LEWMA 17.3.2. The formula PE - Pe™ % s provable in MLy+C .
. s R (Ext) . .
Proof: Using Lemma 17.1 it is easily shown that Pe is equiv-
alent in MLP to Pe , and clearly PE implies Pe in MLP.
(Ext)

THEOREM 17.3. 1If a closed formula A is a theorem of NP’ then A

is a theorem of MNP’

Proof: Suppose A 1is a theorem of NP' Then for some types Og » ooe s

c the formula

n-1
[o) (o2 a.
Ac 0 -+ . Ac L T Y Y n-l, . Pe > A
is provable in LP+C , without using constants other than < . By Theorem
17.2, therefore, the formula

[ACOO](Ext) . Cc’n-l](Ext) o+ pel(EXt) | p(Ext)

.=+ . [A
is derivable (in fact, without using constants other than < ) from the
formula Ext(<) 1in MLP+C . But by Lemma 17.1, Ext(<) 1is a theorem of

MLp- The result now follows by Lemmas 17.3.1 and 17.3.2.
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We now introduce two closed and modally closed formulas of MLp which
will act as the modal interpolants mentioned earlier. The first is the

formula

c, : vf(e’(e)) [0 Vxe Vy(e) VyEe) [ Rn(y) A Rn(y”) A fxy A

fxy” >y =y" ] > Jyy [Raly) ADVx ~fxy ]1,

which can be given the following reading: If a predicate of type (e,(e))
is necessarily functional from individuals to sets (of individuals), then
some set is necessarily out of its range. The second interpolant is the

formula

C2 : Vf((e),(e)) [O Vy(e) Vz(e) VzEe) [ Rn(y) A fyz A
fyz’ »2=2"] - 32(6) 0O Vy(e) [ Rn(y) -~ fyz ] 1,

which can be rendered (somewhat less satisfactorily) as follows: If a pred-
icate of type ((e),(e)) 1is necessarily functional from sets to properties

then some property is necessarily out of its range.

It is not difficult to show that for a standard model M of MLP based

|D| , SO that in

o}

onsets D and 1, M sat C just in case ]Il-]D] < 2

1
particular if D is infinite then M sat C; just in case 1] < 2
On the other hand, a standard model never satisfies C2 ; i.e., the formula

~ C2 is valid in MLP'

LEMMA 17.4. The formula -~ Ch(EXt) is derivable from C
MLP+C .

1 and C2 in

Proof: Ch(EXt) is equivalent in ML to the following formula:®
£roor q p

Y9((eyy [ Ext(@) A dy oy 9y -

Ext(f) A Vxe B!Y(e) [gy A fxy]

e, (e |
AYY ey Loy > 3x, fxy 1]

\Y Bf((e),(e)) [ Ext(f) A Vy(e) [ gy » B!Z(e) fyz ]
A Vz(e) By(e) [gy ~ fyz] 11 .

8 Note the meaning of 3!x A here; see pp. 69, 71 in §9.
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Suppose M 1is a g-model of MLP+C such that M sat C1 ;, M sat C
h(Ext)

2

and for some i ¢ I , M, 1 sat C . By comprehension in M , there

exists G € M((e)) such that M satisfies

] G 3y’ Rn(y”’) Ay =y’
Wiy [ Gy = vy [Ray) Ay =y 1]
The following properties of G are easily verified:

(1) M sat DVy(e) [Rn(y) - Gy] ,
(2) M sat Ext(G) ; i.e., G ¢ E((e)) ,

(3) M, i sat 3y(e) Gy (using (1))
But M, i sat Ch(EXt) s we therefore have two cases:

Case 1. For some F € E

(e,{e)) ’
(€))] M, i sat Vxe 3!y(e) [Gy A Fxy]

(5) M, i sat Vy(e) [ Gy - 3xe Fxy ]

Case 2. For some F € E

((e),(e)) ’
(6) M, 1 sat Vy(e) [ Gy » 3!z(e) Fyz ]
(7 M, i sat Vz(e) Ey(e) [Gy A Fyz] .

First suppose Case 1 holds. By comprehension, there exists F' ¢ M(e (e))
2

such that
1 !
(8) M sat O Vxe Vy(e) [ F'xy <> Fxy A Vxe 3.y(e) [Gy A Fxyl ] .
We claim that M satisfies the formula
’, , [] [ , - 4
0 Vxe Vy(e) Vy(e) [ Rn(y) A Rn(y’) A F'xy A F'xy’ = y =zvy’ ]

For, let j €I, X € Me , Y, Y €M such that

(e)

M, j sat Rn(Y) A Rn(Y') A F'XY A F'XY!'

Then by (1), M, j satisfy GY and GY' , and by (8), M, j satisfy
Vxe 3!y(e) [Gy A Fxy] and also M, j sat FXY , FXY' , so M, j sat
Y =

exists Y € M(e) such that M sat [Rn(Y) A DD Vxe ~ F'xY] . But by (1),

Y' . This proves the claim. Since M sat C1 , we conclude that there
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M, i sat GY , so by (5), M, i sat 3xe FxY , whence by (4) and (8) we
conclude that M, i sat 3xe F'xY , a contradiction. Suppose, on the other
hand, that Case 2 holds. By comprehension, there exists F!'

Mo, (en
such that

1
(9) M sat O Vy(e) Vz(e) [ F'yz +» Fyz A Vy(e) [Gy 9-312(e) Fyz] ] .
We now claim that M satisfies the formula
’ 1 ' 4 = 4
[]Vy(e) Vz(e) Vz(e) [ Rn(y) A F'lyz A F'yz” = z = 2" ]

For, let j €1, Y , Z,Z2' €M such that

(e)
M, j sat Rn(Y) A F'YZ A F'YZ!

By (1), M, j sat GY , and by (9), M, j sat Vy(e) [Gy - B!Z(e) Fyz] ,

and also M, j sat FYZ , FYZ' , so M, j sat Z = Z' , which proves the

claim. Since M sat C2 , we conclude that there exists Z € M(e) such

that
(10) M sat O Vy(e) [ Rn(y) =~ F'yZ ] .

By (7), there exists Y € M such that M, i sat GY A FYZ , and the

(e)
choice of G implies that there exists Y' € M(e) such that M, i sat
Rn(Y') A Y =.Y' , Since F 1is extensional, M, i sat FY'Z , and hence

by (6) and (8), M, i sat F'Y'Z , contradicting (10). This completes the
proof of Lemma 17.4.

It should be remarked that Theorem 17.3 and Lemma 17.4 are syntactic

results, for which direct, constructive proofs could be provided.
LEMMA 17.5.1. The formula AC® is b-valid in ML, for every type o .

Proof: Let M = (Mc’ m) be a B-valued Boolean model of MLP' Let

o€P

(XE)£<X be a well-ordering of MO , and define F € M(o,c) by letting

F(XE’Xﬂ) =1 if E<mn, and 0 otherwise. We show that | wo°((Fy | =1 .

Clearly the first two conjuncts of WOU(F) have value 1 , so it suffices
M

to assume G € M(O) = B 7 and show that

(1) It 3xG ex " = | BxU [ Gx A Vyc [Gy »~Fyx 111 .
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But if we let PE = G(XE) for ¥ < A, (1) is clearly equivalent to

@) Iy B =B, R TP,

and (2) holds in any complete Boolean algebra.
LEMMA 17.5.2. Let M = (MO, m)O€P be a B-valued Boolean model of MLP

® X @ be the usual (two-valued)

based on ® , and let m{<) € M B

(e,e) ~

ordering on « . Then | PE HM =1.
Proof: Straightforward.
THEOREM 17.5. The theory MNP+C1+C2 is consistent.
Proof: If not then some formula

o %1
(n AC " AAC " A L... ANAC APEAC, AC

1 2

is inconsistent in MLP+C . We construct_a Boolean model of MLP in which
(1) has Boolean value 1 , contradicting Theorem 14.3. Let 1 be any set
with |I] > 2, and let B be the complete algebra of all regular open
sets in the product space 2 @x 1 , where 2 = {0,1} has the discrete

topology. It is well-known? that B satisfies the countable chain condi-
tion; i.e., every disjoint set of non-zero elements of B 1is denumerable.
Let M = (Mo, m)0€P be the B-valued Boolean model based on « in which

m(<) is the usual ordering on ® . By Lemmas 17.5.1 and 17.5.2, we have

Il ACGk =l PE]] =1 in M, for all k< n , so it remains only to ver-
ify that fC =1lc,ll=1.

If | o = 0 (note that C1 is modally closed), then there exists
F € M(e,(e)) for which
(D 1 DV¥x, ¥y gy Yyiey [R(Y) ARn(y") A Fxy A Fxy” >y =y’] =1,
(@ W3y [Ra(y) ADVx, ~Fxy] | =0 .

From (2) and Lemma 15.4,1, it follows that there exists for every Y € 2

a natural number ny € o with F(ny,Y) # 0 . For some n € » , the set

9 Rosser [1969], p. 32.
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K={YE€ 2% f n, =n } must be non-denumerable. But by (1), Y # Y' in
K implies F(n,Y) . F(n,Y') = 0 ,. so that { F(n,Y) | Y ¢ K} is a non-
denumerable disjoint set of non-zero elements of B , contradicting the

countable chain condition.

If | c, I = 0 then for some F € M((e),(e)) we have:
(3) | O Vy(e) Vz(e) Vz(e) [Rn{y) A Fyz A Fyz” -z =2"] || =1,
(4) ” Ez(e) a VY(e) [Rn(Y) - FyZ] ” =0.
For each i € I define Zi € M(e) = g° by letting Zi(n) be the clopen
subset { p € 2 @x 1 | p(n,i) = 1 } of the product space 2 @x 1 . It is
easily verified that
hzg=z = 0 ¢, [Z;m=2m] =0

for i#j in I . By (4), there exists for each i € I some Y, € 2®
with F(Yi’zi) # 0 . Since III > 2 , there exists Y € 2° such that the
set J={1i¢€Tl| Y, =Y } is non-denumerable. By (3), i #3j in J im-
plies

F(Y,2.) « F(Y,2.) = l z.=2.1] =0,
i J 1 J

so that { F(Y,Zi) | i € J } 1is again a non-denumerable set of pairwise
disjoint elements of B , contradicting the countable chain condition.
COROLLARY 17.6. The continuum hypothesis Ch is not provable in NP'
. (Ext) -
Proof: If Ch were provable in NP then Ch would be provable in
MNP, by Theorem 17.3. It follows from Lemma 17.4 that the theory MN +C1+C

would then be inconsistent, contradicting Theorem 17.5.

P 2
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