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PREFACE 

In a series of papers written during the period 1967-1971, Richard 

Montague outlined a highly original approach to the problem of providing 

a precise account of natural language syntax and semantics. In a sharp 

departure from the linguistic methods of the Chomsky school, Montague 

introduced a powerful body of techniques from the field of mathematical 

logic, principally the set-theoretic semantical methods pioneered by his 

teacher Tarski. 

Montague's tragic death in 1971 cut short what was certainly the most 

ambitious research undertaking of  his career, and one for which he was 
uniquely qualified. Although he completed only three papers dealing spe- 

cifically with natural language, the ideas they contain have provided the 

basis for an entire branch of current linguistic research, and the interest 

in his work continues to grow among philosophers, linguists and logicians. 

The present work attempts to provide the technical background necessary 

for a thorough understanding of Montague Semantics, at the same time ex- 

ploring some of the mathematically interesting applications of higher- 

order modal logic. 

The focus of Part I is the logic of intensions, denoted by IL, which 

Montague introduced in his paper "Universal Grammar.'' This system extends 

Church's functional theory of types by the addition of two operators, 

corresponding roughly to intension and extension. Montague's formalized 

English fragments admit translation into IL, which is given a "possible 

worlds'' semantics along the lines of Carnap-Kripke. 

Following a brief introduction to the Montague program in Chapter 1, 

the syntax and semantics of IL are set out in detail. A natural axiomati- 

zation is provided, and Henkin's generalized completeness theorem for the 

theory of types is extended to the Montague system. This leads to a stan- 

dard completeness theorem for a restricted class of "persistent" formulas, 

a result which has applications to certain "extensional" fragments of 

Eng 1 ish . 
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In Chapter 2 some natural axiomatic extensions of IL  are considered 

and normal forms are obtained f o r  formulas of IL. In addition, Montague's 

system is compared with a two-sorted extensional theory of types. 

Part 11, which is essentially self-contained, deals with an alternative 

formulation of higher-order modal logic, denoted by MLp. This system takes 

quantifiers and the necessity operator as primitives and allows only pred- 

icate types, in distinction to the arbitrary functional types of IL. Al- 

though equivalent to Montague's system, MLp is perhaps more natural to the 

logician, and it has a number of interesting applications of its own in 

modal logic and set theory. Bressan has shown that such systems are also 
of interest in connection with the foundations of physics. 

In Chapter 3, generalized completeness is proved for MLP and for the 

theory MLP+C 

A related principle of extensional comprehension, first proposed by Bres- 

san, is shown to be equivalent in ML +C to an axiom of atomic proposi- 

tions considered by Kaplan and Fine. Every general model of MLp is shown 

in $10 to be homomorphic, in a truth-preserving sense, to one in which any 

two indices (possible worlds) are  distinguishable by a formula. In $12  a 

general theory of propositional operators is developed within MLp which 

includes "axiomatically" defined classes of operators and those arising 

from Kripke-type relevance relations as special cases. 

obtained by adding a natural axiom schema of comprehension. 

P 

In  Chapter 4 a Boolean semantics is defined which validates every 

theorem of 

the extensional comprehension principle from the axioms of 

to obtain a number of other independence results in higher-order modal 

logic. Topological models, in the sense of McKinsey and Tarski, are  ex- 
plored in $16, and in $17 the Boolean semantics for MLP is combined with 

the earlier generalized semantics to reconstruct the Scott-Solovay proof 

of Cohen's result on the independence of the continuum hypothesis. In 

this application of higher-order modal logic to set theory, certain modal 

sentences function as "interpolants" which express in formal terms various 

properties of the underlying Boolean algebra. 

MLp+C . T h i s  semantics is applied to show the independence of 

MLp+C , and 

Except for minor revisions, the present work constituted my doctoral 

dissertation in mathematics, submitted to the University of California, 

Berkeley, in September 1972.  I began working with Professor Montague 
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in July 1970, investigating several questions related to his system I L .  

Our work was interrupted by his death in March 1971, and Professor Dana 

Scott generously agreed to supervise the completion of my dissertation, 

for which I am deeply appreciative. I am a l s o  greatly indebted to the 

other members of my doctoral committee, Professors Leon Iienkin and Robert 

Vaught, for their consistent direction and advice. 

I must thank in addition Nuel Belnap, Harry Deutsch, Haim Gaifman, 

David Kaplan, Uwe Monnich, Barbara Partee and Robert Solovay for helpful 

conversations and correspondence, my wife Janet for her patience, and the 

National Science Foundation for providing financial support during 1970- 

1971 under N.S.F. Science Faculty Fellowship No. 60068. 

Montague's semantical methods are coming to seem less formidable, 

thanks largely to the efforts of Barbara Partee and others to bridge the 

separate disciplines of linguistics, philosophy of language, and mathe- 

matical logic. One is encouraged to hope that the work of Richard hlontague 

may eventually bring these disciplines closer to their common goal, the 

understanding of language. 

Daniel Gallin 

University of San Francisco 

June 1975 
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CHAPTER 1. INTENSIONAL LOGIC 

$1. Natural Language and Intensional Logic 

When we speak of a theory of meaning for a natural language such as 

English, we have in mind an analysis which obeys the functionality prin- 

ciple of Frege, according to which the meaning of a given expression 

should be a function of the meanings of its constituents.' Philosophers 

of language since Frege have accepted the distinction, in discussions of 

meaning, between the extension o r  denotation of an expression < , and its 
intension o r  sense. Let us denote the former by Ext[Z] , the latter by 
Int[z] . We know what the extensions of certain sorts of English expres- 
sions should be, according to semantical conventions which we tacitly 

accept when we translate English sentences into the symbolism of predicate 

logic. For example, if < is a name (e.g., 'Jones') and we denote the 

universe of all individuals by D , then Ext[c] is an individual, i.e., 

an element of D . If t: is a common noun phrase (e.g., 'former thief') 

o r  an intransitive verb phrase (e.g., 'run slowly'), then Ext[<] is a 
D set of individuals, or equivalently, an element of the set 2 (the set 

of former thieves, the set of individuals who run slowly).' If is a 

sentence then ExtL] is simply a truth-value, o r  element of the set 

< 

2 = I0,l) . 

Can we identify meaning with extension? For the purposes of a begin- 

ning course in symbolic logic, we often do. Thus, for example, the exten- 

sion (truth-value) of the sentence 'Jones runs slowly' depends only on 

the extensions of 'Jones' and 'run slowly', construed as above, and Frege's 

Frege [1892], English transl. in Feigl and Sellars [1949]. Carnap [1947] 
refers to "Frege's principles of interchangeability." 

* Here and throughout, exponentiation of sets has its usual meaning: BA 
denotes the set of all functions, or mappings, from A into B. As usual, 
we identify the number 2 with the set {O,l}. 
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f u n c t i o n a l i t y  p r i n c i p l e  i s  s a t i s f i e d .  Ph i losophe r s  have long been aware,  

however, of n a t u r a l  examples f o r  which F r e g e ' s  p r i n c i p l e  f a i l s  when mean- 

ing  and ex tens ion  a r e  i d e n t i f i e d ,  examples invo lv ing  "obl ique"  o r  i n t c n -  

s ior ia l  c o n t e x t s .  For example, i n  t h e  sen tence  ' N e c e s s a r i l y  t h e  morning 

s t a r  i s  i d e n t i c a l  with t h e  morning s t a r ' ,  which should c e r t a i n l y  be counted 

t r u e  i f  we unders tand  "necessa r i ly"  t o  mean " i n  a l l  p o s s i b l e  wor lds ,"  

replacement o f  t h e  second occurrence  o f  t h e  c o n s t i t u e n t  ' t h e  morning s t a r '  

by t h e  expres s ion  ' t h e  evening s t a r ' ,  which has  t h e  same ex tens ion ,  pro- 

duces t h e  f a l s e  sen tence  ' N e c e s s a r i l y  t h e  morning s t a r  i s  i d e n t i c a l  wi th  
t h e  evening s t a r '  - -  f a l s e  because  we can e a s i l y  imagine a world i n  which 

t h e s e  s t a r s  a r e  not  i d e n t i c a l .  Thus t h e  ex tens ion  o f  t h e  sen tence  is  n o t  

a func t ion  of' t h e  ex tens ions  o f  i t s  p a r t s .  To t a k e  a n o t h e r  example, le t  us  

suppose t h a t  Jones i s  a t  t h i s  moment a member o f  t h e  Uni ted  S t a t e s  Sena te ,  

so t h a t  t h e  common noun phrase  ' c o l l e a g u e  o f  Jones '  h a s  t h e  same ex tens ion  

as t h e  ph rase  'United S t a t e s  S e n a t o r ' .  The compound phrase  ' fo rmer  c o l -  

league of Jones '  has a s  i t s  ex tens ion  a c e r t a i n  set  of i n d i v i d u a l s ,  among 
whom i s  J o n e s ' s  o l d  l a w  p a r t n e r ,  Smith.  I f  we r e p l a c e  t h e  c o n s t i t u e n t  

' co l l eague  of Jones '  by t h e  coex tens iona l  'U.S. S e n a t o r ' ,  however, we 

o b t a i n  t h e  ph rase  ' fo rmer  U.S. S e n a t o r ' ,  t h e  ex tens ion  o f  which does n o t  

con ta in  Smith. This  shows t h a t  t h e  ex tens ion  o f  ' fo rmer  co l l eague  of 

Jones '  i s  no t  a f u n c t i o n  merely o f  t h e  ex tens ions  o f  i t s  p a r t s ,  so  t h a t  
F r e g e ' s  p r i n c i p l e  f a i l s  h e r e  as wel l .  Th i s  second example shows t h a t  t h e  

d i f f i c u l t y  cannot  be avoided by simply r e f u s i n g  t o  countenance t h e  e x i s -  

t ence  o f  such e n t i t i e s  as "poss ib l e  wor lds ,"  f o r  even i n  t h e  absence  o f  

such no t ions  we encounter  problems o f  t h e  same s o r t .  

Aware of t h e  s p e c i a l  problems posed by ob l ique  c o n t e x t s ,  Frege  d i d  n o t  

abandon t h e  f u n c t i o n a l i t y  p r i n c i p l e  f o r  ex tens ions  bu t  r a t h e r  h e l d  t h e  

view t h a t  t h e  ex tens ion  of an expres s ion  

contex t  i n  which i t  occur s .  When t: i s  used  i n  an o r d i n a r y  con tex t  i t s  

ex tens ion  IS Ext[z]  , bu t  when used i n  an ob l ique  con tex t  i t s  ex tens ion  

becomes In t [<]  , t h e  (o rd ina ry )  s ense  of t: . According t o  t h i s  view, t h e  

f a i l u r e  o f  t h e  f u n c t i o n a l i t y  p r i n c i p l e  f o r  ex tens ions  is  a t t r i b u t a b l e  t o  

t h e  ambiguity of n a t u r a l  language. In  p r i n c i p l e  one could  e l i m i n a t e  t h e  

d i f f i c u l t i e s  by  in t roduc ing ,  f o r  each expres s ion  < , a new expres s ion  

t: depends on t h e  s y n t a c t i c  

See Quine [1960] f o r  d i s c u s s i o n  and examples. 
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^t: (the concept of ) whose extension is the intension of t: . The func- 
tionality principle for extensions could then be preserved by using 

in place of t: when occurs in oblique contexts. Equivalently, one 

could amend the functionality principle for extensions to assert that the 

extension of a compound expression is a function of the extensions of 

those of its constituents standing within ordinary contexts, together with 

the intensions of those constituents standing within oblique contexts. 

At: 

The first serious attempt to develop an intensional logic - -  i.e., 
a logic of intensions - -  along the lines suggested by Frege was that of 

Church [1951], who provided an axiomatic version of the Frege theory. The 

task of providing a referential semantics4 for the theory remained, how- 

ever, due to the problem of finding an adequate interpretation for inten- 

sions. In recent years this pnoblem has been solved by means of a device 

which goes back to Carnap.5 

Consider the examples given earlier, in which the functionality prin- 

ciple for extensions failed to hold. What seems essential in both examples 

is that the extensions of the various expressions involved depend on the 

particular state of affairs. For instance, the extension of the name 'the 

morning star' depends on the particular world in question; the extensions 

of the common noun phrases 'colleague of Jones' and 'U .S .  Senator' both 

depend on the particular moment in time. When we know the extension of 

such an expression for a particular state o f  affairs we may still need to 

know its extensions for other states of affairs before we can determine 

the extension of a phrase of which it is a constituent. For example, to 

determine the set of former colleagues of Jones (at this moment), it is 

not enough to know the set of colleagues of Jones (at this moment); we 

must also know the set of colleagues of Jones at each past moment. Carnap 

made the proposal that the intension of an expression be identified with 

the function on possible states of affairs whose value, at a particular 

state of affairs, is the extension of the expression in that state of 

affairs. That is, according to Carnap "extension" is really a function 

of two variables: we should speak of Ext[c,i] , where is an expres- 

I .  e., a model theory in the sense of Tarski [1954]. 

See Carnap [1947], $40. 
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sion and i is a possible state of affairs, in place of our  earlier 

Ext[c] . We then identify Int[E] with the function F on the set I 

of possible states of affairs, such that F(i) = Ext[<,i] for each i C I. 

This definition meets an implicit criterion of Frege's that the extension 

of an expression should be recapturable from its intension; in the present 

case the former is just the value of the latter at a particular state of 

affairs.6 

Kaplan [1964] used Carnap's proposal to provide a semantics for 

Church's intensional logic. Kaplan followed a suggestion of Carnap, how- 

ever, in identifying possible states of affairs with models of the under- 

lying language, taking I to be a set of such models. This approach has 

a number of disadvantages, and it has now been widely supplanted by the 

approach of Kripke [1959], which takes the notion of a possible state of 

affairs - -  in the context of modal logic, a possible world - -  as primi- 
tive.' Montague [1968] and Scott [1970] suggested that a possible state of 

affairs be thought of as specifying the context of use appropriate to a 

particular language. Expressions of the language are thought of as index- 
ical,e i.e., their extensions depend on a particular context of use. For 

example, to evaluate the truth o r  falsity of an utterance of the English 
sentence 'I was here yesterday', one must know the speaker s , the time 
t , the world w , and the spatial position p = (x,y,z) . Thus, a possi- 
ble state of affairs - -  in Scott's terminology an index or  point o f  ref- 
erence - -  can be thought of as a sequence i = (s,t,w,p, ... ) , where 
the remaining coordinates specify, in general, various other aspects of 

the context of use.9 Given an expression Z and an index i , we should 
be able to define the extension Ext[E,i] of t: at i , and then, fol- 
lowing Carnap, define the intension Int[Z] of Z by the equation 

Int[<](i) = Ext[<,i] for  i C I , where I is the set of indices. 

~ 

What sorts of entities serve as the intensions of the particular 

types of English expressions considered earlier? Suppose we let D now 

See Church [1956], p. 9. 

Cf. Bayart [1958] for an early approach along these lines. 

The term is due to C.S. Peirce. See Bar-llillel [1954]. 

See the discussion in Lewis [1970]. 
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represent the set of all possible individuals, i.e., individuals which 

exist with respect to at least one index i C I . If < is a name then 

Int[c] will be an individual concept, i.e., an element of D1 . If t: is 

a common noun phrase or intransitive verb phrase, Int[r] will be a prop- 
erty of individuals, i.e., an element of [Z0]' . If t: is a sentence, 

Int[<] will be a proposi.tion, i.e., an element of 2' . l o  

The potential which Carnap's idea holds for the analysis of natural 

language only becomes fully clear when we carry the construction to higher 

orders, for we can then assign intensions to many parts of speech whose 

analysis eludes ordinary predicate logic. Montague' 

an approach for verbs which take a propositional object, such as 'know' 

and 'believe', which play a key role in a number of problems in the philos- 

ophy of language. Montague's proposal was to assign to such verbs inten- 

sions in the set 

first suggested such 

or in other words extensions which are functions mapping an individual and 

a proposition to a truth-value. The intension of the sentence 'Jones be- 

lieves that snow is white' could be expressed in terms o f  the intensions 

of its constituents by the condition: 

Int['Jones believes that snow is white'](i) = 

Int['believe'](i)(Int['Jones'](i),Int['Sr~ow is white']) 

Although discussion of the proper treatment of belief continues among 

philosophers and seems to have no single satisfactory answer, Montague's 

higher-order intensional approach at least provides an adequate framework 

for the analysis of one sense of belief, according to which the object of 
belief is a proposition (as opposed to a sentence or some other entity).12 

l o  Some authors, e.g., Scott [1970] and Lewis [1970], take concepts to be 
partial functions on I, possibly undefined for some indices. 

Talk given in 1967, reported in Montague [1970a]. 

l 2  See Partee [1973]. 



8 INTENSIONAL LOGIC 

blontague's s tuden t  Kampl poin ted  out  t h a t  t h e  i n t e n s i o n s  o f  a d j e c t i v e s  

could be takcn  t o  he  elements o f  t h e  s e t  

so t h a t  t h e  ex tens ions  o f  an  a d j e c t i v e  map p r o p e r t i e s  o f  i n d i v i d u a l s  t o  

s e t s  of i n d i v i d u a l s .  For t h e  common noun phrase  ' fo rmer  co l l eague  of 
J o n e s ' ,  f o r  example, we would have t h e  semant ic  c o n d i t i o n :  

I n t [ ' f o r m e r  co l l eague  of J o n e s ' ]  ( i) = 

~nt['former'](i)(Int['colleague of J o n e s ' ] )  . 

In  blontaguc [1970h] t h e  method was extended t o  encompass a l i m i t e d  b u t  com- 
p l e t e l y  formal ized  fragment o f  Eng l i sh ,  for which a p r e c i s e  syn tax  was pro- 
vided i n  terms of grammatical  c a t e g o r i e s  and format ion  r u l e s ,  a s  w e l l  as ;i 

r e f e r e n t i a l  semant ics .  The r i c h e r  fragment of hlontaguc [197Oc] accommodates 

sen tences ,  common and p rope r  nouns, r e l a t i v e  c l a u s e s ,  s i n g u l a r  t e rms ,  ad- 

j e c t i v e s ,  t r a n s i t i v e  and i n t r a n s i t i v e  ve rbs  ( inc lud ing  s o - c a l l e d  " in t en -  

s i o n a l "  v e r b s ) ,  and verbs  t a k i n g  a p r o p o s i t i o n a l  o b j e c t .  The same pape r  

a l s o  o u t l i n e s  a gene ra l  t heo ry  o f  grammar and seman t i c s .14  In  blontague 

[1973],  t h e  t r ea tmen t  i s  s i m p l i f i e d  somewhat and extended i n  v a r i o u s  ways, 

e . g . ,  t o  accommodate i n t e n s i o n a l  p r e p o s i t i o n s  and advcrhs .  

l ' a r ious  ph i losophe r s  and l i n g u i s t s  i n  r e c e n t  y e a r s ,  among them David- 

son ,  Parsons and Lewis, have been i n t e r e s t e d  In g i v i n g  a p r e c i s e  seman t i ca l  

account of n a t u r a l  language. The Engl i sh  fragments c o n s t r u c t e d  by Montague 

c o n s t i t u t e  an impor tan t  s t e p  i n  t h i s  d i r e c t i o n .  They a r e  r i c h  enough t o  

provide  an a n a l y s i s  of c e r t a i n  p h i l o s o p h i c a l  problems which h inge  on i n t e n -  

s i o n a l  no t ions ,  and t h e i r  unde r ly ing  method has a l r e a d y  been extended i n  

var ious  ways.15 I t  i s  worth n o t i n g  t h a t  t h e  Engl i sh  f ragments  ob ta ined  i n  

t h i s  way, as we l l  a s  t h e  formal l o g i c  IL t o  be  d i scussed  i n  $2, s a t i s f y  

F r e g e ' s  f u n c t i o n a l i t y  p r i n c i p l e  f o r  i n t e n s i o n s  - -  t h e  i n t e n s i o n  of a com- 

pound i s  a f u n c t i o n  o f  t h e  i n t e n s i o n s  o f  i t s  c o n s t i t u e n t s  - -  and a l s o  t h e  

f u n c t i o n a l i t y  p r i n c i p l e  €or  ex tens ions ,  a s  amended t o  t a k e  i n t o  account  

l 3  A l s o ,  independent ly ,  

l 4  C f .  Lewis [1970] and 

See P a r t e e  [1975b]. 

Parsons  [ 19681 . 
P a r t e e  [1975a]. 
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ob l ique  c o n t e x t s .  Whether o r  n o t  t h e  i n t e n s i o n  In t [Z]  should  be  i d e n t i -  

f i e d  wi th  t h e  meaning of < i s  an a rguab le  q u e s t i o n ;  as Lewis p o i n t s  o u t ,  

however, " i n t e n s i o n s  a r e  p a r t  o f  t h e  way t o  meanings . . .  and they  a r e  o f  

i n t e r e s t  i n  t h e i r  own r i g h t . "  l 6  

Let u s  u s e  t h e  term Engl i sh  t o  r e f e r  t o  one o f  t h e  fo rma l i zed  f ragments  

i n  Montague [197Oc], [1973].  In each c a s e  we can s i n g l e  ou t  a c e r t a i n  sub- 

s e t  of t h e  b a s i c  vocabulary  which c o n s i s t s  o f  e x t e n s i o n a l  words: l o o s e l y  

speaking ,  t h o s e  which do no t  c r e a t e  ob l ique  c o n t e x t s .  l 7  Consider ,  f o r  ex- 

ample, t h e  a d j e c t i v e s  ' fo rmer '  and ' t a l l ' .  Each t a s  an i n t e n s i o n  i n  t h e  

s e t  

bu t  t hey  d i f f e r  i n  t h a t  t h e  ex tens ion ,  a t  i , of ' fo rmer  c o l l e a g u e  o f  

J o n e s '  depends on t h e  e n t i r e  i n t e n s i o n  of ' c o l l e a g u e  o f  J o n e s ' ,  whereas 

t h e  ex tens ion ,  a t  i , of  ' t a l l  co l l eague  o f  Jones '  depends on ly  on t h e  

ex tens ion  a t  i o f  ' c o l l e a g u e  o f  J o n e s ' .  Pu t  d i f f e r e n t l y ,  t h e  s e t  o f  t a l l  

co l l eagues  o f  J o n e s ,  a t  i , i s  determined once we know t h e  s e t  o f  c o l -  

l eagues  o f  Jones  a t  i ; t h e  same i s  n o t  t r u e  o f  t h e  s e t  o f  former c o l -  

l eagues  o f  Jones  a t  i . The a d j e c t i v e  ' t a l l '  i s  t h e r e f o r e  e x t e n s i o n a l ,  

i n  c o n t r a s t  t o  t h e  i n t e n s i o n a l  a d j e c t i v e  ' f o r m e r ' .  E x t e n s i o n a l i t y  o f  an  

a d j e c t i v e  can be  expressed  by t h e  fo l lowing  c o n d i t i o n  on i t s  i n t e n s i o n  F : 

If i E I , G , H 6 [ZD]I , and G ( i )  = t I ( i )  , 
t hen  F ( i )  (G) = F ( i )  (11) . 

S i m i l a r l y  one can d i s t i n g u i s h  between e x t e n s i o n a l  and i n t e n s i o n a l  v e r b s ,  

p r e p o s i t i o n s ,  e t c . ,  and r e q u i r e  of every  model of Engl i sh  t h a t  t h e  i n t e n -  

s i o n s  of a l l  e x t e n s i o n a l  words s a t i s f y  t h e  a p p r o p r i a t e  semant ic  res t r ic-  

t i o n .  Those expres s ions  which on ly  invo lve  e x t e n s i o n a l  words la  then  com- 

p r i s e  a sublanguage which we s h a l l  c a l l  Ex tens iona l  Eng l i sh .  We r e f e r  t o  

t h i s  language b r i e f l y  i n  54. 

l 6  Lewis [1970],  p .  25. 
l 7  See  Montague [197Oc], pp.  395-396. 

C e r t a i n  o f  t h e  format ion  r u l e s  may have t o  be r e s t r i c t e d  a l s o .  
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5 2 .  The Logic IL 

Montague makes use, in Montague [197Dc], [1973], of an auxiliary for- 

mal logic which he calls Intensional Logic, here denoted by IL. The lan- 

guage of IL is broad enough to encompass a wide variety of intensional 

notions; Montague uses the semantics for IL, in fact, to provide his se- 
mantics for English, by means of a translatim nf English into the symbol- 

ism of 1L.l Our principal object of study in this chapter will be the 

logic I t .  

In constructing domains of entities to serve as intensions of various 

expressions of English, we have observed the need to pass from a given 

domain A to another domain A' , and from given domains A and B to 

the domain 

IL, which is based on the theory of types as formulated in Church [1940], 

in which functional abstraction is taken as a primitive notion. 

BA . This observation motivates the choice of symbolism for 

Types. Let e , t , s be any three objects, none of which is an 

ordered pair. The set of types of IL is the smallest set T satisfying: 

(i) e , t < T ,  

(ii) u , p C T imply (a,p) C T , 

(iii) a F T implies (s,a) E T . 

As will emerge later, objects of type e will be possible entities o r  in- 
dividuals, objects of type t will he truth-values, objects of type (a,P) 

will he functions from objects of type u to objects of type p , and ob- 
jects of type (s,a) will be functions from indices to objects of type a ,  

i.e., senses appropriate to denotations of type e . We frequently write 
up for (a,P) and sa for (s,a) . 

To accommodate a fragment of English admitting tenses, one would add 
tense operators to the formalism of IL, as in Montague [1973]. The seman- 
tics of IL would then be extended to take account of the tense operators. 
See Cocchiarella [1966]. 
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Primitive Symbols. For each a F T we have a denumerable list of 

variables 

and non-logical constants' 

of type a , together with the improper symbols B , X , ,. , " , [ , ] . 
We also denote the variables of type a , in their proper order, by 

and the constants by 

so that, e.g., ha is x8 

k!, . . .  , 'h' (serif type), with or without superscripts or primes, as 
syntactical variables ranging over formal variables of IL, and similarly 

we use 'c', I d ' ,  with or without superscripts or primes, t o  range over con- 
stants of IL. 

and c i  is c 4  . We use the letters ' X I ,  ' y ' ,  

Terms. We characterize recursively the set Tma of terms of IL of - 
a , as follows: 

(i) Every variable of type a belongs to Tma , 

(ii) Every constant of type a belongs to Tma , 

(iii) A E Tm B E Tma imply [AB] E Tm 

(iv) A 6 Tm x a variable of type a imply Xx A E Tm 

(v) A , B E Tma imply [A 5 B] E Tm 

(vi) A 6 Tma implies ^ A  F TmSa , 

(vii) A E TmSa implies "A E Tm . 

P '  aP ' 

P '  aP ' 

t '  

One could allow here an arbitrary set of constants, not necessarily de- 
numerable. See comment at the end of $ 3 .  
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lVe b r i t e  Au f o r  A when A C Tma , and adopt t h e  Lisual convent ions  r e -  

gard ing  grouping i n  terms. In p a r t i c u l a r ,  we sometimes use  pa ren thcses  ( , 

) i n  p l a c e  o f  b rackc t s  [ , 1 , and outermost  b r a c k e t s  may be omi t t ed .  

Semantics.  Let D and I be non-empty s e t s .  By t h e  s t anda rd  frame 

based on D I we unders tand  t h e  indexed f ami ly  of s e t s ,  

where 

( i )  Me = D , 

(i i)  bf = 2 = {0 ,1 )  , t 

= {FI F:  M a + M  ) a 

P 
( i i i )  h f u p =  blp 

( i v )  Msa = M u  = { F I  F : I  + M a }  . 

A ( s t anda rd )  inodelof  I L  based on n and I i s  a System = (h iu ,  , 

where 

I 

( I )  ( M a ) u E T  i s  t h e  s t anda rd  frame based on D and I , 

( i i )  in ( t h e  meaning func t ion )  i s  a mapping which a s s i g n s  t o  each cons t an t  

c a f u n c t i o n  from I i n t o  Ma ; i n  symbols, m(c,) C Ma . I 

I n t u i t i v e l y ,  a cons t an t  c o f  t y p e  e r e p r e s e n t s  a name, l i k e  ' J o n e s '  
or ' t h e  morning s t a r ' ,  and must t h e r e f o r e  be a s s igned  an i n d i v i d u a l  con- 

c e p t ,  r a t h e r  t han  an i n d i v i d u a l ,  as i t s  meaning o r  i n t e n s i o n .  S i m i l a r l y ,  a 

cons t an t  c o f  t ype  e t  might r e p r e s e n t  a b a s i c  common noun, l i k e  

' t h i e f ' ,  which must be  a s s igned  a p r o p e r t y  o f  i n d i v i d u a l s ,  r a t h e r  t han  a 

s e t ,  a s  i t s  meaning. 

e t  

I f  M i s  a model based on D and I , t h e  domain D o f  M i s  de- 

no ted  by Doni(M) , and t h e  index  s e t  I of M i s  denoted  by Ind(M) . We 

deno te  by A s ( M )  t h e  s e t  o f  a l l  ass ignments  over  M , i . e . ,  a l l  f u n c t i o n s  

a f o r  eve ry  v a r i a b l e  

x a  of  type  a . I f  a 6 As(M) , xa i s  a v a r i a b l e  o f  t ype  a , and X C M u  

t hen  a(x/X) denotes  t h e  assignment a '  whose va lue  a l ( y )  f o r  a v a r i -  

a b l e  y i s  equal  t o  X i f  y i s  xu and a ( y )  o the rwise .  

on t h e  s e t  o f  v a r i a b l e s  o f  I L  such t h a t  a(x,) C Ma 

M 
i , a  We d e f i n e  t h e  value V .  (A,) M o f  t h e  term Aa w i th  r e s p e c t  t o  

t h e  index i and t h e  assignment a , by t h e  fo l lowing  r e c u r s i o n  on t h e  
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term A o f  IL (we suppres s  t h e  s u p e r s c r i p t  ' b f ' ) :  

(1) v .  (xu)  = a ( x a )  , l , a  

(2) Vi,a(ca) = m(c,)(i)  , 

( 3 )  Vi,a(A,pBa) = v .  i , a  (A up I[\'. i , a  ( B a l l  , 

l , a  P 
( 4 )  V .  (Ax, A ) = t h e  f u n c t i o n  I: on Ma whose v a l u e  a t  X E bl, i s  

equal  t o  Vi,,,(Ap) , where a '  = a(x/X) , 

(5) V i , a ( A a  = B ) = 1 i f  V .  (A,) = V .  (Be) , and 0 o the rwise ,  

(6) V .  (^Aa) = t h e  f u n c t i o n  F on I whose v a l u e  a t  j E I i s  equal  

1 ,a l,a 

i,a 
t o  V .  

j , a (*u)  1 

( 7 )  Vi,a("Asu) = V .  (Asa ) ( i )  . l , a  

I t  i s  e a s i l y  seen  t h a t  we always have V .  

r o l e  o f  ex tens ion  i n  ou r  e a r l i e r  d i s c u s s i o n ,  a l though t o  a l low f o r  f r e e  

v a r i a b l e s  both  t h e  ex tens ion  and t h e  i n t e n s i o n  o f  a term 
on t h e  assignment a . P r e c i s e l y ,  we d e f i n e  Cxta[Aa, i ]  t o  be  V .  (A,) , 

and Inta[Aa] t o  be  t h e  f u n c t i o n  F on I whose va lue  a t  i C I i s  

(A,) C Flu . fiere value p l a y s  t h e  
l,a 

A, w i l l  depend 

i,a 

Viaa(Aa) . 3 

Clauses  (6) and (7)  dese rve  s p e c i a l  a t t e n t i o n .  The cap  o p e r a t o r  ^ 

a c t s  a s  a f u n c t i o n a l  a b s t r a c t o r  over  i n d i c e s ,  a l though  s i t s e l f  i s  n o t  a 

type  and no v a r i a b l e s  ranging  over  i n d i c e s  are p r e s e n t  i n  I L . 4  Given a term 

Au , an index i and an assignment a , we have Exta["Au, i ]  = Inta[Aa] ; 

i . e . ,  f o r  each term A o f  IL we can produce ano the r  te rm "A, whose ex- 
t e n s i o n  (wi th  r e s p e c t  t o  a and any index i ) i s  t h e  i n t e n s i o n  o f  Aa 

(wi th  r e s p e c t  t o  a ) .  In  p a r t i c u l a r ,  t h e  e x t e n s i o n  Exta["Aa,i]  of "Aa 

i s  independent o f  i E I , so  t h a t  Inta[^A,] i s  always a c o n s t a n t  func- 

t i o n  on I . The cup o p e r a t o r  " i s  an i n v e r s e  t o  t h e  cap  o p e r a t o r .  Given 

a te rm ASe , f o r  example, which denotes  f o r  a p a r t i c u l a r  index  and a s s i g n -  

We adopt t h i s  cour se  f o r  r easons  of convenience.  There would be no d i f f i -  
c u l t y ,  however, i n  making t h e  assignment p a r t  of t h e  con tex t  of u s e ,  by 
r e p l a c i n g  ou r  p r e s e n t  i n d i c e s ,  i ,  by p a i r s  (i,a). 

I n  Chapter 2 we cons ide r  a two-sor ted  theo ry  o f  t ypes  which c o n t a i n s  
such v a r i a b l e s .  
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ment a c e r t a i n  i n d i v i d u a l  concept ,  t h e  term "A i s  o f  t ype  e and deno tes  

t h e  i n d i v i d u a l  which i s  t h e  va lue  of t h e  concept  f o r  t h e  index  i n  q u e s t i o n .  
The terms Aa and ""A, w i l l  always have t h e  same e x t e n s i o n s ,  and hence 

a l s o  t h e  same i n t e n s i o n s .  flowever, f o r  an  a r b i t r a r y  term As, , which may 
n o t  be  of t h e  form ^Ba , t h e  terms A and ^'A need n o t  have t h e  same 
ex tens ions .  

An occurrence  o f  a v a r i a b l e  x i n  a term A, i s  bound i f  i t  occur s  
P 

wi th in  a p a r t  hxp By , o the rwise  free. A s  u s u a l ,  t h e  va lue  Vi,a(A,) de- 
pends only  on t h e  va lues  a (xP)  f o r  x f r e e  i n  A, , so t h a t ,  e . g . ,  i f  

A, 
Y € b!, , we can w r i t e  

P '  f r e e ,  and X E M 
P 

xP ' yY 
con ta ins  e x a c t l y  t h e  d i s t i n c t  v a r i a b l e s  

'i ; X ,  y (Aa)  

t o  denote  t h e  va lue  V .  (A,) f o r  any assignment a such t h a t  a ( x )  = X , 

a ( y )  = Y . In  p a r t i c u l a r ,  i f  i s  c l o s e d ,  i . e . ,  c o n t a i n s  no f r e e  v a r i -  
a b l e s ,  t hen  V. (A,) i s  independent of t h e  ass ignment  a , and we w r i t e  

simply Vi(A,) . 

l , a  
A, 

l , a  

The c l a s s  MC of  modally c losed  terms i s  t h e  s m a l l e s t  c l a s s  such t h a t  

( i )  xa E MC f o r  every  v a r i a b l e  x, , 

( i i )  "A, 6 MC f o r  every  term A, , 

( i i i )  [A  B ] C MC whenever AaP , B, C MC , 

( i v )  [A 5 B ] C MC whenever A, , B, C MC , 

(v) Xx, AP C MC whenever A € MC . 

I t  i s  e a s i l y  checked t h a t  t h e  va lue  V .  (A,) o f  a modally c losed  te rm A, 

i s  independent o f  

Aa 

aP a 

a ,  

P 

l , a  
i C I , and we can t h e r e f o r e  write simply Va(Aa) . I f  

i s  both  c losed  and modally c losed  we wr i te  V(A,) . 

A formula o f  IL i s  a te rm At o f  t y p e  t . Given a model M , a n  index  
i and an assignment a , we say  t h a t  t h e  formula A i s  s a t i s f i e d  i n  M 

9 i and a , and write 

M ,  i ,  a s a t  A , 

M i f  V .  (A) = 1 . In  t h e  c a s e  tha t  A i s  c losed ,  modally c l o s e d ,  o r  bo th ,  
l , a  
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we write respectively M, i sat A , M, a sat A , or M sat A . Also, 

we give the obvious meaning to an expression such as 

bl; i; X,Y sat A , 

xP ’ when A is a formula containing exactly the distinct free variables 

and X , Y are elements of hi , bly respectively. A formula A is 
yY ’ 
true i n  M if M ,  i, a sat A for every index i and assignment a . 
A set I: of formulas is satisfied in h1 by i a , and we write 
M, i, a sat C , if M, i, a sat A for every A 6 Z . Z is satisfi- 

able in IL if M, i, a sat C for some model F1 , index i and assign- 

ment a . A formula A is a semantical consequence, in IL, of a Set r 
of formulas, and we write 

- 

r A in IL, 

if M, i, a sat A whenever b l ,  i, a sat r . A formula A is 9 in 
IL, and we write 

/= A in IL, 

if A is a semantical consequence i n  IL of the empty set of formulas, or 

equivalently, if A is true in every model of 1 L .  

We introduce the sentential connectives, quantifiers and modal opera- 

tors in IL by definition5: 

T =  [hxtxt.Xx x 1 ,  
F = 

- = XX [F 5 xt] , 

A = Ax Xy 

t t  

[ Xxt xt 5 Axt T ] , 

t 

t [ hftt [fx z y] = Xf [f T I  ] , tt 

- + =  AXt AYt [ [x A Yl = x 1 , 
v =  AXt Xyt [ - x - t y ]  , 

Vx A =  [ X x  A c X x  a T l  > 

With the exception of the modal operators, these definitions follow Hen- 
kin [1963]. We write [A A B] instead of [ [ A  A ]  B] where A and B are for- 
mulas; similarly for the other binary connectives. 
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3 X  A =  - V X  - A ,  

[A = B ]  = [ ^ A  I ^ B ]  , 

rl A = [A = T ]  , 
a a  

+ A =  - - O - A .  

I t  i s  r e a d i l y  v e r i f i e d  t h a t  t h e  connec t ives  and q u a n t i f i e r s  have t h e i r  

u sua l  meanings i n  any model h1 under t h e s e  d e f i n i t i o n s ;  hence,  f o r  exam- 

p l e ,  bl, i ,  a s a t  [ A  v B ]  j u s t  i n  c a s e  e i t h e r  bf,  i ,  a sat  A o r  

bl ,  i ,  a s a t  B , and M, i ,  a s a t  Vxa A j u s t  i n  c a s e  M ,  i ,  a(x/X) 
s a t  A f o r  eve ry  X C Ma . The n e c e s s i t y  o p e r a t o r  0 a c t s  a s  a q u a n t i -  

f i e r  over  i n d i c e s :  M ,  i ,  a s a t  0 A i f  and on ly  i f  M ,  j ,  a sat  A 

f o r  every  j c I .6 

Many of t h e  usua l  p r i n c i p l e s  of t y p e  theo ry  - -  t a u t o l o g i e s ,  laws of 

rewrite f o r  bound v a r i a b l e s ,  etc.  - -  c o n t i n u e  t o  ho ld  i n  I L .  However, t h e r e  

a r e  some accustomed laws which t u r n  ou t  n o t  t o  be v a l i d  i n  t h e  i n t e n s i o n a l  

s e t t i n g ,  i n  p a r t i c u l a r  [as  i s  t y p i c a l  o f  modal q u a n t i f i c a t i o n  t h e o r i e s )  un- 

r e s t r i c t e d  laws o f  u n i v e r s a l  i n s t a n t i a t i o n  and s u b s t i t u t i v i t y  o f  e q u a l s .  

For example, t h e  formulas 

( i )  vxe ]Ye be Ye] -+ 3Ye [Ce 5 Y e ]  , 

( i i )  c ~d + [ c = c  -t c = d  ] e e  e e  e e  

a r e  not  v a l i d  i n  I L . 7  Var ious  r e s t r i c t e d  fo rmula t ions  o f  t h e s e  p r i n c i p l e s  

a r e  v a l i d  i n  I L ,  however: Let A(x ) be  a term invo lv ing  t h e  v a r i a b l e  xu, 

and denote  by A(Ba) t h e  r e s u l t  of r e p l a c i n g  a l l  f r e e  occurrences  o f  xa 
i n  A[xa) by t h e  term Ba , r e w r i t i n g  bound v a r i a b l e s  i n  A(x,) i f  neces- 

s a r y  t o  avoid c l a s h e s .  Then t h e  fo l lowing  schemata a r e  v a l i d  i n  IL: 

( i )  Vx, At[xa) -t A ( B  ) , provided  no f r e e  occur rence  o f  xu l i e s  i n  t a  
t h e  scope  of A i n  At(xu) , 

Thus, n e c e s s i t y  i s  an S5 o p e r a t o r ;  see Kripke [1963b]. 

' The f a i l u r e  of u n i v e r s a l  i n s t a n t i a t i o n  i s  due t o  t h e  t r ea tmen t  of con- 
s t a n t s  i n  IL. In  t h e  modal p r e d i c a t e  l o g i c  of $9, which can be  viewed as 
an a l t e r n a t i v e  fo rmula t ion  o f  IL, an  u n r e s t r i c t e d  p r i n c i p l e  o f  u n i v e r s a l  
i n s t a n t i a t i o n  i s  v a l i d .  Cf.  a l s o  t h e  two-sor tcd  type  t h e o r y  of $8.  
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(ii) 'dx, At(xa) --t At(Ba) , if Ba is modally closed, 

(iii) B = C --f A (B,) = A ( C a )  , provided no free occurrence of x 
a a  P B 
lies in the scope of in . tp(xa) , 

(iv) B = C --f A (B,) E A (Ca)  , if Ba and Ca are modally closed, 

(v) B C --t A (B ) 2 11 ( C a )  . 
a a  P P 

a a  P a  P 

$ 3 .  Generalized Completeness of IL 

Since IL incorporates the theory of types, its valid formulas are not 

recursively enumerable, and therefore no complete axiomatization exists. 

In this section we prove a generalized completeness theorem for an axiom- 

atic formulation of IL, based on the corresponding result in tlenkin [1950] .  

Generalized Semantics.l Let D and I be non-empty sets. By a frame 
based on D I we understand an indexed family (bI,)aCT of sets, 

where 

(i) Me = D , 

(ii) Mt = 2 = {O,l} , 

F'U 

(iv) Msa is a non-empty subset of \la . 

P '  (iii) E.1 is a non-empty subset of F1 
aP 

I 

A general model (g-model) of IL based on D I is a system M = 

(bla,  mIacT , where 

(i) is a frame based on D and I , 

(ii) m (the meaning function) is a mapping which assigns to each constant 

ca a function from I into PIa , 

The terminology employed here is that of Henkin [1950]. 
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M (iii) There exists a function V (the value function) which assigns, to 
M each i 6 I , a 6 A s @ )  , and Au E Tm, , a value V. (A,) C hlu , 

in such a way as to satisfy the recursive conditions (1) through (7) 

on page 13. 

I ,a 

As remarked in Ilenkin [1950], this notion of general model is impredica- 

tive, as a result of clause (iii). The difficulty in attempting to define 

value in an arbitrary frame is caused by the recursive conditions (4 )  and 

( 6 )  corresponding to X and * , since the functions described there may 
simply fail to belong to the appropriate domain Ma . We must therefore add 
clause (iii), which stipulates the existence of VM ; the uniqueness of VM 

follows immediately from the recursive conditions (1) through ( 7 ) .  In $6 we 

provide a more direct characterization of a large class of g-models. 

The notion of satisfaction of a formula in a g-model is exactly as be- 

fore, with model replaced by g-model. The formula A i s  a g-semantical 

consequence, in IL, of a set r of formulas, and we write 

r )= A in IL, 
g 

if M, i, a sat A whenever M is a g-model of IL, i E I , a E As(M) , 
and M ,  i, a sat r . If r is empty we say that A is g-valid in IL, 

and we write 

A in IL. 

A set Z of formulas is g-satisfiable in IL if M, i, a sat Z for some 

g-model M , index i , and assignment a . 

It should be remarked that the sentential connectives, quantifiers and 

modal operators continue to have their usual meaning even in general mod- 

els. The valid schemata (i) through (v) given at the end of  $ 2  continue to 

be g-valid, and since every standard model of IL is a g-model it is immedi- 

ate that 

r )= A in IL implies r f A in IL, 
g 

I=g A in I L  implies 

Z satisfiable in IL implies Z g-satisfiable in IL. 

I= A in IL, 
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The Theory IL. We g i v e  a deduc t ive  s t r u c t u r e  t o  t h e  language o f  I L  i n  

t h e  usua l  way, f i r s t  s p e c i f y i n g  a r e c u r s i v e  s e t  o f  axioms and i n f e r e n c e  

r u l e s  and then  d e f i n i n g  a theorem o f  I L  t o  b e  any formula o b t a i n a b l e  from 
t h e  axioms by r e p e a t e d  a p p l i c a t i o n  o f  t h e  r u l e s .  We u s e  t h e  term IL t o  re- 

fer  t o  both  t h e  language and t h i s  deduc t ive  theo ry  w i t h i n  t h e  language; no 

confus ion  should  a r i s e .  

Axioms of I L .  

A l .  

A 2 .  

A3. 

AS 4 

A 5 .  

AS 6 

S t t  T A g t t  F = vx [gxl 9 

x -  a = y ,  + f x = f  y ,  

vx [ f  ,p x 5 g  1 = C f  E 91 9 

t 

a t  a t  

(Ax, Ap(x) )  Ba s Ap(Ba) , where A (B,) comes from Ap(xa) by  

r e p l a c i n g  a l l  f r e e  occurrences  o f  x by t h e  term B , and ( i )  no 

f r e e  occur rence  o f  x i n  A(x) l i e s  w i t h i n  a p a r t  Xy C where 

y i s  free i n  B , and e i t h e r  ( i i )  no free occur rence  o f  x i n  

A(x) l i e s  w i th in  t h e  scope  of A , or  e l s e  ( i i ' )  B i s  modally 

c losed ,  

P 

13 [" fsa  E "gsa] = [f  P g] , 

A z A  . a a  
" A  

Rule o f  In fe rence .  

R .  From Aa D A '  and t h e  formula  B t o  i n f e r  t h e  formula  B '  , where 

B '  comes from B by r e p l a c i n g  one occur rence  o f  A (no t  immedi- 

a t e l y  preceded  by h ) by t h e  term A '  . 

This  ax iomat i za t ion  f o r  I L  cor responds  ve ry  c l o s e l y  t o  t h e  ax iomat i za t ion  

f o r  t h e  t h e o r y  o f  p r o p o s i t i o n a l  t ypes  g iven  i n  Henkin [1963],  a s  s i m p l i f i e d  

i n  Andrews [1963].  AS4 i s  j u s t  Henkin ' s  Axiom Schema 7, s u i t a b l y  modi f ied  

f o r  IL. The new axioms A5 and AS6 a r e  ana logues  o f  A3 and AS4, w i th  t h e  

i n t e n s i o n a l  a b s t r a c t o r  A p l a y i n g  t h e  r o l e  o f  t h e  f u n c t i o n a l  a b s t r a c t o r  

X . We remark i n  pas s ing  t h a t  AS4 can be  r e p l a c e d  by t h e  fo l lowing  schema- 

t a ,  cor responding  t o  Henkin's schemata 7 . 1  through 7 .5 :  

P '  
i s  n o t  f r e e  i n  A AP ' if 

AS4.1 ( h a  A ) Ba 

AS4.2 (Ax, xa) Ba G Ba , 
P 
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AS4.3 (Ax, [A C 1 )  Ba i [(Xx A) B] [(Xx C )  B] , 

AS4.4 (Xx, [AP E C g ] )  Ba e 

AS4.5 (Axa Xy A 1 Ba E Xy [ ( X x  A )  B ]  , i f  x and y a r e  d i s t i n c t  and 

PY '0 
[ (Ax A )  B 5 (AX C) B ] , 

ii Y 
y i s  not  f r e e  i n  I3 , 

AS4.6 (Xx, "A ) Ba z '[(Ax A) B] , 

AS4.7 (Axa ^ A p )  Ha E [̂(Ax A) H]  , i f  B i s  modally c losed  

S i m i l a r l y ,  Rule R can be r ep laced  by t h e  e i g h t  r u l e s  below: 

S P  

K1. From 

R2.  From 

R 3 .  From 

R4. From 

R 5 .  From 

1<6. From 

R 7 .  From 

R 8 .  From 

A f A; and A t o  I n f e r  A '  , 

kal) t A& t o  i n f e r  

A : A '  t o  i n f e r  B A F H A '  , 

AB E A; t o  i n f e r  Ax A z Ax A '  , 

A z A' t o  i n f e r  *A B ^ A '  , 

Asa 5 A L a  t o  i n f e r  'A z " A '  , 

A c A '  t o  i n f e r  [B z A ]  a [B t A'] , 

A 5 A' t o  i n f e r  [A c B ] z [A' s B ] . 

t 

A Ila t A' ha , 

a a  aP UP 

a a  

u a  

a n  

A proof 111 I L  is a sequence of formulas cnch of which i s  e i t h e r  an axiom 

o r  c l 5 e  is o b t a i n a b l e  from e a r l i e r  formulas by Rule  K .  A formula A i s  
p rovab lc  i n  IL ,  o r  a theorem of IL, and w e  w r i t e  

1- A i n  I L ,  

i f  i t  is t h e  l a s t  l i n e  of a proof  i n  IL. I f  A i s  a formula and r i s  a 

s e t  of formulas ,  we w r i t e  

r 1- A i n  I L  

0 and say  t h a t  A i s  d e r i v a b l e  from r i n  I L ,  i f  t h e r e  e x i s t  formulas  B , 
B , . . .  , i n  r such t h a t  1 1 

+ A  1 
4 .  

1 Bo + . H + . . . .  

i s  a theorem of IL. A set C of formulas  i s  c o n s i s t e n t  i n  IL i f  t h e  f o r -  

mula F i<  no t  d e r i v a h l e  from Z i n  IL. 
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TIEOREM 3.1 (Soundness Theorem for IL) 

(i) 1- A in 11, implies kg A in I L ,  

(ii) 

(iii) Z g-satisfiable in IL implies Z consistent in IL. 

r 1- A in IL implies r hg A in IL, 

Proof: 

AS4 one can either show this directly o r  verify the g-validity of the 
equivalent AS4.1 through AS4.7), and Rule R clearly preserves g-validity. 

This proves (i), from which (ii) and (iii) follow immediately. 

The axioms of IL are easily seen to be g-valid (in the case of ___ 

The Generalized Completeness Theorem for IL (Theorem 3.3) is the con- 

verse to Theorem 3.1. Before we can prove it we need some additional infor- 

mation about the theory IL, which is provided in the following list of 

metatheorems. The reader can easily reconstruct the proofs of these theo- 

rems, in the order listed, by consulting llenkin [1963] and Andrews [1963]; 

we remark that later theorems in the list frequently imply earlier ones 

(e.g., T35 implies T5.1), but in general these later theorems depend on 

earlier ones for their proof. 

Some preliminary terminology: Given a term A (x ) and a term Ba , 
P a  

we say that B is free for x 5 A(x) if no free occurrence of x in 

A(x) lies within a part Xy C , where y occurs free in B . A senten- 
tial formula is one built up from the formulas T , F and variables of 

type t by means of the connectives 5 , - , A , --+ , v . A sentential 
formula is a tautology if it is valid (or equivalently, g-valid) in IL. 

An arbitrary formula of IL is tautologous if it comes from a tautology by 

uniform substitution of formulas of IL for free variables. 

- 

Metatheorems of IL. 

T1. I- A E A 

T2. 1 T 

T3. 1- Vxa T 

T4. I- 0 T 

a a  

~ 5 . 1  /-- A 5 B implies t- B~ f a a  

a a  a a  T5.2 1- A E B and /-- B P C imply I- Aa = C 
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T6. 

T7. 

T8. 

T9. 

T10. 

T 1 1 .  

T12. 

T13. 

T14. 

T1S. 

T16. 

T17.  

T18. 

T19. 

T20.  

T21. 

T22. 

T 2 3 .  

I- T A T  

I- [A P T I  5 A , where A i s  any formula.  

I- A impl i e s  1- v x  A 

I- Vx, A(x) imp l i e s  1 A(Ba) , where A(B) comes from t h e  f o r -  
mula A(x) by r e p l a c i n g  a l l  f r e e  occurrences  o f  x by t h e  term B ,  
and ( i )  B i s  f r e e  f o r  x i n  A(x) , and e i t h e r  ( i i )  no f r e e  occur-  

r ence  o f  x i n  A(x) l i e s  w i t h i n  t h e  scope o f  - , o r  else ( i i ' )  
B i s  modally c losed .  

1- A(x,) imp l i e s  1- A(B,) , where A(x) and B s a t i s f y  t h e  

cond i t ions  o f  1'9. 

I- A and I- B imply I- A A B 

1- Xxa A (x )  a Xy, A (y) , where A(x) and A{y) a r c  i d e n t i c a l  
except  t h a t  A(x) has  f r e e  occur rences  o f  x where A(y) has  

f r e e  occurrences  o f  y , and v i c e - v e r s a .  

P P 

I- Vxa A(x) B Vy, A(y) , where A ( X J  and A(y) a r e  formulas  s a t -  

i s f y i n g  t h e  c o n d i t i o n s  of T12. 

b Vx, [ Aapx 5 BUpx ] 
occur r ing  f r e e  i n  A o r  B . 

E [A E B] , where x i s  any v a r i a b l e  no t  

b A(T) and I- A(F) imply I- A(xt) , where A(T) and A(F)  

come from t h e  formula A(x) by r e p l a c i n g  a l l  f r e e  occur rences  o f  

x by T and F r e s p e c t i v e l y .  

I- T A F  E F 

t 

t 

b T A x t  5 x 

I- [T -+ xt ]  5 x 

I- A -+ B and A imply I- B 

y, -+ f X E f  y I- xu E 

1- f E g + f x u  E gxu 
aP UP 

aP aP 

t I- F + x  

I- A i f  A i s  a t au to logy  
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T24. 

T25. 

T26. 

T27. 

T28.  

T29. 

T30. 

T31. 

T32. 

T33. 

T34. 

T35. 

T36. 

T37. 

T38. 

T39. 

T40. 

T41. 

T42. 

T43. 

T44. 

1- A if A is tautologous. 

1- vxa A(x) + A(B,) , where A ( x )  and B satisfy the conditions 

of T9. 

I- A(B,) + 3xa A ( x )  , under the same conditions. 

1- 3x x 

1- 3x - x 

t t  

t t  

a a  I- 3 x  [ A  E x] , where x is any variable not free in A . 

I- Vxa [A  * B] -+ [A -+ V x  B ]  , where x is any variable n o t  free 
in A . 

I- B = C -+ A (8) 5 A (C) , where A ( B )  , A ( C )  come from A ( x a )  
by replacing all free occurrences of x by the terms B , C re- 

spectively, and (i) B and C are free for x in A ( x )  , and ei- 
ther (ii) no free occurrence of x in A ( x )  lies within the scope 

of A , or else (ii') B and C are modally closed. 

a a  P P 

I- B = B '  --t A B e A  B '  

I- AaP = A '  -+ A B a A 

1- ASa E ASa -+ "A E 'A' 

1- A e B a  -+ B s A  

I- A a B  + [ B  s C  -+ A e C ]  

a a  aP aP 

' Ba aP 

a a  a a  

1- B = C + A (B) E A (C) , where A ( B )  , A ( C )  come from A ( x a )  

by replacing all free occurrences of x by the terms B , C re- 

spectively, and B and C are free for x in A ( x )  . 

a a  P P 

I- B = C  --c 0 [ B a C ]  a a  

I- A -+El A , if A is a modally closed formula. 

1- CI A * A , where A is any formula. 

1- A + O A  

I- - 0 A  + 0 - U A  

) - U [ A - + B ]  + [ O A + O B ]  

I- A implies t- A 
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T45. 

1'46. 

1'47. 

T48. 

T49. 

T50. 

T51. 

T52. 

T53. 

T54. 

T55. 

T56. 

T 5 7 .  

T58. 

~ 5 9 .  

T60. 

T61. 

T62. 

T63. 

T64. 

T65. 

T66. 

T67. 

T68. 

T69. 

INTENSI ONAI, LOCIC 

I- - n A  s 0 - A  

1- - O A  s n - A  

1- O O A  C ) A  

I- nnA s C I ~ A  

( - 0 o A  z U A  

I-OOA z OA 

I- 0 [ A h  B]  5 n A A O B  

1- O [ A V B ]  t O A V O B  

I- O A V U B  -+ n [ A v B ]  

I- O[A A B ]  -+ OA A O B  

1- U [ A - + B ]  -+ [ O A - t O B ]  
1- U Vxa A 2 V X  U A 

I- 0 3 x a  A z 3x 0 A 

I- 3xa n A -+ n 3x A 

/- Ovx, A --t V X  OA 

I- ["fsa I "gsa] I [f I g ]  

1- [ B ~  z ca] -+ B 5 c 
I- ^ A ~  I f -+ [A B "f] 

sa 

A E r implies r 1 A 

r I- A and r 5 A imply A 1- A 

t A implies r I- A 

I- A and r I- [A -+ B] imply r 1- B 

r I- A implies r I- Vx,, A , where x is any variable not occur- 

ring free in r . 

r u {A} 1 B if and only if r I- [A -+ B] 

r I- A if and only if r U { - A } is inconsistent. 

We can now prove a key lemma needed for the Generalized Completeness 

Theorem for I L :  
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LEMMA 3 . 2 .  Let Z be a se t  o f  formulas ,  c o n s i s t e n t  i n  IL, and suppose 

t h e r e  a r c  i n f i n i t e l y  many v a r i a b l e s  o f  each type  which do n o t  occur  i n  any 

formula i n  

formulas such t h a t :  

- - . Then t h e r e  e x i s t s  a sequence Z = ( Z i  )iCo of se t s  o f  

- 
(i i)  For each i C w , Z. i s  a maximal c o n s i s t e n t  s e t  o f  formulas i n  

IL, 

( i i i )  For each i C w and each formula B(x,) , we have 3x B(x) E Fi 
i f  and on ly  i f  B(y,) C Ei f o r  some v a r i a b l e  y which i s  f r e e  f o r  

x i n  B(x) , 

( i v )  For each i C o and each formula  B , we have OB C Zi i f  and 

only  i f  B C F. f o r  some j C o . 
1 

Proof :  I f  A i s  a f i n i t e  set o f  fo rmulas ,  l e t  Cnj(A) deno te  t h e  

con junc t ion ,  i n  some s t anda rd  o r d e r ,  o f  t h e  formulas of A , which we t a k e  

t o  b e  t h e  formula T i f  A i s  empty. Given an a r b i t r a r y  sequence r = 

( ri )iCw o f  s e t s  o f  formulas ,  we say  t h a t  r i s  r e l a t i v e l y  c o n s i s t e n t  

i n  IL i f  whenever A i  5 Ti f o r  a l l  i C w , each A .  f i n i t e ,  t h e  s e t  

- 

of  formulas  i s  c o n s i s t e n t  i n  IL. Given a formula A and i E w , we s a y  

t h a t  A i s  r e l a t i v e l y  i - c o n s i s t e n t  wi th  r i n  IL i f  t h e  sequence ob ta ined  

from r by adding A t o  ri i s  r e l a t i v e l y  c o n s i s t e n t  i n  IL. 

0 1 Let ( iO ,A ) , ( i l , A  ) , . . .  

k k 

be  an enumeration o f  a l l  p a i r s  ( i ,A)  , 
where i C w and A i s  a formula o f  IL. We d e f i n e  f o r  each  k 6 w a s e -  

quence C = ( Z i  ) i C w  o f  se ts  o f  formulas ,  s a t i s f y i n g  t h e  c o n d i t i o n s :  

(1) 
k For each k C w , 

va lues  o f  i C w , 
Zi = 4 ( t h e  empty s e t )  f o r  a l l  bu t  f i n i t e l y  many 

( 2 )  For each k C o , t h e r e  a r e  i n f i n i t e l y  many v a r i a b l e s  o f  each t y p e  
k which do n o t  occiir i n  any formula i n  any Z i  f o r  i € w . 

0 0 For k = 0 w e  pu t  Zo = Z , Zi = 4 for i z 0 . 
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Given Ck satisfying (1) and (Z), we define Zk+' as follows: Suppose 
k 

(ik,A ) is the pair (i,A) . 
zk+l Case 1. A is not relatively i-consistent with Zk . Then take 

k t o  be Z . 

Case 2. A is relatively i-consistent with Zk . 

Case 2.1. A does not have the form ]xu B or OB . Then let 

k+l = 2 1  u {A} . 'i 

Case 2.2. A is ]xu B(x) . Then let Ck+' be the same as Zk , 

be the same as C k  , except put 2k+ 1 

k+l - k except put Zi - Ci U {A, B(y,)} , where y is the first variable of 

type a which does not occur in Zk o r  B(x) , and B(y) comes from 

B(x) by replacing all free occurrences of x by y . 

Put 

ber 

for 

Case 2.3. A is O B  . Then let Zk+' be the same as Ck , except 
Zk+l k 

= Ci U {A} , and put Ck+' = {B] , where j i s  the smallest num- 
i j 

different from i for which C k  = . 

LEMMA 3.2.1. Each Ck is relatively consistent in IL. 

Proof: By induction on k . If Co were relatively inconsistent then 

some formulas 

1 

in Z the formula ,,n- 1 go, B' , .. .  , 

0 [ Bo A B1 A . . .  A Bn-l ] 

would be inconsistent in IL, and hence 2 itself would be inconsistent in 

IL by T41, contradicting the hypothesis of Lemma 3.2. Assume 

ly consistent, and let (ik,A ) be the pair (i,A) . We show that C 

is relatively consistent: 

Zk relative- 
k k+ 1 

Case 1. A i s  not relatively i-consistent with Zk . Then Zk+' = Ck 

and is therefore relatively consistent. 

Case 2. A is relatively i-consistent with Zk . 

k+ 1 

is obtained from Zk by adding A to 2: , and is therefore relatively 
consistent by the assumption under Case 2 .  

Case 2.1. A does not have the form 3xa B o r  O B  . Then C 
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Case 2 . 2 .  A i s  3xa B(x) . Let y be t h e  f i r s t  v a r i a b l e  o f  t y p e  

a n o t  occur r ing  i n  Zk o r  B(x) , and suppose t h a t  z k + l  were r e l a t i v e -  

l y  i n c o n s i s t e n t .  Then f o r  some f i n i t e  s e t s  A. C C .  , j C w , t h e  s e t  k 
1 -  J 

{ O C n j ( A j )  1 j # i 1 U I O[ Cnj(Ai) A A A B(Y) 1 1 

would be  i n c o n s i s t e n t  i n  IL. But t hen ,  l e t t i n g  r be  t h e  s e t  

j # i } and u s i n g  T13, T56, T67, T69 and o t h e r s ,  we would have:  
{OCnj (Aj )  I 

t O c n j ( ~ ~ )  I j # i 1 u { 0 [ cnj ( l l i )  A A 1 } 

would be  i n c o n s i s t e n t  i n  IL, c o n t r a d i c t i n g  t h e  assumption under Case 2 t h a t  

A i s  r e l a t i v e l y  i - c o n s i s t e n t  w i th  Ck . 

Case 2 . 3 .  A i s  OB . Let j be  t h e  s m a l l e s t  number d i f f e r e n t  
k 
J 

from i f o r  which C .  = 6 , and suppose t h a t  Ck+’ were r e l a t i v e l y  incon-  

s i s t e n t .  Then f o r  some f i n i t e  sets k AL 5 Z L  , 1 C w , t h e  set  

I O C n j ( A L )  I L # i , j  1 U I O [  Cnj(Ai) A A 1 1 U { OB 1 

would be  i n c o n s i s t e n t  i n  IL. But by T50, T54 we have 

would be  i n c o n s i s t e n t  i n  IL, c o n t r a d i c t i n g  t h e  assumption under Case 2.  
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- 
LEMMA 3 . 2 . 2 .  The sequence Z = ( y. ) .  is relatively consistent, 

1 1Cw 
where 

- 
zi = u zk kEw i ' 

k Proof: Clearly C i  5 2;'' for k , i C w . The assertion now follows 
in the usual way, using Lemma 3 . 2 . 1 .  

- 
LEMMA 3 . 2 . 3 .  2 .  is consistent in IL for each i C w . 

Proof: Follows from Lemma 3 . 2 . 2 .  
~ 

LEMMA 3 . 2 . 4 .  If A is a formula, i C w , and A is relatively i-con- 
- 

sistent with Z , then A C zi . 
k ___ Proof: Choose k so that the pair (i,A) is (ik,A . Clearly A 

is relatively i-consistent with Zk , so by construction A C Z!" LFi . 

LEMMA 3 . 2 . 5 .  

- Proof: 

If A is a formula and F. [-A , then A C Ti . 

Straightforward, using Lemmas 3 . 2 . 2  and 3 . 2 . 4 .  

- 
LEMMA 3 . 2 . 6 .  2. is a maximal consistent set in IL; i.e., f o r  every 

formula A either A C z. or else - A C r. . 
- 

Proof: Suppose neither of the formulas A , - A belongs to 2. . Then 
by Lemma 3 . 2 . 4  neither formula is relatively i-consistent with . It fol- 
lows that there exist, for j 6 w , finite sets A! , A': C c. such that 

1 I -  J 

I 0  cnj(~;) I j z i 1 u i o [ cnj(~f) A A 1 1 

and 

I 0 Cnj (A;) I j # i 1 u { 0 [ Cnj (A;) A - A ] } 

are both inconsistent in IL. But then, letting A. = A! U A': and using 

T54, we see that 
1 1 1  

r I- 0- [ cnj(Ai) A A ] , 

r I- o - [ cnj(Ai) A - A ] , 

r = { C>Cnj(A.) I j # i } , and from this it easily follows that where 
I 
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r 1- 0 - Cnj(Ai) , so that 
contradicting Lemma 3 . 2 . 2 .  

{ 0 Cnj(Aj) 1 j c 0 } is inconsistent in IL, 

LEMMA 3 . 2 . 7 .  For each i E w and each formula B(x,) , we have 
3 x  B(x) E zi if and only if B(y,) E Ti for some variable y which is 

free for x in B(x) . 

Proof: The implication from right to left follows from Lemma 3 . 2 . 5  and 

T26. For the implication from left to right, let A be the formula 3 x  B(x) 

and suppose A C F. . Let ( i , A )  be the pair (ik,A ) ; then A is rela- 

tively i-consistent with 2 
by Lemma 3 . 2 . 2 .  Therefore by the construction of Zk+' , we have B(y,) 6 

Ck" c Ti for some variable y free for x in B(x) . 

__ 

k 

- 
C k  , since it is relatively i-consistent with 

1 -  

LEMMA 3 . 2 . 8 .  For each i E w and each formula B , we have 0 B E g. 
if and only if H c F. for some j c o . 

1 

Proof: F o r  the implication from right to left, suppose B C r. but - 1 
0 B 1 Fi . Then 
we have -, 0 B E Ti 
relatively inconsistent, since the set {on -  B , OB } is inconsistent 

in IL by T49.  This contradicts Lemma 3 . 2 . 2 .  The implication from left to 

right follows as in the proof of Lemma 3 . 2 . 7 .  

i # j , in view of T41 and Lemma 3 . 2 . 5 ,  and by Lemma 3 . 2 . 6  

and therefore 0 - B E Fi by T46. But then is 

This completes the proof of Lemma 3 . 2 .  

- - 
REMARK 3 . 2 . 9 .  Suppose Z = ( Zi )iEw satisfies (i) through (iv) of 

Lemma 3 . 2 .  Then it satisfies a l s o :  

(v) For each i C w and each formula B(x,) , we have Vx B(x) C Ti 
if and only if B(y,) C xi for every variable y which is free 

for x in B(x) . 

(vi) For each i € w and each formula B , we have 0 B E ci if and 
only if R c F. for every j E w . 

1 

We omit the proof, which is straightforward. 

Lemma 3 . 2 ,  it should be noted, depends for its proof only on the fact 

that the theorems of IL include the ordinary laws of sentential and predi- 
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cate logic, together with the S5 modal laws T40, T42, T43 and T44. The lem- 

ma will therefore also hold for any theory in which these laws obtain, e.g. 

the first-order extensions of S5 described in Kripke [1959], Bayart [1958], 

o r  Hughes and Cresswell [1968]. Lemma 3.2 considerably simplifies the Hen- 

kin-type completeness proofs which have been given for these logics, and it 

is not difficult to modify the lemma and its proof to apply to quantified 

extensions of certain weaker modal logics than S5. 

We are now ready to prove: 

THEOREM 3.3 (Generalized Completeness Theorem for IL) 

(i) A in IL implies A in IL, 

(ii) r I= A in IL implies r I- A in IL, 
g 

(iii) Z consistent in IL implies 2 g-satisfiable in IL. 

Proof: Parts (i) and (ii) follow easily from (iii) as usual, and in - 
fact we show the somewhat stronger: 

LEMMA 3.3.1. Suppose I: is consistent in IL. Then 2 is g-satisfi- 

able in a g-model M = (Ma,  m)acT of IL based on sets D and I , where 
I D , as well as each domain Ma , is at most denum- 
erable. 

is denumerable and 

Proof: We may assume without loss  of generality that there are infi- 
nitely many variables of each type not occurring in any formula of Z , 
since, e.g., replacing each variable X: by xin throughout 2 produces 

a set with this property, and clearly affects neither the consistency nor 

the g-satisfiability of Z . Let be a sequence of sets of 

formulas satisfying (i) through (iv) of Lemma 3.2, and therefore satisfying 

also (v) and (vi) of Remark 3.2.9. 

2 = ( Xi )iCo 

Suppose a E T , i t w . The relation 

A n. B (mod i) if and only if [A s B] C Ti , 
a a  

In particular, to those extensions of the modal propositional logics K, 
M (also called T), B, and 54 (see Kaplan [1966]) in which the Barcan f o r -  
mula [Vx o A  - O V X  A]  and the usual predicate laws are valid. Cf. the com- 
pleteness proofs given in Cresswell [I9671 and Thomason [1970]. 
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between terms of type  u , i s  c l e a r l y  an  equ iva lence  r e l a t i o n  on 

view o f  T1 ,  T35 and T36. Let u s  denote  t h e  s e t  of v a r i a b l e s  o f  type 

Var, . Then by T29 and p r o p e r t y  ( i i i )  of 

Tma and i E w some x E Var f o r  which A 2 x (mod i) . In f a c t ,  prop- 

e r t y  ( i i i )  imp l i e s  t h a t  t h e r e  a r e  i n f i n i t e l y  many such v a r i a b l e s  x , s i n c e  

f o r  any d i s t i n c t  x , x , ... , x E Var, t h e  formula  

Tma , i n  

u by 
, t h e r e  e x i s t s  f o r  each A E 

0 1  n- 1 

3x  [ A = x A trxo ... Vxn-l [x 5 x ]  ] 

0 i s  p rovab le  i n  I L ,  where x i s  n o t  f r e e  i n  A and i s  d i s t i n c t  from x , 
. . .  , x . I f  x , y E Var, t hen  by T39 t h e  formula n- 1 

i s  p rovab le  i n  IL, from which i t  fo l lows  t h a t  t h e  r e l a t i o n  x '1 y (mod i )  

i s  independent o f  i E o f o r  v a r i a b l e s  x , y , and we can  w r i t e  s imply  

x * y . Let x/= denote  t h e  equ iva lence  c l a s s  o f  xa i n  Var, under  t h i s  

r e l a t i o n ,  and l e t  D b e  t h e  q u o t i e n t  set  Var /= c o n s i s t i n g  of a l l  c l a s -  

ses x/= f o r  x E Var . Then D i s  a t  most denumerable. L e t t i n g  I = o , 
we use  t h e  sequence Z t o  c o n s t r u c t ,  i n  t h e  manner o f  Henkin [1950] ,  a 

g-model M = (Ma, m)aET o f  IL based on D and I . 

- 

By r e c u r s i o n  on a E T , we s imul t aneous ly  d e f i n e  a se t  Ma and a map- 

p i n g  pu from Tma i n t o  Ma1 , s a t i s f y i n g  t h e  fo l lowing  t h r e e  c o n d i t i o n s :  

(1) For i , j E I , x E Var, : p u ( x ) ( i )  = k a ( x ) ( j )  , 

(2)  For eve ry  X E Ma t h e r e  e x i s t s  x E Var, sgch t h a t  X = p a ( x ) ( i )  

(which by (1) is  independent  of i E I ) ,  

(3)  For i C I , A , B E Tma : pa(A) ( i )  = ku(B) ( i )  i f  and on ly  i f  
A rr B (mod i )  . 

a = t : Let Mt = 2 = {O,l} , and pu t  pt(At) (i) = 1 i f  A t  < Ti and 

0 

i s  provable  i n  IL ,  by T39. To v e r i f y  (Z ) ,  obse rve  t h a t  by  T27, T28 and 

p r o p e r t y  ( i i i )  o f  x , we must have y E zi , - z E Ti f o r  some v a r i a b l e s  

y , z of type  t . Hence z + T i  , and k t ( y ) ( i )  = 1 , k t ( z ) ( i )  = 0 . 
Condi t ion  (3) fo l lows  e a s i l y  from t h e  maximal c o n s i s t e n c y  o f  

o the rwise .  Then (1) fo l lows  from t h e  f a c t  t h a t  t h e  formula  xt  + U  xt 

- 
Z i  . 
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- a = e : Let Me = D = Var /c= , and define pe(Ae)(i) to be x/- , 
where x is any variable of type e 

clearly well-defined). In particular, 

(1) and (2) hold. The verification of 

for which A rr x (mod i) (this is 

pe(xe)(i) = x/= , so that clearly 
(3) is straightforward. 

have already been defined, and 
pY 
p and y . We first define the map- 

a = Py : Suppose 

conditions (l), (2) and (3) hold f o r  
MP , pP , My , 

ping pa from Tma into [My 7 3 1  I , as follows: Given A € Tma , i C I , 

and X C M let x C Var be chosen such that X = pp(x)(i) , and put 
~~(A)(i)(x) = py(Ax)(i) . Such a variable 
p ; to see that the value is well-defined, suppose that y C Var and 

~ ~ ( y )  (i) = X = pP(x) (i) . Then by condition (3) for 
whence by T32 Ax = Ay (mod i) and therefore py(Ax) (i) = py(Ay) (i) by 

condition (3) for y . 

P '  P 
x exists by condition (2) for 

P 
, x rr y (mod i )  , 

Before defining Ma we verify condition (1) for a : Suppose f C Vara 

and X C MP . By 
conditions (1) and (2) for p we have X = p (x)(i) = p (x)(j) for some 

x C Var , and therefore pa(f)(i)(X) = wy(fx)(i) and p,(f)( j ) (X) = 

py(fx)(j) , so it suffices to show that 

Var be such that fx rr y (mod i) . By T39 the formula 

i , j C I ; we show that pa(f)(i) = pa(f)(j) . Suppose 

P P 
P 

py(fx)(i) = py(fx)(j) . Let y C 

Y 

fx f y + 0 [fx s y] 

is provable, so that fx rr y (mod j) also, and therefore using conditions 

(1) and (3) for Y we have wy(fx)(i) = wY(y)(i) = pY(y)(j) = py(fx)(j) . 

A C Tma , i € I We also observe that if then p,(A)(i) = pa(f)(i) 

P '  for some 

say X = p (x )(i) , we have by T33 Ax rr fx (mod i) , so that by condition 

(3) for Y , 
therefore set 

f € Var, . Indeed, suppose A rr f (mod i) ; then if X € M 

P P  
cLa(A)(i)/X) = KY(Ax)(i) = pyy/fx)li) = @a(f)(i)(X) . We can 

P 
M 

M~ = pa(f)(i) I f c Var, 15 M~ , 

which by condition (1) is independent of i C I , and condition (2) will be 
satisfied for 

Then the following conditions are equivalent: 

a . To verify condition (3), suppose A , B C Tma , i C I . 
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These equ iva lences  employ c o n d i t i o n  ( 2 )  f o r  p , c o n d i t i o n  ( 3 )  f o r  y , 
prope r ty  (v) o f  F , and ~ 1 4 .  

We remark t h a t  A E Tm B E Tm , i E I imply t h a t  
a '  P 

py(AB) ( i )  = wa(A) ( i )  [kp (B) ( i )  1 . 

For ,  suppose B = x (mod i )  . Then by T32 we have A B  = Ax (mod i )  , from P 
which /lY(AB) (i) = py(Ax) (i) = paLaA) ( i )  IPP (XI ( i l l  = (J-,(A) (i) bP (B)  (i) J . 

a = sp : Suppose blP , pp have a l r e a d y  been d e f i n e d  s o  t h a t  condi -  

t i o n s  ( l ) ,  ( 2 )  and ( 3 )  ho ld  f o r  P . We f i r s t  d e f i n e  t h e  mapping from 

Tma i n t o  [ P f g i ] '  , as fo l lows :  Given A 6 Tma , i E I , le t  f C Vara be  

chosen s o  t h a t  A 5 f (mod i )  , and pu t  pu (A) ( i )  = pp(" f )  C M I . T h i s  i s  
we l l -de f ined ,  f o r  i f  we a l s o  have 

f rr g , i . e . ,  f e g (mod j )  f o r  a l l  j E I , and t h e r e f o r e  " f  = "g 

(mod j )  f o r  a l l  j C I by T34.  Using c o n d i t i o n  ( 3 )  f o r  P , t h i s  imp l i e s  

t h a t  p ( " f ) ( j )  = p P ( " g ) ( j )  f o r  a l l  j E I , so  t h a t  p p ( - f )  = pp("g)  i n  

M 

pa 

P 
g E Var, and A = g (mod i )  , t hen  

P 
I 

P .  

We observe  t h a t  f o r  f C Var, , i E I , we have 

which i s  independent of i E I ; t hus  c o n d i t i o n  (1) ho lds  f o r  a . Also ,  as 
e a r l i e r ,  i f  A C Tina , i E I , t hen  wa(A)(i)  = p a ( f ) ( i )  f o r  some f E 

Varu , s i n c e  A rr f (mod i )  imp l i e s  pa(A)( i )  = pp("f) = p a ( f ) ( i )  . 

k a ( f ) ( i )  = pp("f) , 
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We can therefore set 

which by condition (1) is independent of i C I , and condition (2)  will be 

satisfied for a . Finally, we show that condition ( 3 )  holds for a : Sup- 

pose 

B = g (mod i) . Then the following conditions are easily seen to be equiv- 
alent, using condition (3) for p , property (vi) of Z , and T60: 

A , B E Tma , i € I . Choose f , g E Var, with A - f (mod i) , 

- 

(b) ~ ~ ( ~ f )  = pLB("g) , 

( c )  For all j C 1 , pp("f)(j) = bP("g)(j) , 

(d) For all j C I , "f - wg (mod j )  , 

(e) F o r  all j C I , ["f 5 "g] C 2. , 
3 

(f) 0 ["f 5 "g] C x. 
(g) [f = g] € x. 

1 '  

1 '  

(h) f = g (mod i) , 

(i) A 'LT B (mod i) . 

This completes the definition of the frame (Ma)aCT for IL based on D 

and I . Obviously, by conditions (1) and ( 2 )  each domain Ma is at most 

denumerable. To complete the definition of the g-model 
define the meaning function m by putting 

M = (Ma, m ) a E T  we 

I 
m(c) = ba(c) 6 Ma 

for each constant ca . 

It remains to prove that there exists a value function $1 in M . 
Suppose A 6 Tma , a E As(M) . Suppose the free variables of A are among 

the distinct variables x x , ... , x , where xk is of type ak , and 

write A(x , . . .  ,x  ) for A . Choose a sequence y , y , ... , y of 

distinct variables, yk of type ak , satisfying the conditions 

0 1  n- 1 

0 n- 1 0 1  n- 1 

k k 
pa (y )(i) = a(x ) (independent of i C I ) , 

k 



GENERALIZED COMPLETENESS OF IL 35 

(b) yk is free for xk in A . 

k 
a(x ) = Such a sequence exists; for by conditions (1) and ( 2 )  for 

ka (y)(i) , independent of i C I , for some variable y of type ak , and 

as remarked earlier we have y CT y' (and therefore p(y') (i) = p(y)(i) = 

a(x ) ) for infinitely many variables y' . Hence for each k < n there 

exist infinitely many variables satisfying (a), and it follows that 

there exists a sequence y , y , .. .  , y of distinct variables satis- 

fying both (a) and (b). We call such a sequence a representing sequence for 

the term A and assignment a , where the original sequence x , x , . . .  , 
x is fixed in advance to contain all free variables of A . Let be 

the term A(y , . . , ,yn-') which results from A by simultaneously re- 

placing all free occurrences of x by yk for k < n . Given i C I we 

define 

ak , 

k 

k 

yk 
0 1  n- 1 

0 1  

n- 1 

0 

k 

M V. (A) = pa( z )(i) C Ma . 
i,a 

We show that this is well-defined, i.e., the value ka( ) (i) does not 

depend on the sequence y , . . .  , y . Indeed, suppose z , ... , z is 

another representing sequence for A and a ; then wa (y )(i) = a(x ) = 

1, (z ) (i) , so we have yk CT zk (mod i) , from which it follows by n ap- 

plications of T31 that A(y , . .. ,y ) ". A(z , . .. , z  ) (mod i) , and 
therefore pa[A(y , , , . ,y 

0 n- 1 0 n- 1 

k k 

k 
k 

k 
0 n- 1 0 n- 1 

0 n- 1 0 ) ]  (i) = ka[A(z , . . . ,zn-')] (i) , a s  required. 

e: vM is a value function in M . 

We must verify the recursive clauses (1) through ( 7 )  on page 13. The 

verification of (1) and (2)  is immediate. To verify 

(3) Vi,a(AagBa) = v. 1,a (A aB )[Vi,a(B,)l $ 

0 n- 1 we let x , . . .  , x be the distinct free variables of [AB] , and we 
choose a representing sequence y , ... , y for [AB] and a . We then 
have V. (AB) = pp( )(i) = w ( x E  )(i) = w ( a )(i)[ka( )(i)] = 

0 n- 1 

l,a B aB 
v. l,a (A)[Vi,a(B)l * 

(4) V. (Xx, A ) = the function F on Ma whose value at Y € Ma is 
l,a B 

equal to Vi,al(AB) , where a' = a(x/Y) . 
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For,  l e t  Y 6 Ma , a t  = a(x/Y) ; we show t h a t  V. (hx A)(Y) = Vi,a l (A)  . 

Let x , x , x , ... , x be  a l i s t  of d i s t i n c t  v a r i a b l e s  which inc ludes  

a l l  f r e e  v a r i a b l e s  o f  A , and w r i t e  A(x ,x  , .. .  , x  ) f o r  A . Choose a 
r e p r e s e n t i n g  sequence y , . . .  , y f o r  hx A and a , where o f  cour se  

yk corresponds  t o  xk . Let y, be a v a r i a h l c  d i s t i n c t  from each y , 
f r e e  f o r  x i n  A , and s a t i s f y i n g  p a ( y ) ( i )  = Y . Then t h e  sequence y , 

y , . . .  , y forms a r e p r e s e n t i n g  sequence f o r  A and a t  , and we 
- 0 n-1) t h e r e f o r e  have V i , a ,  (A) = pP( ) ( i )  , where A is A(y,y , . . . , y  , 

and a l s o  V .  (XX A ) ( Y )  = p ( X i 3  j ( i )  ( Y )  = F ( GT ) ( i ) [ p a ( y j ( i ) ]  = 

l , a  
0 1  n- 1 

0 n- 1 

0 n- 1 

k 

0 n- 1 

1,a aP aP 
_I_ 

pLp[ ( Xx A ) y  ] ( i )  , where i s  t h e  te rm Xx A(x,y , .. .  .Y n-1) . I t  0 

- 
t h e r e f o r e  s u f f i c e s  t o  show t h a t  pLp[ ( Xx A ) y  ] ( i )  = pP( T;; )(I) , o r  

e q u i v a l e n t l y  t h a t  (Xx A ( x , y  , . .  . , y  ) ) y  = A(y,y , ... , y  ) (mod i )  . 
But t h i s  fo l lows  immediately from axiom AS4 of 11,. 

0 n- 1 0 n- 1 

The v e r i f i c a t i o n  of c l a u s e  (5)  i s  s t r a i g h t f o r w a r d ,  s i m i l a r  t o  t h a t  f o r  

c l a u s e  ( 3 ) .  To v e r i f y  

(6) V. ( A A a )  = t h e  f u n c t i o n  F on I whose v a l u e  a t  j E I i s  equal  
l , a  

t o  Vj,a(Aa) , 

0 n- 1 suppose t h a t  j E I and let  x , . . .  , x he t h e  d i s t i n c t  f r e e  v a r i -  

a b l e s  o f  A . Choose a r e p r e s e n t i n g  sequence y , ... , y f o r  "A and 

a . Then we have V .  (A) = pu( a ) ( j )  , and i n  a d d i t i o n  V .  ( - A ) ( j )  = 

psa( "iT ) ( i ) ( j )  = psu( ^ A  ) ( i ) ( j )  = p a ( " f ) ( j )  , where 
sen  so  t h a t  

= pu( 

prope r ty  ( v i )  of 2 . 

0 n- 1 

I > a  - 1 ,a 
f 6 Varsa i s  cho- 

) ( j )  , i . e . ,  t h a t  A -  " f  (mod j )  . But t h i s  fo l lows  from T62 and 

^n -  f (mod i) . I t  t h e r e f o r e  s u f f i c e s  t o  show t h a t  p a ( " f ) ( j )  

- 

(7)  Vi,a("Asa) = V. ( A s u ) ( i )  . 
0 n- 1 For, l e t  x , ... , x he  t h e  d i s t i n c t  f r e e  v a r i a b l e s  o f  A , and choose 

a r e p r e s e n t i n g  sequence y , . . .  , y f o r  "A and a . Let f C Varsa 

be  such t h a t  xc= f (mod i) . Then V. ( A ) ( i )  = psa( ) ( i ) ( i )  = p a ( " f ) ( i )  

and V .  ("A) = pa( 

" A ?  "f (mod i )  , which fo l lows  from T34. 

1 , a  

0 n- 1 

l , a  
) ( i )  = pa( "A ) ( i )  , so  i t  s u f f i c e s  t o  show t h a t  

- i , a  

This  proves  t h e  c la im,  and t h e r e f o r e  completes t h e  proof  t h a t  M i s  

a g-model of IL. Now l e t  a C A s ( M )  be de f ined  by:  
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a(x ) = pa(x)(i) (independent of i C I ) . 

If Aa is any term, we clearly have V. (A) = pa(A)(i) for any i C I , 
and this implies in particular that for any formula A of IL, M, i, a 

sat A if and only if A C Ti . Since Z 5 Zo , it follows that M, i, a 

sat Z when i = 0 . This completes the proof of Lemma 3.3.1 and Theorem 
3.3. 

1 ,a 

- 

Combining Theorems 3.1 and 3.3 we immediately obtain the following gen- 

eralized compactness theorem for IL, a result which can also be proved di- 

rectly using ultraproducts: 

COROLLARY 3.4. Let C be a set of formulas of IL. Then C is g-sat- 

isfiable in IL if and only if every finite subset 2’ of Z is g-satisfi- 

able in IL. 

We conclude this section by remarking that the entire development to 

this point admits a natural generalization to the case of a non-denumerable 

language; i.e., a formulation of IL which permits, for some cardinal K , 
constants c5 for a E T and 5 c K . 

$4.  Persistence in I L  

The Generalized Completeness Theorem proved in the last section relates 

the axiomatic theory IL to the generalized semantics for IL. However, we 

can also obtain from it a useful relationship between the theory IL and the 

standard semantics for IL described in $ 2 .  This relationship is expressed 

in Theorem 4.2, which shows that with respect to a suitably restricted 

class of formulas of IL, the theory IL is complete for the standard seman- 

tics. 

Suppose M = (Ma, mIaeT is a g-model of IL based on D and I . Let 
be the standard frame based on D and I . For each a E T we 

define an element A; € MA : 

A somewhat weaker form of this result is anticipated in Montague [1970a], 
pp. 88-89. 
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(i) 

(ii) A: = 0 , 

(iii) A '  (XI) = A '  for every X '  E MA , 

(iv) A;a(i) = 11; for every i C I . 

A; E D , chosen arbitrarily, 

aP P 

By recursion on a C T we define a one-to-one mapping + : Ma +b!; : 

(i) +e is the identity mapping on M = D = M' 

(ii) Qt is the identity mapping on M = 2 = M' 

e '  

t t '  

(iii) + a p ( F )  , for F E M , is the function F '  E M '  such that for 

all X '  C MA , F'(X') = +p[F(+a-l(X1))] if X' belongs to the 

range of +a , and F'(X') = A '  

aP aP 

P Otherwise, 

(iv) +sa(F)  , for F C Msa , is the function F' E M& such that for 

all i C I , F'(i) = +=[F(i)] . 

Define a standard model M' = (MA, m')aET of IL based on D and I by 

letting m'(ca)(i) = +a[m(ca)(i)] for each constant ca . A term Aa of 

I L  is called M-persistent if, for every i C I and a E As(M) , and for 
every choice of A; E D , we have 

where a' C As(M')  is defined by a'(x,) = +,[a(x;)] for every variable 

x . In particular, then, a formula A will be M-persistent if, for every 

i E I and a C As(M) , and f o r  every choice of A; E D , the equivalence 

M, 

holds. A 

M of IL. 

It is 

i, a sat A if and only if M', i ,  a' sat A 

erm Aa is persistent if it is M-persistent for every g-model 

immediate from Theorem 3.1 that any term provably equal, in I L ,  
to a persistent term is itself persistent. Also, a term 

if and only if the formula [A  z x] is persistent, where x is a variable 

of type a not occurring free in A . 

Aa is persistent 

The next theorem shows a large recursive class of terms to be persis- 
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tent, and therefore provides a partial characterization of the class of  
all persistent terms.2 A truth-function& type 

built up from the type t alone by pairing; e.g., the type (tt)(t(tt)) . 
I f  B , C , C  , . . . ,  
a respectively, where 

T E T is one which is 

cn- 1 are terms of IL of types a , a. , al , ... , 0 1  

n- 1 

a = a (a ( . .  . (an_l P I . . . ) )  , 0 1  

0 1  then BC°C1 . . . Cn-l stands for the term [ . . .  [[BC ]C 1. ..]Cn-' of type 

p , or B alone in the case n = 0 . 

THEOREM 4.1. Let Per denote the class of all persistent terms of IL. 

Then : 

(i) All variables and constants belong to Per , 

(ii) A , Ba E Per imply [AB] C Per , 

(iii) Aa , Ba E Per imply [A e B] C Per , 

(iv) A E Per implies ^A E Per , 

(v) Asa C Per implies "A C Per , 

(vi) At , B € Per imply - A , [A A B] , 0 A € Per , 

aP 

t 

(vii) Aa C Per implies Xx A C Per , 
A E Per implies vxe A , 3x A E Per , 
t 

(viii) Aa E Per implies XxT A E Per , 
A E Per implies VxT A , 3xT A C Per ( T a truth-functional type) 

(ix) Suppose A E Per and F (x ) is the formula BC°C1 . . .  x . . .  Cn , 
t 

t t P  

where Cm has type am for m 5 n , Ck is the term xB , and B 

has type 

0 
free in B , and the terms B , C , _ .  , , Cn belong to Per . Then 
the formulas Vx [F(x) + A] and 3x [F(x) A A] belong to Per . 

is not 
a (a ( . . .  (an t) . . . ) )  . Suppose also that 0 1  

This notion of persistence is a generalization to IL of  a related notion 
for ordinary (non-modal) higher-order predicate logic. The question of a 
complete syntactic characterization for that case is discussed in Orey 
119591. See also Mostowski [1947]. 
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(x) If At , Ba C Per and xa does not occur free in Ba , then the 
formula 3x [ B = x A A ] belongs to Per . 

Proof: (i) through (vi) are straightforward. For (vii) and (viii) it 
~ 

suffices to observe that for a given g-model bZ of IL, if M' and the 

mappings are obtained from hi as earlier, then maps Ma onto 

"d, when a is e o r  a truth-functional type T . In fact, for these 
types a it holds that Ma = and Qa is just the identity mapping. 

For a = e this is obvious; for truth-functional types T it follows 

easily from a result of tlenkin.3 Conditions (ix) and (x) are straightfor- 

ward. 

From the Generalized Completeness Theorem we now obtain: 

TIIEOREM 4 .2 .  Let r and C be sets of persistent formulas, A a 

persistent formula. Then: 

(i) A in IL if and only if 1- A in IL, 

(ii) r )= A in IL if and only if r t A in IL, 

(iii) Z is consistent in IL if and only if Z is satisfiable in IL. 

- Proof: (iii) follows immediately from Theorem 3 . 3  (iii) and the defi- 

nition of persistence. (i) and (ii) follow easily from (iii), as does the 

following 

COROLLARY 4.3.  Let Z be a set of persistent formulas. Then C is 

satisfiable in IL if and only if every finite subset Z' of Z is satis- 

fiable in IL. 

Theorem 4.2 has application to various fragments of English, as de- 
scribed in $1. In particular, it is possible to show that Extensional Eng- 

lish can be translated into IL in such a way that the translate of every 

sentence is a persistent closed formula of IL. This implies by Theorem 4 .2  

that a sentence of Extensional English will be valid if and only if its 

translate is provable in IL, and since the translation is effective it fol- 

lows that the valid sentences of Extensional English are recursively enu- 

merable. Moreover, Corollary 4 . 3  yields a compactness theorem for this 

fragment of English. 

Henkin [1963], $ 4 .  
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$5. Modal T-Logic 

We take up now the first of several alternative formulations of  the 
logic IL of Chapter 1. The most natural first step is to try to eliminate 

the functional and intensional abstractors X and * in favor of the more 

familiar quantifier V and modal operator , particularly in view of the 
fact that the abstractors X , were responsible for the impredicativity 

of the notion of a general model of IL. For the moment, however, we choose 
to retain the full "functional" type structure, i.e., to allow variables 

and constants of all types a C T . The resulting logic we refer to as 
Modal T-Logic, and denote by MLT. Since tl and 0 are already defined in 

IL, the language of  MLT can be described as a sublanguage of the language 
of IL. We shall adopt this course, since it will facilitate a later compar- 

ison of the two logics. 

Grammar. The atomic terms of MLT comprise the smallest set ATm of  
terms of IL such that: 

(i) All variables and constants belong to ATm , 

(ii) A Ba C ATm imply [AB] C ATm , 

(iii) ASa f ATm implies "A C ATm . 

An example is the term ["fs(et)[cee"gse]] of type t . A formula A of 

IL is an atomic formula of MLT if one of the following holds: 

aP ' 

(i) A is an atomic term of MLT of type t , 

(ii) A is [B 5 C] , where Ba and Ca are atomic terms. 

The formulas of ML 

tives - , A , -+ , v , the quantifier Vxa where xa C Var, , and the ne- 
cessity operator 

are generated from the atomic formulas by the connec- T 

0 . Thus, every formula of MLT is a lso  a formula of IL, 
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but not conversely. Since 3 and 0 are defined in IL in terms of V , - 
and 0 , these operators are also defined in MLT.l 

Generalized Semantics. Let D and I be non-empty sets. By a general 
l__l____ 

model (g-model) of MLT based on D I we understand a system M = 

( M a ,  m)aCT such that: 
___ 

(i) (MaIUCT is a frame based on D and I (see page 17), 

(ii) m is a mapping which assigns to each constant c a function from 

I into hIu . 

Thus, a g-model of h1L differs from a g-model of IL only in that no value 

function V is assumed to exist in the former, and indeed none will exist 

in general. However, for formulas of ML the assumption that VM exists is 

unnecessary. Specifically, let M = (Mu, m ) u C T  be a g-model of ML based 

on D and I , and let i € I , a C A s ( M )  . Then V. (A,) C Ma can be 

defined by recursion for every atomic term 

notion 

T 
M .  

T 
T 

M 
%,a 

Au in the usual way, and the 

M, i, a sat A , 

A 

M, i, a sat A if and only if VM (A) = 1 , when A is an atomic 

term of type t , 

M, i, a sat [B E C] if and only if VM (B) = V. (C) , when B 

and C are atomic terms, 

Usual satisfaction clauses for - , A , --f , V , 

M, i, a sat Vxa A if and only if M, i, a(x/X) sat A for every 

is a formula of MLT, can then be defined as follows: 

l , a  

M 
l,a 1,a 

X C M a ’  

M, i, a sat O A  if and only if M, j ,  a sat A for all j C I . 

We could take - and + as the only connectives in MLT, defining the other 
connectives in terms of these two as usual. However, the formulas [A A B] 
and [A v B] would then have two readings, one in IL and another in MLT. 
This would unnecessarily complicate the later exposition. 
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This definition of satisfaction coincides with that given in §3 in the case 

when M is a g-model of IL and A is a formula of MLT, so  the same nota- 

tion can be used without confusion. 

Let A be either an atomic term or a formula of MLT. We say A is 

modally closed if it is modally closed as a term of IL. For atomic terms 

or atomic formulas A , this holds just in case A contains no constants 
and no occurrence of " . The formula A is modally closed for any f o r -  
mula 

connectives - , A , + , v and the quantifier Vxa . If A is a modally 

closed formula we can write M, a sat A instead of M ,  i, a sat A , 
as earlier. Corresponding to our  generalized semantical notions for IL, 
WE have for formulas of MLT the notions hg A in MLT, 

and 

$3  (page 18) by replacing g-model of IL by g-model of MLT throughout. It 

should be noted, however, that r A in IL does not imply rI= A in 

MLT, even for formulas of ML 

A , and the set of modally closed formulas of MLT is closed under the 

r p  A in MLT, 
g 

is g-satisfiable in MLT, obtained from the corresponding notions in 

g g 
T' 

The Theory MLT. We can give an intrinsic axiomatization for MLT, as 

follows: 

Axioms of MLT. 

AS1. 

A 2 .  

A 3 .  

A S 4 .  

AS5. 

A S 6  I 

A7. 

A , where A is tautologous in - , A , + , v , 

Xt -+ [ Y t + X + Y  I ,  
- X t  -+ [ - Y t + X . Y ] ,  

Vxa [A --* B] -+ [A + Vx B] , where x is any variable not occurring 

free in the formula A , 

Vx(, A ( x )  -+ A(B,) , where A(B)  comes from the formula A ( x )  by re- 

placing all free occurrences of x by the atomic term B , and (i) 
B is free for x in A ( x )  , and either (ii) no free occurrence of 
x in A(x) lies within the scope o f  0 , o r  else (ii') B is mod- 

ally closed, 

Vx [ A  x e B  a P ~  ] + A E B , where x is any variable not occur- 

ring free in either of the atomic terms 
a UP 

A , B , 

x s x  
a a '  
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AS8. 

AS9. 

AS10. 

AS11. 

A12. 
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Ba E Ca + [ A(B) + A(C) 3 , where A(B) , A(C) come from the for- 

mula A(xa) by replacing all free occurrences of x by the atomic 

terms B , C respectively, and (i) B and C are free for x in 

A(x) , and either (ii) no free occurrence of x in A(x) lies 

within the scope of 0 , or else (ii') B and C are both modally 

closed, 

O A + A ,  

D [ A - + B ]  * [ O A + O B ] ,  

A -0 A , if A is modally closed, 

0 [ I fsa D Ygsa] + f 5 g . 

Rules of Inference. 

R1. From [A * B] and A to infer B , 

R2. From A to infer vxa A , 

R3. From A to infer 0 A . 

We state without proof the following 

THEOREM 5.1 (Generalized Completeness Theorem for MLT) 

(i) 

(ii) 

(iii) C is consistent in MLT if and only if Z is g-satisfiable in ML 

fg A in MLT if and only if 

r hg A in MLT if and only if r I- A in MLT, 

1- A in MLT, 

T' 

$ 6 .  Extensions of IL and MLT 

Since an arbitrary frame and meaning function determine a general model 

of MLT, it is natural to seek a set of conditions, formulated in the lan- 

guage of MLT. which will be satisfied in exactly those g-models of MLT 

which are also g-models of IL. For this purpose the theory IL proves to be 

slightly too weak, however, so we now consider a natural axiomatic exten- 

sion of it. 
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Intensional Logic with Descriptors. In both IL and MLT we introduce 

the abbreviations 

[A ++ B] for [A + B] A [ B  + A] , 

3!xa A for 3x; VxZ [ A ++ x = X I  ] , 

where x‘ is the first variable of type a distinct from x and not oc- 

curring free in the formula A . We denote by De the formula 

which we call the axiom of description for individuals. Since 

closed and modally closed, it will be either true or false in any g-model 

of IL, independent of the index and assignment. 

De is both 

We dendte by IL+D the theory obtained from IL by adding De as a 

new axiom, and we write I- A in IL+D when the formula A is provable 

in this theory. By a general model (g-model) of IL+D we understand a 

g-model of IL in which 

that generalized completeness extends to the logic IL+D . 
De is true. From Theorem 3.3 it is easy to see 

That IL+D is a natural extension of IL is evidenced by the fact’ that 

many familiar validities of type-theoretic predicate logic depend for their 

proof on the axiom De . The intuitive content of De is just the asser- 

tion that there exists a function on sets of individuals, whose value for 

any singleton is its unique member. Thus, is valid in IL, as are the 

additional description principles below: 

De 

The formula Da is the analogous principle of description for objects of 

type a , while is an intensional principle of description for such 

objects. In particular, ie asserts the existence of a function F from 

properties of individuals to individual concepts, such that for any prop- 

erty G , if it is necessarily true that G is satisfied by exactly one 

object, then F(G) is the concept of the unique individual satisfying G . 

Observed in Henkin [1963], p. 343. 
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The following result, which generalizes a similar result for tvpe the- 

ory  due to Church, shows that we need not add the formulas 

IL+D as axioms. 

Da , ia to 

LEMMA 6.1. For every type a 6 T , the formulas Da and are 

provable in IL+D . 

- Proof: We first use generalized completeness to show that the formula 

a . Let [Da .+ fia] 
el of IL such that M sat 

tional convenience only), we have 

is provable in IL for each M = (Ma, be a g-mod- 

Da . By a rewrite of bound variables (for nota- 

and therefore we have 

for some 

in question is modally closed. We now let 

F '  E M (at)a , No index i need be specified, since the formula 

where f is of type (s(at))(sa) , and therefore M sat . This proves 
the assertion. 

It therefore remains only t o  show that Da is provable in IL+D for 

every a . We use the generalized completeness of IL+D : Suppose M = 

( M a ,  m)acT 
on the type a . The case a z- e is immediate. For a = t we let 

is a g-model of IL+D ; we show that M sat Da by induction 

M 
1 M(tt)t ' F =  V ( X g t t [ g ~ X X  X t t  

and verify that 

M; F sat btt [ 3!xt [gxl -+ g[f(tt)t 91 1 I 

from which it follows that M sat Dt (Cf. Henkin [1963], p. 328) .  
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Now assume t h a t  M s a t  D p  ; we show t h a t  M sa t  Dap . Fi r s t ,  by a 

rewrite o f  bound v a r i a b l e s ,  

. Now l e t  A ( f ’ )  be  t h e  term C P t ) P  f o r  some F ’  C bl 

[ 3!h [gh l  + g [ f g l  1 , 
(ap 1 t aB 

M ;  F s a t  Vg 

where f i s  of t ype  ( ( a p ) t ) ( a p )  , and hence t h a t  M sat Dap (Cf. Church 

[1940], p.  62 ) .  

F i n a l l y ,  assume t h a t  M s a t  Da ; we show t h a t  M sat  DSa . By a r e -  

w r i t e  o f  bound v a r i a b l e s ,  we have 

M s a t  3 f ’  (a t )a  VgLt I 3!Xa [ s ’ x l  + g”f’g’1 I , 

and hence 

M ;  F’  sat  V g L t  [ 3 ! x a  [g’x] --* g’[f’g’] ] 

Let A ( f ’ )  be t h e  term ( a t ) a  . f o r  some F ’  C M 

Xg(sa) t  ^ [  X Y a  3hsa [ gh * Y f ’h 1 1 

o f  type  ( ( s a )  t )  ( s a )  , and l e t  

M 
( ( s a )  t )  ( s a )  ‘ 

F = V,,(A(f’)) C M 

One v e r i f i e s  e a s i l y  t h a t  

[ 3 ! h s a  [gh l  + s [ f g l  I > ( s a )  t 
M ;  F sa t  Vg 
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where f i s  o f  t ype  ( ( s a ) t ) ( s a )  , so t h a t  b1 sat DSa . This  proves  
Lemma 6 .1 .  

Modal T-Logic wi th  Replacement. In  o r d e r  t o  c h a r a c t e r i z e  t h e  g e n c r a l  
models o f  IL+D i t  i s  necessa ry  t o  add t o  t h e  theo ry  h1L c e r t a i n  n a t u r a l  
p r i n c i p l e s  o f  comprehension f o r  f u n c t i o n s ,  which we c a l l  rep lacement  p r i n -  
c i p l e s  s i n c e  they  b e a r  a formal resemblance t o  t h e  replacement schema o f  
ax iomat ic  s e t  t heo ry .  The schemata i n  q u e s t i o n  a r c  t h e  fo l lowing :  

R a ’ P ’ A :  Vxa 3 !y  A + 3 f  

T 

Vxa Vy [ y = f x  -+ A ] , where f i s  t h e  P aP P 
f i r s t  v a r i a b l e  of t y p e  a@ n o t  occur r ing  f r e e  i n  t h e  formula A , 

: 0 3!xa  A -+ 3f 0 Vxa  [ x 5 ‘f -+ A ] , where f i s  t h e  f i r s t  
sa 

v a r i a b l e  of t ype  sa n o t  occur r ing  free i n  t h e  formula A . 

We denote  by FILT+R 

o f  t h e  replacement schemata as new axioms, i . e . ,  by adding  a l l  formulas  
Ra’P’A and i a I A  where A i s  any formula of MLT. A gene ra l  model (g-mod- 
e l )  o f  MLT+R i s  a g-model o f  MLT i n  which a l l  i n s t a n c e s  o f  t h e  r e p l a c e -  

mcnt schemata a r e  t r u e ,  i . e . ,  s a t i s f i e d  by every  index  and ass ignment .  A s  

e a r l i e r ,  it fo l lows  from Theorem 5 . 1  t h a t  g e n e r a l i z e d  completeness ex tends  
t o  t h e  p r e s e n t  l o g i c ,  so  t h a t ,  i n  p a r t i c u l a r ,  a formula A o f  ML i s  prov- 
a b l e  i n  blLT+R 

every  g-model o f  LILT+R . 

t h e  theo ry  ob ta ined  from bfLT by adding a l l  i n s t a n c e s  

T 
i f  and on ly  i f  i t  i s  g - v a l i d  i n  blLT+R , i . e . ,  t r u e  i n  

LEMMA 6 .2 .1 .  For a l l  t ypes  a , P E T and every  formula A o f  IL, 

t h e  formulas R a J P P A  and ia’A a r e  p rovab le  i n  I L + D  . 

- Proof :  We use  g e n e r a l i z e d  completeness.  Let M = ( M a ,  m)acT b e  a 
g-model o f  IL+D , and l e t  i < I , a E As(M) . We show t h a t  M, i ,  a s a t  
R a J P j A  . Assume t h a t  M, i ,  a sat  Vxa 3 !y  A . Then for eve ry  X C Ma 

t h e r e  e x i s t s  a unique  Y C M f o r  which M; i; a , X , Y  sat A , where 
a , X , Y  a b b r e v i a t e s  t h e  assignment a(x/X)(y/Y) . By Lemma 6 .1 ,  M s a t  D P ,  

and t h e r e f o r e  

P 
P 

, where we can assume t h a t  t h e  v a r i a b l e  f ’  i s  d i s -  
(P t IP  

f o r  some F ’  C M 

t i n c t  from xa and does n o t  occur  f r e e  i n  A . L e t t i n g  
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aP ' ( Axa [ f '  Xy A ] ) C h1 
M F = V .  i ; a , F '  P 

one e a s i l y  v e r i f i e s  t h a t  

M ;  i ;  a ,F  sat  Vx, Vy [ y P f x  + A ] , 
P 

where f i s  t h e  f i r s t  v a r i a b l e  o f  t ype  ap n o t  occur r ing  f r e e  i n  A , and 

t h e r e f o r e  

M ,  i ,  a s a t  3 f  Vx Vy [ y z f x  + A ] , 

s o  t h a t  M ,  i ,  a s a t  R a J P ' *  . 

We show t h a t  M, a s a t  R a J A  : Assume t h a t  M ,  a sa t  0 3!xa  A , so 
t h a t  f o r  every  i C I t h e r e  e x i s t s  a un ique  X C Ma such t h a t  M ;  i ;  a,X 

s a t  A . By Lemma 6 .1 ,  M sat  , and t h e r e f o r e  

M; F '  s a t  Vgs(at) [ 3!xa  "9x1 + 0 "s"f'gl1 1 

, where f '  i s  a v a r i a b l e  o f  t ype  ( s ( a t ) )  (sa) 
( s  ( a t )  1 (sa) 

f o r  some F '  C M 

no t  occur r ing  f r e e  i n  t h e  formula A . L e t t i n g  

M 
a , F '  F = V ( f '  ^Axa A ) C Msa , 

it  i s  s t r a i g h t f o r w a r d  t o  check t h a t  

M ;  a ,F  sat  0 Vxa [ x = 'f -+ A ] , 

where f i s  t h e  f i r s t  v a r i a b l e  of t ype  sa n o t  occur r ing  f r e e  i n  A . 
There fo re  

M , a  s a t  3 f O V x [ x E ' f  + A ] ,  

which completes t h e  proof  o f  Lemma 6 .2 .1 .  

The seman t i ca l  argument g iven  h e r e  can, o f  cour se ,  be  e f f e c t i v e l y  re- 

p l aced  by a d i r e c t  s y n t a c t i c a l  p roof  i n  t h e  theo ry  I L + D  , f o r  any g iven  

a , p , and A . The lemma shows t h a t ,  i n  p a r t i c u l a r ,  a l l  i n s t a n c e s  

and ia'A w i l l  b e  provable  i n  IL+D when A i s  a formula of t h e  sub lan -  

guage MLT o f  IL, so  by t h e  g e n e r a l i z e d  completeness o f  

R a J p J A  

IL+D we o b t a i n :  

COROLLARY 6 . 2 . 2 .  Every g-model of IL+D i s  a g-model o f  MLT+R . 
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Before proving  t h e  converse  t o  C o r o l l a r y  6 . 2 . 2 ,  which i s  inc luded  i n  
Theorem 6 .2 ,  we need an ana logue  o f  Lemma 6 .2 .1 .  We f i r s t  observe  t h a t  t h e  
d e s c r i p t i o n  p r i n c i p l e s  Da , ia are a l l  formulas o f  M L  T' 

LEMMA 6 .2 .3 .  For every  t y p e  a C T , t h e  formulas Da and Ga a r e  
p rovab le  i n  MLT+R . 

Proof :  Let M = (Ma, b e  a g-model of MLT+R ; we f i r s t  show 

t h a t  M sat  Da . Let A(gat,xa,xk) 

[ 3!Xa [gx] A gX ] V [ 

be t h e  formula 

3 ! X  [gx] A X r; X' ] 

o f  MLT. Choosing X I  C Ma a r b i t r a r i l y ,  we s e e  t h a t  

M;  X '  s a t  Vgat 3!xa A(g,x,x') . 

Using replacement and r e w r i t e  of bound v a r i a b l e s ,  i t  fo l lows  t h a t  

M ;  F,X' s a t  Vgat Vxa [ x : fg  + A(g,x,x') ] 

does  n o t  occur  f ree  i n  ( a t l a  f o r  some F C M , where t h e  v a r i a b l e  f 
A(g,x,x') . But then  c l e a r l y  

( a t l a  

M ;  F s a t  Vg a t  [ 3!xa  [gxl + g [ f ( a t ) a  91 1 > 

and hence M s a t  Da . To see t h a t  M s a t  
be  t h e  formula 

, l e t  A(gs(at) ,hsa,hga) 

[ 0 3!xa ["gx] A 0 ['g'h] ] v [ N 0 3!x, ['gx] A h P h '  ] 

of  MLT. Let 
lowing cond i t ion :  

H I  6 Msa be  a r b i t r a r y ,  and suppose t h a t  we can show t h e  f o l -  

(*)  M; H I  s a t  Vg 3 ! h  A(g,h,h') . 

Then by replacement and rewrite o f  bound v a r i a b l e s ,  

M; H I  s a t  3f Vg Vh [ h 7 f g  -f A(g,h,h') ] , 

where f i s  a v a r i a b l e  o f  t ype  ( s ( a t ) ) ( s a )  no t  occu r r ing  f r e e  i n  t h e  
formula A(g,h,h ')  . We t h e r e f o r e  have 

M ;  F , H '  s a t  Vg Vh [ h 5 fg  + A(g,h,h')  ] 
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; bu t  from t h i s  i t  i s  s t r a i g h t f o r w a r d  t o  check 
( s  ( a t )  1 ( s a )  

f o r  some F E M 

t h a t  

[ 0 3!x, "9x3 + 0 [ 'g ' [ fgl l  1 > 
s ( a t )  

M ;  F s a t  Vg 

where f i s  of t ype  ( s ( a t ) ) ( s a )  , and hence  t h a t  M s a t  b' . So it  re- 
mains on ly  t o  prove  c o n d i t i o n  ( * ) .  Assume t h a t  G t M 

M ;  G , H '  s a t  3!h A ( g , h , h ' )  . F i r s t ,  i n  t h e  c a s e  M; G s a t  0 3 ! x a  ['gx] , 
we have by rep lacement  

; w e  show t h a t  
( a t )  

M ;  G s a t  3hsa 0 tlx [ x 5 'h -+ 'gx ] , 

from which it  e a s i l y  fo l lows  t h a t  M ;  G , H '  sat  3 ! h  A ( g , h , h ' )  . On t h e  

o t h e r  hand, t h i s  conc lus ion  i s  immediate when M ;  G s a t  -0 3 ! x a  ['gx] 

Th i s  completes t h e  proof  o f  Lemma 6 .2 .3 .  

We can now s t a t e  t h e  main r e s u l t  o f  t h i s  s e c t i o n :  

THEOREM 6 . 2 .  The l o g i c s  I L + D  and MLT+R have e x a c t l y  t h e  same gen- 

e r a l  models. 

P roof :  In  view of C o r o l l a r y  6 . 2 . 2  and Lemma 6 . 2 . 3 ,  i t  s u f f i c e s  t o  ___ 
prove  t h e  fo l lowing :  Given any g-model M = (Mu, m)acT of MLT+R , t h e r e  

e x i s t s  i n  M a v a l u e  f u n c t i o n  VM s a t i s f y i n g  t h e  r e c u r s i v e  c o n d i t i o n s  (1) 

through ( 7 )  on page 13. 

We f i r s t  d e f i n e ,  f o r  each term Au o f  I L  and each v a r i a b l e  xa n o t  

occur r ing  f r e e  i n  A , a formula 

A Eq (x)  ( x equa l s  A ) 

of  MLT, whose f r e e  v a r i a b l e s  a r e  

Aa . The d e f i n i t i o n  i s  by r e c u r s i o n  on 

( i )  Aa i s  v 

( i i )  Aa i s  c a , xu a r b i t r a r y .  Then Eq (x) i s  [ c  E x] . 

( i i i )  Aa i s  [BPuCP] , y, no t  f r e e  i n  Aa . Let f 

x t o g e t h e r  w i th  t h e  f ree  v a r i a b l e s  of 

An : 

A 
x d i s t i n c t  from vu . Then Eq (x) i s  [v = x ]  . 

a '  a 
A 

b e  t h e  f i r s t  

y 
Pa ' xP 

v a r i a b l e s  o f  t h e i r  r e s p e c t i v e  types  which a r e  d i s t i n c t  from 

n o t  free i n  A , and l e t  Eq (y) be  t h e  formula 

and 
A 
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B C 3 f  3x  [ Eq ( f )  A Eq (x )  A y 5 f x  ] . 

Aa i s  Xx B fa n o t  f r e e  i n  Aa . Let y be  t h e  f i r s t  v a r i -  
a b l e  o f  t ype  y which i s  d i s t i n c t  from x and does no t  occur  f r e e  

A i n  B , and le t  Eq ( f )  be  t h e  formula 

P Y ’  Y 

B 
vx 3 y  [ Eq (y) A f x  f y ] . 

b e  t h e  
P ’ zP 

Aa i s  [B - = C , xa n o t  f r e e  i n  Aa . Let y 
f i r s t  d i s t i n c t  v a r i a b l e s  of t ype  P which a r e  d i s t i n c t  from x and 
do n o t  occur f r e e  i n  A , and l e t  Eq (x) be t h e  formula A 

B C 3 y 3 z [ E q ( y ) A E q ( z ) A [ ~ - y a z ] ] .  

Aa . Let x b e  t h e  f i r s t  v a r i a b l e  
A 

P 
Aa i s  ^B f a  n o t  f r e e  i n  

o f  t ype  P which does n o t  occur  f r e e  i n  B ; and l e t  Eq ( f )  be  
t h e  formula 

P ’  

B n 3 x  [ Eq (x )  A x P ‘f ] , 

( v i i )  Aa is  -Bsa  , xa n o t  f r e e  i n  Aa . Let f sa  b e  t h e  f i r s t  v a r i -  
A a b l e  o f  t ype  sa which is no t  f r e e  i n  B , and l e t  Eq (x)  b e  t h e  

formula 

B 3 f  [ Eq ( f )  A x G ‘f ] . 

LEMMA 6.2.4. For every  term Aa o f  IL and every  v a r i a b l e  xa n o t  
A occu r r ing  f r e e  i n  A , t h e  formula 3!xa  Eq (x)  i s  p rovab le  i n  MLT+R . 

The proof  i s  s t r a i g h t f o r w a r d ,  u s ing  g e n e r a l i z e d  completeness and induc-  

Aa * 
t i o n  on t h e  term 

Now suppose t h a t  M = (Ma,  m)aET i s  a g-model of MLT+R . We d e f i n e  a 

va lue  func t ion  VM i n  M as fo l lows :  Given a term Aa , an  index  i and 
M an assignment a over  M , we l e t  V. (A,) b e  t h e  unique  X € Ma such  

t h a t  M ;  i ;  a,X sat  E q  (x) , where x i s  t h e  f i r s t  v a r i a b l e  o f  t y p e  a 
n o t  occur r ing  f r e e  i n  A . I t  is r o u t i n e  t o  v e r i f y  t h a t  
func t ion  i n  M , i . e . ,  s a t i s f i e s  t h e  r e c u r s i v e  c l a u s e s  (1) through ( 7 )  of  
page 13. We omit t h e  d e t a i l s .  

i , a  
A 

VM i s  a va lue  
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I n t e n s i o n a l  Logic wi th  t h e  Axiom of Choice.  We can s t r e n g t h e n  t h e  de- 

s c r i p t i o n  p r i n c i p l e s  Da , 6" of  IL+D by r e p l a c i n g  t h e  q u a n t i f i e r  3 !  

i n  t h e i r  an teceden t s  by t h e  weaker e x i s t e n t i a l  q u a n t i f i e r  3 , o b t a i n i n g  

the reby  t h e  fo l lowing  axioms o f  cho ice :  

These p r i n c i p l e s  a r e  v a l i d  i n  IL, and i f  we add them t o  IL as new axioms 

we o b t a i n  a t heo ry  which we deno te  by IL+Ac . In  f a c t ,  it s u f f i c e s  t o  add 

on ly  t h e  formulas Aca  , s i n c e  t h e  i n t e n s i o n a l  axioms i c U  can be  shown t o  

fo l low i n  IL, a s  i n  t h e  proof o f  Lemma 6 . 1 ;  however, i t  does no t  s u f f i c e  

he re  t o  add t h e  formula Ace a l o n e .  By a g e n e r a l  model (g-model) o f  IL+Ac 

we unders tand  a g-model o f  IL i n  which t h e s e  axioms o f  cho ice  a r e  a l l  t r u e .  

A s  b e f o r e ,  g e n e r a l i z e d  completeness ex tends  t o  t h i s  l o g i c ,  and c l e a r l y  t h e  
d e s c r i p t i o n  p r i n c i p l e s  Da , 6' a l l  ho ld  i n  IL+Ac . 

Modal T-Logic wi th  Replacement and Choice.  In a similar way w e  can  

s t r e n g t h e n  our  ear l ier  replacement p r i n c i p l e s  R a ' P ' A  and t o  g i v e  

t h e  fo l lowing  p r i n c i p l e s  o f  replacement and cho icc :  

RcaSPrA : fixa 3 y  A + 3f 

i c a S A  

Vx fiy [ y s f x  --* A 3 , P UP 

: 0 3xa A + 3fsa  0 fixa [ x z 'f --f A ] , 

where i n  each c a s e  

n o t  occur  f r e e  i n  t h e  formula A . The t h e o r y  MLT+Rc comes from MLT by 

adding a l l  i n s t a n c e s  o f  t h e s e  schemata i n  MLT t o  t h e  axioms o f  MLT, and a 

g e n e r a l  model (g-model) o f  ML +Rc i s  de f ined  i n  t h e  obvious way. By i n -  

s p e c t i n g  t h e  p r o o f s  of Lemmas 6 . 2 . 1 ,  6 . 2 . 3  and Theorem 6 . 2  one can prove:  

f is t h e  first v a r i a b l e  of i n d i c a t e d  type  which does  

T 

THEOREM 6 .3 .  The l o g i c s  IL+Ac and MLT+Rc have e x a c t l y  t h e  same 
g e n e r a l  models. 

$ 7 .  Normal Forms 

The i d e a s  o f  t h e  p rev ious  s e c t i o n  can b e  used t o  o b t a i n  v a r i o u s  normal 

forms f o r  formulas  o f  I L .  
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THEOREM 7.1. For every formula A of IL we can effectively find a 

formula A' of ML with the same constants and free variables, such that 

[A s A'] 
T 

is provable in IL. 

____ Proof: For a term Aa of IL and a variable xa not free in Aa , let 
A Eq (x) be the formula of ML defined in the proof of Theorem 6.2. One 

easily shows by induction on 
T 

Aa : 

LEMMA 7.1.1. If xa is not free in Aa then the formula 

A 
Eq (x) E [A h x] 

is provable in I L .  

Now suppose A is a formula of IL and let x be the first variable 

of type t which does not occur free in A . Then we can prove in IL the 
f ormu 1 a 

A s 3 x [  [ A s x ] h x ] ,  

so by Lemma 7.1.1 we can also prove 

A A B 3 x [ E q ( x ) A x ] ,  

and the right-hand side of this equality is the desired formula A' . 

COROLLARY 7.2. Let A be a formula of IL, and let A' be the corre- 

sponding formula of MLT, as above. Then: 

(i) 1- A in IL+D if and only if 1- A' in MLT+R , 

(ii) 1- A in IL+Ac if and only if 1- A' in MLT+Rc . 

Proof: By Theorems 6 . 2 ,  7.1 and generalized completeness. 

A formula A of ML is a prenex formula if it consists of a string of T 
quantifiers followed by a quantifier-free matrix; i.e., A has the form 

Q,x Q,x . . .  QnW1x M , where each Q, is V o r  3 , and the formula 
M contains no quantifiers. A is a Skolem formula if in addition no uni- 

versal quantifier precedes an existential quantifier in the prefix, S O  that 

A has the form 

is quantifier- free. 

0 1  n- 1 

3xo 3x1 ... 3xm-l Vxm ... Vxn-' M , where the formula M 



N O R M L  FORMS 55 

THEOREM 7 .3 .  For every  formula A o f  MLT we can e f f e c t i v e l y  f i n d  a 
Skolem formula A'' 

[A - A*] is p rovab le  i n  ML,+Rc . 
wi th  t h e  same c o n s t a n t s  and f r e e  v a r i a b l e s ,  such t h a t  

P roof :  Given a prenex formula B o f  MLT, we say  t h a t  B i s  a p renex  
form o f  A i f  [ A  - B] i s  p rovab le  i n  ML +Rc and A and B have t h e  
same c o n s t a n t s  and f r e e  v a r i a b l e s .  We obse rve  t h a t  t h e  u s u a l  p r i n c i p l e  o f  
i n t e rchange  o f  e q u i v a l e n t s  ho lds  f o r  t h e  l o g i c  

- 
T 

MLT+Rc . 

LEMMA 7 .3 .1 .  A l l  i n s t a n c e s  o f  t h e  schemata 

( i )  Vxa 3y A +-+ I f  Vx Vy [ y 1 f x  -. A ] , 

( i i )  0 3xa A c--f 3fsa  0 Vxa [ x 5 'f -+ A ] , 

( i i i )  Vxa A ++ Vxa 0 A 

P aP 

a r e  p rovab le  i n  MLT+Rc , where i n  ( i )  and ( i i )  f i s  a v a r i a b l e  which 
does n o t  occur  f r e e  i n  A . 

- Proof :  For ( i )  and ( i i )  we only  need t o  e s t a b l i s h  t h e  converses  o f  t h e  
p r i n c i p l e s  o f  rep lacement  and cho ice ;  bu t  t h e s e  a r e  immediate.  ( i i i )  i s  t h e  
s o - c a l l e d  Barcan formula ,  which i s  e a s i l y  proved us ing  g e n e r a l i z e d  com- 
p l e t e n e s s .  

LEMMA 7.3.2.  I f  A and B are prenex  formulas o f  MLT t h e n  f o r  each  
o f  t h e  formulas - A , (A A B] , [A --f B] , and [A v B] w e  can  e f f e c t i v e l y  

f i n d  a prenex  form. 

P roof :  A s  u s u a l .  

LEMMA 7 .3 .3 .  I f  A i s  a prenex  formula  o f  MLT t hen  we can e f f e c t i v e l y  
f i n d  a prenex  form o f  0 A . 

- Proof :  By i n d u c t i o n  on t h e  number o f  q u a n t i f i e r s  i n  t h e  p r e f i x  o f  A . 
0 n- 1 Suppose A i s  Qox . . .  QnW1x M . I f  n = 0 then  0 A i s  q u a n t i f i e r -  

f r e e  and hence i n  prenex form. Otherwise we can c l e a r l y  assume t h a t  t h e  
v a r i a b l e s  x , . . .  , x a r e  a l l  d i s t i n c t ,  and we have two c a s e s :  0 n- 1 

Q, i s  V . Then i n  ML +Rc we can prove  T Case 1. 

0 (1) O A  c--f O V x  B ,  
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0 (2 )  O A - V x O B ,  

by Lemma 7 . 3 . 1  ( i i i ) ,  where B i s  t h e  formula Q x . . .  Q n - l ~  bl . But 

B is a prenex formula wi th  fewer q u a n t i f i e r s  t han  A , so  by t h e  i n d u c t i o n  

hypothes is  0 B has a prenex  form C , and by ( 2 )  t h e  formula Vx C w i l l  

h e  t h e  d e s i r e d  prenex form f o r  0 A . 

1 n- 1 
1 

0 

Case 2 .  Qo i s  3 . Suppose xo i s  of t ype  a , and w r i t e  B f o r  t h e  

1 n- 1 formula Q x , .  . Q n - l ~  

bound v a r i a b l e s ,  we can prove i n  

(1) 0 A - 0 3xa B , 

( 2 )  O A  +-. I f  O V x  [ x  z ' f  -+ B ] ,  

M . By Lemma 7 .3 .1  ( i i ) ,  ( i i i )  and r e w r i t e  o f  1 
hlLT+Rc : 

0 

0 0  
sa 

0 ( 3 )  nA - 3 f v x  n xo = 'f + B 1 , 

where f is t h e  f i r s t  v a r i a h l e  of t y p e  sa which does  n o t  occur  f r e e  i n  

,x ) f o r  t h e  ma t r ix  M , we can choose new 0 1  B . Writ ing  M(x ,x  , . , .  
1 n- 1 v a r i a b l e s  y , . . .  , y , d i f f e r e n t  from xo and f , so  t h a t  i n  MLT+Rc 

we can prove  

n- 1 

0 
(4)  0 A +-. If Vx 0 [ xo s 'f -+ . 

1 n-1 0 1 
Q I Y  . .  . Q n - l ~  M(x , Y  , ... ,yn-') 1 , 

By t h e  induc t ion  hypo thes i s ,  t h e r e f o r e ,  we can f i n d  a prenex formula  C 

such t h a t  t h e  formula 

0 O A  - 3 f V x  C 

i s  provable  i n  MLT+Rc , and t h i s  g i v e s  t h e  d e s i r e d  prenex  form f o r  0 A . 

By Lemmas 7 .3 .2 ,  7 . 3 . 3  and a s t r a i g h t f o r w a r d  induc t ion  on A we have:  

LEMMA 7 . 3 . 4 .  For eve ry  formula A o f  MLT we can e f f e c t i v e l y  f i n d  a 

prenex form. 

To prove Theorem 7 . 3  it c l e a r l y  s u f f i c e s  t o  combine Lemma 7 . 3 . 4  wi th  t h e  

fo l lowing  r e s u l t :  
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LEMMA 7.3.5. Let A be a Skolem formula with n existential quanti- 

fiers in its prefix. Then we can effectively find a Skolem form of 

having at most n existential quantifiers in its prefix. 

Vxa A 

Proof: By induction on the number n . Suppose A is of the form - 
0 n- 1 3y . . .  3y R , where B is the formula V z o  . . .  Vzm-' M . Clearly we 

0 m- 1 can assume n > 0 and x , y , . . .  , z distinct, by dropping any vac- 

uous quantifiers. Using Lemma 7.3.1 (i) and rewrite of bound variables, we 

can prove in PILT+Rc the following formulas: 

(1) Vxa A ++ Vxa 3yp 3y . . .  3y R , 

( 2 )  

where f is the first variable of type ap not occurring free in B . 
Writing M(x,y , . . .  ,z  , . . .  ) for M , we can choose new variables u , 
. . .  , u , v , . . .  , v different from x , yo and f , so that in 

ML +Rc we can prove 

0 1  n- 1 

0 0  1 
Vxa A - 3f Vx Vy [ y I fx -+ 3y ... 3yn-l B ] , 

UP 

0 0 1 

n-1 0 m- 1 

T 

0 
Vx A ++ 3f Vx Vy C , 

where C is the formula 

0 0 1  0 3u . . .  3un-l vvo ... vvm-1 [ y = fx + M(x,y ,u ,..., v ,... 1 I 

Since C is a Skolem formula with n-1 existential quantifiers, two ap- 
plications of the induction hypothesis give a Skolem formula with at 

most n-1 existential quantifiers in its prefix, such that 

C' 

Vx A ++ 3f C' 

is provable in MLT+Ilc . Thus 3f C '  is the desired Skolem form of vx A . 

COROLLARY 7.4. For every formula A of IL we can effectively find a 

Skolem formula A* 

that [A = A':;] is provable in IL+Ac . 
of MLT with the same constants and free variables, such 

Proof: Theorems 6.3, 7.1 and 7 . 3 .  
__I_ 

REMARK: Dual to this existential Skolem form we have a universal Sko- 

lem form, in which no existential quantifier precedes a universal quanti- 

fier. The corresponding theorems follow from Theorem 1 . 3  and Corollary 7 . 4  
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by cons ide r ing  t h e  e x i s t e n t i a l  Skolem form of N A . I t  should  be  noted  

a l s o  t h a t  t h e  mat r ix  of a prenex  formula can be  pu t  i n  v a r i o u s  modal normal 

forms1 on t h e  b a s i s  o f  t h e  55  axioms of MLT. 

$8, Two-Sorted Type Theory 

As we observed i n  $ 2 ,  t h e  cap o p e r a t o r  A a c t s  a s  a f u n c t i o n a l  ab- 

s t r a c t o r  over  i n d i c e s ,  a l though t h e  grammar o f  IL l a c k s  v a r i a b l e s  ove r  i n -  

d i c e s  s i n c e  s a lone  i s  n o t  a type .  Th i s  omission i s  r easonab le ,  s i n c e  IL 

was in tended  as a formal l o g i c  wi th  i n t e n s i o n a l  f e a t u r e s  c l o s e  t o  t h o s e  o f  

n a t u r a l  language, and i n  n a t u r a l  language we do n o t  r e f e r  e x p l i c i t l y  t o  

con tex t s  of use; indeed ,  i f  we d i d  r e f e r  t o  them e x p l i c i t l y  t h e r e  would be 

l i t t l e  j u s t i f i c a t i o n  f o r  t h e  Carnap approach .  From a formal p o i n t  o f  view, 

however, i t  i s  n a t u r a l  t o  cons ide r  i n t e r p r e t i n g  IL i n  an e x t e n s i o n a l  theory  

of types  having two s o r t s  of i n d i v i d u a l s .  We c a l l  t h i s  l o g i c  Two-Sorted 

Type Theory, and denote  i t  by Ty2. 

Types. The s e t  T 2  o f  types  o f  Ty2 i s  t h e  s m a l l e s t  s e t  such t h a t :  

2 ’  (i)  e , t , s C T  

( i i )  a , p E T 2  imply (G,P) E T2 . 

T2 . Thus, t h e  s e t  T of t ypes  of IL i s  con ta ined  i n  t h e  s e t  

P r i m i t i v e  Symbols. For each a C T 2  , we admit v a r i a b l e s  

0 
’ 

and non-log 

0 
ca ’ 

c a l  c o n s t a n t s  

1 2  
ca I ca , . . .  

of  type  a , which we i d e n t i f y  wi th  t h e  cor responding  symbols of I L  when 

t h e  type  G belongs t o  T . We a l s o  have t h e  improper symbols E , X , [ 

and ] . As befo re ,  we deno te  t h e  f i r s t  n i n e  v a r i a b l e s  of t ype  a by: 

E.g. ,  t h e  modal con junc t ive  normal form desc r ibed  i n  Hughes and Cress -  
wel l  [1968], pp. 54-56. 
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xa , Y, f 2, 9 ua 9 va  7 wa 9 f a  I 9, J ha  . 

Terms. The sets Tm of terms of Ty2 of type a are characterized - 2 ,a 
recursively: 1 

(i) Variables and constants of type a belong to Tm2,a , 

(ii) A C Tm , B c Tm imply [AB] c Tm2,p , 

(iii) A 6 Tm implies Xx A C Tm 

(iv) A , B TmZ,, imply [A e B] C Tm . 

2,aP 2 ,a 

2 9 8  2,ap ’ 

2,t 

Generalized Semantics. Let D and I be non-empty sets. By a frame 
for Ty2 based on I) g& I we understand an indexed family ( E . f a ) a E T  

of sets, where 
2 

~ 

(i) M = D , 

(ii) E.1 = 2 = [O,l} , 

(iii) M = I , 

(iv) bl is a non-empty subset of L1 

The frame is standard if the inclusion in condition (iv) can be replaced 

by equality. A general model (g-model) of  Ty2 based on D and I is a 

system M = (M a ,  m)aCT satisfying: 

(i) (bfaIaCT is a frame for Ty2 based on D and I , 

(ii) m(ca) E Ma for each constant ca , 

(iii) There exists a function VM which assigns, to each .assignment a 

over PZ and each term Au , a value Va(Aa) C Ma , in such a way 
that the following conditions hold: 

t 

E.ffl 

P ’  aP 

2 

2 

M 

We employ freely in this section various of our notational conventions 
for the logic IL. 
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(3)  

(4) 

V a (A ap B a 1 = va(Aap)[Va(Ba)I , 

V (Axa A ) = the function F on Ma whose value at X C Ma P 
is equal to Val(Ap) , where a' = a(x/X) , 

(5) V (Aa : Ba) = 1 if Va(Aa) = Va(Ba) , and 0 otherwise. 

If the underlying frame is standard then condition (iii) is unnecessary, 

and M 

A of type t . The notions M, a sat A , 
Ty2, and C 

their standard semantical counterparts, e.g., the notion r I= A 
Also, we employ in Ty2 the definitions of the logical operators - , A , -t , v , V , 3 given in $2. 

is called a (standard) model of Ty2. As before, a formula is a term 

A in Ty2> bg A in g 
is g-satisfiable in Ty2, are defined in the usual way, as are 

in Ty2 .  

T , F , 

The Theory Ty2. 

Axioms of Ty2. 

A l .  gtt T A gtt F V X  [gx] , t 

A2. x a ~ Y a  + f X z f  y ,  
at at 

143. b'x [ f x = gapx 1 5 [ f  f sl , 
a aB 

AS4. (Xx, Ap(x)) Ba t Ap(Ba) , where A (B,) comes from Ap(xa) by 

replacing all free occurrences of x by the term B , and B is 

free for x in A(x) . 

B 

Rule of Inference. 

R. From Aa s A' and the formula B to infer the formula B '  , where 
B' comes from B by replacing one occurrence of A (not immedi- 

ately preceded by X ) by the term A' . 

We have generalized completeness for the two-sorted logic Ty2, as a trivial 

extension of Henkin's result for ordinary type theory. It i s  worth noting, 

in particular, that the schemata 

( i )  Vxa A(x) -+ A(Ba) , where the term B is free for x in the for- 

mula A(x) , 
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( i i )  B = C --t A ( B )  s A (C) , where B and C are free f o r  x i n  
a u  P i3 

t h e  term Ap(xU)  , 

a r e  provable  i n  Ty2 wi thout  f u r t h e r  r e s t r i c t i o n  (Cf. d i s c u s s i o n  a t  t h e  end 

o f  § Z ) .  

We denote  by Tyz+D t h e  theo ry  ob ta ined  from Ty2 by adding as new ax- 
ioms t h e  formulas 

De: 

D S :  

3f (e t )e  vget [ 3!x, [gxl + s [ f s l  1 9 

3f ( s t ) s  bst [ 3!xs  [gxl + g [ f g l  1 * 

A s  b e f o r e  we can prove: 

LEMMA 8 . 1 .  I n  Ty2+D t h e  formulas 

Da : 3 f ( u t ) a  bat [ 3!xu [gxl + s [ f s l  1 

a r e  provable  f o r  each type  a E T2 . 

I n t e r p r e t a b i l i t y  o f  I L  & Tyz. For each term Aa of I L  we d e f i n e  A:, 

t h e  t r a n s l a t e  of Aa i n  Ty,, as fo l lows :  
L 

;: ;*: 
(v) [A = B ]  = [A G B ] ,  

( v i )  [^A,]* = Axs A* , 

( v i i )  ["Asa]" = [ A " x s ]  . 
The f r e e  v a r i a b l e s  o f  A: 

i n  some c a s e s ,  w i th  t h e  s i n g l e  v a r i a b l e  x . The c o n s t a n t s  o f  A'' a r e  t h e  

c o n s t a n t s  cn  such  t h a t  cP occurs  i n  A . I f  i s  a set  o f  formulas  

o f  IL, we deno te  by r* t h e  set of formulas  A" for A € r . 

a a  

a r e  j u s t  t h e  f r e e  v a r i a b l e s  o f  Aa t o g e t h e r ,  

S P  
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* 
THEOREM 8.2. The translation of A into A preserves the standard 

semantics. Precisely, let r and C be sets of formulas of IL, A a for- 

mula of IL. Then 

(i) b A in IL if and only if I= A" in Ty 

(ii) r A in IL if and only if r* b A* in Ty 

(iii) 2 satisfiable in IL if and only if 2 satisfiable in Ty2. 

2' 

2 '  
-L 

Proof: (i) and (ii) follow from (iii), which in turn follows from the - 
following 

LEMMA 8.2.1. Let D and I be non-empty sets, and suppose that M = 
>L j, 

(Ma, m)acT , Mi' = (Ma, m )aCT2 are standard models of  IL and TyZ, respec- 

tively, based on D and I , so that Ma = M[; for a 6 T . Suppose also 
that m(c:) = m"(cn ) 

Aa of IL, every assignment a over M and index i 6 I : 

for each constant c: of IL. Then for every term 
sa 

where a* is the partial assignment a(x,/i) over M" . 

Proof: Straightforward induction on Aa - 
Less obvious than Theorem 8.2 is the fact that the translation of A 

into A* provides a relative interpretation, in a sense close to that of 

Tarski, Mostowski and Robinson [1953], of the theory IL+D in the theory 

Ty2+D . Precisely: 

THEOREM 8.3. Let r and Z be sets of formulas and let A be a for- 

mula of IL. Then: 

(i) I- A in IL+D implies 1- A'' in TY~+D , 

(ii) 

(iii) 2" consistent in Tyz+D implies C consistent in IL+D . 

r 1- A in IL+D implies r': 1- A': in T ~ ~ + D  , 

- Proof: Again (i) and (ii) follow from (iii). By generalized complete- 

ness it suffices to show: 
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LEMMA 8 . 3 . 1 ,  I f  Z'~ i s  g - s a t i s f i a b l e  i n  Ty2+D , t hen  Z i s  g - s a t i s -  

f i a b l e  i n  IL+D . 

Proof :  Let 

is s a t i s f i a b l e ,  

of I L  based on 

- M" = (M:, m")uFT2 b e  a g-model o f  Ty2+D i n  which 2:' 

a' m)aFT based on sets D and I , Define  a g-model M = (M 

D and I by l e t t i n g  bla = M i  fo r  a 6 T and p u t t i n g  

. For a E As(E.1) and i F I l e t  

where a' i s  t h e  p a r t i a l  assignment a ( x s / i )  . I t  i s  e a s i l y  checked t h a t  

VM i s  a va lue  f u n c t i o n  i n  M , and c l e a r l y  f o r  every  formula  A of I L  

(t) M ,  i ,  a sat  A i f  and only  i f  Mil', at s a t  A" . 

But Z" i s  s a t i s f i a b l e  i n  M' , and i n  f a c t  we can assume t h a t  Mili, a" 

s a t  7," f o r  some a' of t h e  form a ( x s / i )  , where a F As(M) 

But then  by ( t ) ,  M, i ,  a s a t  Z . I t  t h e r e f o r e  remains on ly  t o  show t h a t  

M i s  a g-model o f  I L + D  , i . e . ,  t h a t  M s a t  De . But it i s  c l e a r  t h a t  
[De]* i s  D e  , and Milr s a t  De s i n c e  Ma Ty2+D . By 

(t). t h e  proof  i s  t h e r e f o r e  complete.  

and i F I .  

i s  a g-model o f  

We conclude wi th  two remarks.  First ,  it is  p o s s i b l e  t o  i n t e r p r e t  t h e  

theo ry  Ty2+D i n  t h e  theo ry  I L + D  i n  a similar sense ,  u s i n g  n o t i o n s  t o  

be developed i n  t h e  next  chap te r ;  we s h a l l  r e t u r n  t o  t h i s  q u e s t i o n  b r i e f l y  

i n  $13. Second, each theo ry  i s  s t r o n g l y  i n t e r p r e t a b l e  i n  t h e  o t h e r ,  i n  t h e  

sense  t h a t  t h e  i m p l i c a t i o n s  i n  Theorem 8 . 3 ,  f o r  example, can  a c t u a l l y  b e  

s t r eng thened  t o  equ iva lence .  We omit t h e  ve ry  l eng thy  proof  of t h i s  f a c t ,  

a l t hough  t h e  gene ra l  i d e a  is  d i s c u s s e d  a t  t h e  end of $13. 
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CllAPTER 3 .  I-IIGHER-ORDER MODAL LOGIC 

$9 .  Modal P r e d i c a t e  Logic 

We now c o n s i d e r  another  a l t e r n a t i v e  fo rmula t ion  o f  IL, which we ca l l  

Modal P r e d i c a t e  Logic and deno te  by MLp. Like t h e  system MLT o f  $5, t h i s  

l o g i c  t a k e s  V and 0 a s  p r i m i t i v e s ;  u n l i k e  MLT, however, i t s  types  a r e  

r e s t r i c t e d  t o  i n c l u d e  only  t h o s e  f o r  i n d i v i d u a l s  and p r e d i c a t e s  a t  v a r i o u s  

l e v e l s .  Here p r e d i c a t e  i s  used i n  a p r e c i s e  sense  employed by Montague' t o  

mean r e l a t i o n - i n - i n t e n s i o n .  Thus,  an n -p lace  p r e d i c a t e  is t o  an n -p lace  

r e l a t i o n  what a p r o p e r t y  i s  t o  a s e t .  Such a r e s t r i c t i o n  o f  t h e  s e t  o f  

t ypes  seems n a t u r a l  t o  a fo rmula t ion  i n  which V and 0 a r e  p r i m i t i v e ,  

and i t  is  perhaps  not  s u r p r i s i n g  t h a t  s e v e r a l  a u t h o r s  have proceeded a long  

t h e s e  l i n e s  i n  g e n e r a l i z i n g  modal p r e d i c a t e  l o g i c  t o  v a r i o u s  h i g h e r  o r d e r s .  

Bayart  [1959] and C o c c h i a r e l l a  [1969] g i v e  g e n e r a l i z e d  completeness theo -  

rems f o r  systems o f  second-order  55; B a y a r t ' s  methods, however, do n o t  seem 
t o  g e n e r a l i z e  r e a d i l y  t o  h ighe r  o r d e r s .  Bressan [1964] has  a p p l i e d  h i g h e r -  

o r d e r  S5 t o  problems a r i s i n g  i n  t h e  founda t ions  o f  p h y s i c s ,  and i n  h i s  most 

r e c e n t  work [1972] he  deve lops  i n  d e t a i l  a l o g i c  similar t o  M L p ,  a l l owing  

un l imi t ed  p r e d i c a t e  t y p e s .  Montague [1970a] independent ly  employed a s e c -  

ond-order  modal l o g i c  i n  connec t ion  wi th  h i s  a n a l y s i s  of b e l i e f  c o n t e x t s ,  

mentioned i n  $1, and remarked t h a t  t h e  same c o n s t r u c t i o n  cou ld  b e  c a r r i e d  

t o  h i g h e r  (and even t r a n s f i n i t e )  o r d e r s .  The l o g i c  MLp i s  t h e r e f o r e  a n a t -  

u r a l  and u s e f u l  a l t e r n a t i v e  t o  IL; moreover, we s h a l l  see t h a t  MLp has  some 

d i s t i n c t  advantages  over  I L  when we come t o  c o n s i d e r  t h e  Boolean seman t i c s  

o f  Chapter  4 .  

Higher-Order P r e d i c a t e  Logic.  Before d e f i n i n g  t h e  syn tax  and seman t i c s  

o f  MLp, we cons ide r  a fo rmula t ion  o f  o r d i n a r y  (non-modal) h ighe r -o rde r  

p r e d i c a t e  l o g i c ,  which we denote  by L p .  Th i s  l o g i c ,  which i s  e s s e n t i a l l y  

t h e  v e r s i o n  p resen ted  i n  Orey [1959],  w i l l  b e  u s e f u l  i n  i t s  own r i g h t  i n  

Montague [1970a],  p .  71. 



68 HIGHER-ORDER MODAL LOGIC 

a l a t e r  s e c t i o n ,  and i t s  syn tax  and semant ics  w i l l  be  c l o s e l y  p a r a l l e l e d  

by those  o f  t h e  l o g i c  ML,,. 

P r e d i c a t e  Types. Let e ue any symbol which i s  n o t  a f i n i t e  sequence .  

The s e t  P o f  p r e d i c a t e  types  i s  t h e  s m a l l e s t  s e t  such t h a t :  

( i )  e C P , 

( i i )  a. , al , ... , un-l 6 P imply (no,u l,...,u ) E P , 

That i s ,  t h e  s e t  o f  p r e d i c a t e  types  c o n t a i n s  e and i s  c losed  under t h e  

format ion  of a r b i t r a r y  f i n i t e  sequences.  Objec ts  o f  t y p e  e w i l l  b e  i n d i -  

v i d u a l s ,  and o b j e c t s  of t ype  (uo,u ],..., u ) w i l l  b e  r e l a t i o n s  o f  n 

arguments,  o f  which t h e  f i r s t  i s  an o b j e c t  o f  t ype  

j e c t  o f  type  

n- 1 

n- 1 
uo , t h e  second an ob- 

al , e t c .  

P r i m i t i v e  Symbols. For each u C P we have a denumerable l i s t  of 

v a r i a b l e s  

and non- log ica l  cons t an t s '  

of t ype  u , t o g e t h e r  wi th  t h e  improper symbols 5 , - , + , V , [ , ] . 
We a l s o  deno te  t h e  v a r i a b l e s  of type  u , i n  t h e i r  p rope r  o rde r ,  by 

and w e  use  t h e  le t ters  ' X I ,  ' y ? ,  . . .  , I r I ,  w i th  o r  wi thou t  s u p e r s c r i p t s  

o r  primes,  t o  range  over formal v a r i a b l e s  of Lp .  A symbol s of t ype  u 

is a v a r i a b l e  o r  cons t an t  o f  t h a t  t ype .  
0 

Grammar. An atomic formula of Lp is an expres s ion  of one of t h e  forms 

s s o s l * . .  sn-l , 

where s i s  of t ype  u = (uO,ul,.. . , on - l )  and sk i s  a symbol of type  

We f i x  t h e  s e t  o f  c o n s t a n t s  he re  f o r  r e a s o n s  o f  convenience.  One could  
a l low an a r b i t r a r y  s e t  of c o n s t a n t s ,  n o t  n e c e s s a r i l y  denumerable. 
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uk f o r  k < n ; or 

[ s  5 s l ]  , 

69 

where s , s '  a r e  symbols of  t ype  
from t h e  atomic formulas by t h e  connec t ives  - , -+ 

Vxu , where x i s  an a r b i t r a r y  v a r i a b l e .  

e . The formulas  of L p  a r e  gene ra t ed  

and t h e  q u a n t i f i e r  

U 

I t  i s  impor tan t  t o  n o t e  t h a t  t h e  empty sequence d belongs  t o  P , so 

t h a t  a symbol sd s t and ing  a l o n e  is  an a tomic  formula .  

The s e n t e n t i a l  connec t ives  A , v , t+ and t h e  q u a n t i f i e r  3xo a r e  

def ined  a s  usua l .  For an a r b i t r a r y  p r e d i c a t e  type  u # e and symbols s , 
s' o f  type  u we use  [s s s ' ]  as an a b b r e v i a t i o n  f o r  t h e  formula 

0 1 n-1 0 1  vxo Vxl . . .  vx"-l [ s x x . . .  x +.+ s ' x  x . . .  2 - l  ] , 

where u = (oO,al,. . . , u ~ - ~ )  and xk i s  o f  t y p e  ak f o r  k c n . We u s e  
3 ! x  A a s  an  a b b r e v i a t i o n  f o r  t h e  formula 

U 

3xh Vxu [ A +--f x = x '  ] , 

where x '  i s  t h e  f irst  v a r i a b l e  o f  t ype  u d i f f e r e n t  from x and n o t  oc- 

c u r r i n g  f r e e  i n  t h e  formula A . 
u 

Genera l ized  Semant ics .  Given a set  X , we deno te  by P(X) t h e  power 

s e t ,  o r  s e t  o f  a l l  s u b s e t s ,  of X . Given s e t s  

x x . . .  x Xn-l  

quences ( a o , .  . . , an - l )  , where ak C Xk f o r  k < n . 

Xo , . . .  , Xn- l  , we l e t  
deno te  t h e i r  C a r t e s i a n  p roduc t ,  i . e . ,  t h e  s e t  of a l l  s e -  0 

Let D h e  a non-empty s e t .  By a frame f o r  Lp based on D we under- 

s t a n d  an indexed fami ly  (Mu)uCp o f  s e t s ,  where 

( i )  Me = D , 

( i i )  For  each t y p e  u = (uO, ... , u  n - l )  , M, i s  a non-empty s u b s e t  o f  
P(Mu x . . .  X Mu ) . 

0 n- 1 

The frame i s  s t anda rd  i f  t h e  i n c l u s i o n  i n  ( i i )  can be  r e p l a c e d  by e q u a l i t y .  

A g e n e r a l  model (g-model) o f  Lp based on 

such t h a t :  

D i s  a system M = (Mu, m)oEp 
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( i )  (Mo)uCp is  a frame f o r  Lp based on D , 

( i i )  The mapping m a s s i g n s  t o  each cons t an t  c,, an  element o f  Mu . 

b1 i s  a ( s t anda rd )  model o f  Lp i f  t h e  under ly ing  frame i s  s t a n d a r d .  We de- 
no te  by As@!) t h e  s e t  o f  a l l  ass ignments  over  t h e  g-model M , i . e . ,  a l l  
func t ions  a on t h e  set o f  v a r i a b l e s  such t h a t  a(x,) € Mu f o r  each v a r i -  
a b l e  xo . For an assignment a , we l e t  a be  t h e  ex tens ion  o f  a t o  t h e  
s e t  of a l l  c o n s t a n t s ,  de f ined  by t h e  r u l e  t h a t  a(c,) = m(c,) € Mu . We can 

d e f i n e  t h e  no t ion  

- 
- 

b!, a sat A 

hy r e c u r s i o n  on t h e  formula A of L p ,  as fo l lows :  

( i)  M ,  a s a t  s s . . .  s i f  and o n l y  i f  (afs ) ,..., a ( sn - ' ) )  C a ( s )  , 
- 0 n-1 . 0 

- 
( i i )  M ,  a sat  [ s  E s l ]  i f  and on ly  i f  a ( s )  = a(s') , where s and 

s '  a r e  symbols o f  t ype  e , 

( i i i )  Usual s a t i s f a c t i o n  c l a u s e s  f o r  - , + , Vxu . 

I t  i s  r e a d i l y  v e r i f i e d  t h a t  t h e  de f ined  e q u a l i t y  r e l a t i o n  f o r  

symbols o f  t y p e  r e p r e s e n t s  i d e n t i t y  i n  any g-model o f  Lp ,  i n  t h e  

sense  t h a t  M ,  a s a t  [s s l ]  i f  and on ly  i f  a ( s )  = a(s') . From t h i s  
it fo l lows  t h a t  M ,  a sa t  3!xu A i f  and only  i f  t h e r e  e x i s t s  a un ique  
X € Mu f o r  which M ;  a,X s a t  A . ( A s  i n  e a r l i e r  s e c t i o n s ,  a,X i s  h e r e  
an abbrev ia t ion  f o r  t h e  assignment a(x/X) .) We d e f i n e  as u s u a l  t h e  seman- 
t i c a l  n o t i o n s :  A i s  t r u e  i n  M , A i s  a g-semant ica l  consequence o f  r 
i n  L p ,  A is  g - v a l i d  i n  L p ,  e t c .  

[ s  5 s ' ]  

u # e 
- 

The Theory L p .  

Axioms o f  L p .  

AS1. A , where A i s  t au to logous  i n  - and + , 

AS2. Vxa [A + B] -+ [A + Vx B] , where x is  any v a r i a b l e  no t  occur r ing  
f r e e  i n  t h e  formula A , 

AS3.  Vxu A(x) + A(so) , where t h e  symbol s is free f o r  x i n  t h e  f o r -  
mula A(x) , 
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A 4 .  x z x 

ASS. s E s '  f [ A ( s )  + A ( s ' )  ] , where t h e  symbols s and s '  a r e  

e e '  

0 0  

f r e e  f o r  xo i n  t h e  formula A(xu) . 

Rules of In fe rence .  

R 1 .  From [A + B ]  and A t o  i n f e r  B , 

K2.  From A t o  i n f e r  Vxa A . 

I t  i s  well-known3 t h a t  g e n e r a l i z e d  completeness ho lds  f o r  t h e  l o g i c  L p ,  

a s  does  t h e  cor responding  r e s u l t  f o r  t h e  l o g i c  L p + C  , P r e d i c a t e  Logic wi th  

Comprehension, ob ta ined  by adding t o  t h e  axioms o f  Lp a l l  i n s t a n c e s ,  i n  t h e  

language of L p ,  o f  t h e  fo l lowing  schema: 

0 0 1  n- 1 
: 3fu V X  v X 1  . . .  VXn-' [ f X X ... X ++ A ] , 

where u = (oo ,u l , .  .. , u ~ - ~ )  , xk i s  o f  t y p e  uk f o r  k < n , and f u  i s  

t h e  f i r s t  v a r i a b l e  of t ype  o which i s  n o t  f ree  i n  t h e  formula A . 

Modal P r e d i c a t e  Logic. As i n d i c a t e d  e a r l i e r ,  t h e  syn tax  and seman t i c s  

o f  ML, c l o s e l y  p a r a l l e l  t h e  syn tax  and seman t i c s  o f  L p .  I n  f a c t ,  t h e  se t  P 

of  p r e d i c a t e  types  i s  t h e  same f o r  t h e  two l o g i c s ,  t h e  d i f f e r e n c e  l y i n g  i n  

t h e i r  in tended  i n t e r p r e t a t i o n .  In MLp, o b j e c t s  of t y p e  

w i l l  be  p r e d i c a t e s  ( r e l a t i o n s - i n - i n t e n s i o n )  o f  n arguments,  o f  which t h e  

f i r s t  i s  an o b j e c t  o f  t ype  

(oo,ol,. . . 

oo , t h e  second an o b j e c t  o f  t ype  u1 , e t c .  

Grammar. The v a r i a b l e s  and c o n s t a n t s  o f  MLP a r e  t h e  same as t h o s e  of 

L p .  The improper symbols o f  MLp a r e  those  of Lp t o g e t h e r  wi th  t h e  n e c e s s i t y  

o p e r a t o r  

g iven  e a r l i e r  by means o f  t h e  o p e r a t o r s  

t i a l  connec t ives  

o p e r a t o r  0 a r e  de f ined  as u s u a l .  We c a r r y  over  from L p  t h e  a b b r e v i a t i o n s  

[ s  z s ' ]  f o r  symbols o f  t ype  3!x, A (g iven  e a r l i e r ) .  In  M L p  

we a l s o  write 

. The formulas o f  MLP a r e  gene ra t ed  from t h e  atomic formulas  

- , + , Vxu and 0 . The s e n t e n -  
A , v , cf , t h e  q u a n t i f i e r  3xu , and t h e  p o s s i b i l i t y  

u f e , and 

[s = s ' ]  f o r  0 [s z s ' ]  , 

By t h e  method o f  Henkin [1950].  
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where s and s '  are symbols of arbitrary type cr , and 

]!!xu A for l x ;  'Vxo [ A - x = x' ] , 

where x &  is the first variable of type u different from x and not 

free in the formula A . 

Generalized Semantics. Let D and I he non-empty sets. A frame for 

blLp based on I )  I is an indexed family (L1u)ocp of sets, where 

( i )  

(ii 

bf = D ,  

For each type u = ( O ~ , . . . , U ~ - ~ )  , blo is a non-empty subset of 
I P(MD x . . . x Atu ) . 

0 n- 1 

The frame is standard if equality holds in (ii). A general model (g-model) 

- of F.ll.p based on D I is a system bl = (bin, m)ucp such that: 

(I) ( b l U ) u c p  is a frame for LILp based on D and I , 

(ii) The mapping m assigns to each constant co an element of Mu . 

I f  n = 0 we adopt the usual set-theoretic convention identifying the 

with the set containing only the empty Cartesian product 

sequence 6 . In any g-model M of FlL,, we therefore have 

xo x . . .  x Xn-l 

so that M is always a non-empty set of propositions. A (standard) model 

of ML is a g-modcl whose underlying frame is standard. An assignment is 

defined as before, and the notion 

4 

P - 

bl, i, a sat A , 

where i E I and a E As(b1)  , is defined by recursion on the formula A : 

(i) bf ,  i, a sat s s . .  . s if and only if (a(so) , . .  .,a(sn-')) is 0 n-1 

an element of Z(s)(i) , 

- 
(ii) bl, i, a sat [s I s ' ]  if and only if a ( s )  = a(s') , where s and 

s' are symbols of type e , 
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( i i i )  Usual s a t i s f a c t i o n  c l a u s e s  f o r  - , -+ , Vxu , 

( i v )  h!, i ,  a s a t  0 A i f  and on ly  i f  M, j ,  a s a t  A f o r  a l l  j C I . 

The de f ined  e q u a l i t y  r e l a t i o n  [so s sb] f o r  t ypes  u # e now r e p r e s e n t s  

con t ingen t  i d e n t i t y  o f  p r e d i c a t e s  i n  any g-model o f  MLp: We have 

s a t  [ s  z s;] i f  and on ly  i f  a ( s ) ( i )  = a ( s ' ) ( i )  . But fqr every  t y p e  u, 

M ,  i ,  a s a t  [sU e s;] i f  and on ly  i f  a ( s )  = a(s') . I t  i s  a l s o  e a s i l y  

checked t h a t  PI, i ,  a s a t  3 !x  A j u s t  i n  c a s e  ( i )  M;  i ;  a,X sat  A f o r  

some X C Mo , and ( i i )  t h e  c o n d i t i o n  M ;  i ;  a,X s a t  A de te rmines  X( i )  

un ique ly .  On t h e  o t h e r  hand, bl ,  i ,  a sat  3!!x A j u s t  i n  c a s e  t h e r e  

e x i s t s  a un ique  X C Mu f o r  which M;  i ;  a,X s a t  A . 

M ,  i ,  a 
- 

- 

a 

U 

A s  i n  $ 2  and 53 we i n t r o d u c e  t h e  n o t i o n s  A i s  t r u e  i n  M , r I= A 

i s  g - s a t i s f i a b l e  i n  MLp. We a l s o  have t h e  
g 

i n  MLP, hg A i n  PILp, and Z 

corresponding  s t a n d a r d  seman t i ca l  n o t i o n s  r I= A i n  MLp, )= A i n  M L p ,  and 

Z 

s m a l l e s t  s e t  con ta in ing  a l l  a tomic  formulas of t h e  form [ s e  B s,'] , a l l  
formulas o f  t h e  form 0 A , and c losed  under  t h e  connec t ives  - , -+ and 

t h e  q u a n t i f i e r  VxU . For  such a formula A we write M ,  a s a t  A , a s  

e a r l i e r ,  s i n c e  t h e  index  i i s  i r r e l e v a n t .  

i s  s a t i s f i a b l e  i n  MLp. The set  o f  modally c losed  formulas  o f  MLp i s  t h e  

The Theory MLp. 

Axioms o f  MLp. 

AS1. 

AS2. 

AS3. 

A4. 

AS. 

AS6. 

6 7 .  

A , where A i s  t au to logous  i n  N and -+ , 

VxU [A -+ B] -+ [A -+ Vx B] , where x i s  any v a r i a b l e  n o t  o c c u r r i n g  

f r e e  i n  t h e  formula A , 

Vxu A(x) -+ A(su) , where t h e  symbol s i s  f r e e  f o r  x i n  t h e  f o r -  

mula A(x) , 

x E X  e e '  
x -  = Y e  + x e =  Y e  , 

s E 5; -+ [ A(s) -+ A ( s ' )  ] , where t h e  symbols s and s '  are 

f r e e  f o r  x i n  t h e  formula A(x,) , 

O A - + A ,  

U 

U 
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Rules o f  In fe rence .  

R 1 .  From [A --t B] and A t o  i n f e r  B , 

K 2 .  From A t o  i n f e r  Vxn A , 

R3. From A t o  i n f e r  D A . 

We write 1- A 

r 1-A 

i n  blLp, i f  the  formula A i s  p rovab le  i n  t h i s  t h e o r y ,  and 

i n  NLp,  i f  t h e  formula 

Bn- 1 + A  B O + .  R + .  . . .  - + .  1 

i s  provable  i n  MLP fo r  some formulas B 0 1  , B , . . .  , nn- 1 

of formulas i s  c o n s i s t e n t  i n  ML i f  some formula i s  n o t  d e r i v a b l e  from C 

i n  MLP. The soundness of t h e  theo ry  hlL 

t i c s  f o r  ML 

i n  r . A s e t  Z 

P 
r e l a t i v e  t o  t h e  gene ra l i zed  seman- 

i s  e a s i l y  e s t a b l i s h e d  us ing  t h e  fo l lowing  s t r a i g h t f o r w a r d  s e -  
P 

P 
mant ica l  lemma: 

LEMMA 9 . 1 . 1 .  Let M b e  a g-model of MLp, and suppose t h e  symbol so 

i s  f r e e  f o r  t h e  v a r i a b l e  x i n  t h e  formula A(x)  . Then f o r  every  index  

i and assignment a , 
0 

M, i ,  a s a t  A ( s )  i f  and only  i f  M; i ;  a,X s a t  A(x)  , 

- 
where X = a (s )  . 

THEOKEM 9 . 1  (Genera l ized  Completeness Theorem f o r  MLp) 

( i )  16 A i n  ML i f  and on ly  i f  A i n  FILp,  

( i i )  r A i n  blL i f  and only  i f  r I- A i n  blL 

( i i i )  Z is c o n s i s t e n t  i n  blLp i f  and on ly  i f  Z i s  g - s a t i s f i a b l e  i n  blLp. 

1Ve ske tch  b r i e f l y  t h e  p roof ,  which i s  cons ide rab ly  s implc r  t han  t h e  

P 

P'  g P 

proof  of Theorem 3 . 3 .  As e a r l i e r ,  i t  s u f f i c e s  t o  prove  t h e  i m p l i c a t i o n  from 

l e f t  t o  r i g h t  i n  p a r t  ( i i i ) ,  and aga in  we can assume t h a t  t h e  c o n s i s t e n t  

s e t  Z omits i n f i n i t e l y  many v a r i a b l e s  of each type  cr . Lemma 3 .2  c a r r i e s  

over  t o  t h e  theo ry  blL ( s ee  comment on pp. 29-30),  so  t h e r e  i s  a sequence P 
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- - 

Z = ( Z i  ) iLu  
( i v )  o f  Lemma 3 . 2  ( s ee  page 25) and hence a l s o  p r o p e r t i e s  (v) and ( v i )  o f  

Remark 3 . 2 . 9  (page 29) .  Civen symbols s , s '  of  type  IJ , t h e  r e l a t i o n  

o f  s e t s  o f  formulas o f  blLp having p r o p e r t i e s  ( i )  th rough 

- 
s h s '  i f  and only  i f  [ s  e s ' ]  C Z. 

1 '  

which i s  independent o f  1 F 11 , i s  e a s i l y  shown t o  be  an equ iva lence  r e -  

l a t i o n  on t h e  s e t  Sym, of  symbols o f  t ype  u . Moreover, f o r  each symbol 

s we have s . x f o r  i n f i n i t e l y  many v a r i a b l e s  x . By r e c u r s i o n  on 

t h e  type  G w e  d e f i n e  a s e t  Mu and a mapping p, from Sym,, i n t o  Mo 

such t h a t :  

0 u is 

(1) p,, is o n t o  blu , 

(2)  pLa(sLa) = ~ ( ~ ( s ; )  i f  and on ly  i f  scT 2' s '  . 

We f i r s t  l e t  bl = D = Sym /.- and d e f i n e  p ( S  ) t o  be  se/-  . Next, we 

0 

e e  
assume t h a t  I!, and pcT have been de f ined  f o r  k < n ; we d e f i n e  a map- 

k k 

ping  p, from Sym i n t o  P(M, x . . . x bf, where u = (oo,.. . , u ~ - ~ )  

by p u t t i n g  t h e  sequence 
0 n- 1 0 

f F, ( s ; - l  1 1 0 
( Pu (s,, 1 > * . .  

0 0  n-1 n-1  
- 0 n-1 i n t o  IL ( s  )(i) j u s t  i n  case t h e  formula s s ... s be longs  t o  Z .  . 

This  i s  we l l -de f ined ,  by AS6, and i f  we l e t  Mo be t h e  r ange  of t h e n  
0 0  

c o n d i t i o n s  (1) and ( 2 )  ho ld .  We d e f i n e  a g-model M = (M u> m)ucp of MLp 

based 011 D and I = CI) by l e t t i n g  m(cU) = ku(c,) f o r  each  cons t an t  cu .  

I t  i s  r e a d i l y  v e r i f i e d  by induc t ion  on t h e  l eng th  o f  t h e  formula A t h a t  

M ,  i ,  p sa t  A i f  and on ly  i f  A 6 Zi , 

- 
f o r  every  i C I , us ing  Lemma 9 . 1 . 1  and p r o p e r t y  (v) o f  Z a t  t h e  q u a n t i -  

f i e r  s t e p .  From t h i s  we conclude t h a t  M ,  i ,  a s a t  Z when i = 0 and 

a = p , and t h e  p roof  i s  complete.  

P e r s i s t e n c e  i n  MLp. The no t ion  o f  p e r s i s t e n c e ,  d i scussed  i n  54,  a l s o  
i s  a c a r r i e s  over  t o  M L p  i n  a much s imple r  form. Suppose 

g-model o f  MLp based on D and I , and l e t  (blA)otP  be  t h e  s t anda rd  

frame f o r  bfLp based on D and I . I t  i s  e a s i l y  seen  t h a t  Ma 5 MA f o r  
eve ry  

M = (Mo, m),tp 

o C P , so t h a t  t h e  system M' = (MA, m)uFp i s  a s t a n d a r d  model of 
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MLP and As(b1) 5 As(M') . A formula A of ML is called M-persistent if P 

M ,  i ,  a sat A if and only if M ' ,  i, a sat A 

for every i E I and a E As()!) , and persistent if it is M-persistent for 
every g-model 

persistent formula is itsclf persistent, and as earlier we can prove: 
M of MLP. Any formula which is provably equivalent to a 

TIEOREM 9.2. Let Per be the set of all persistent formulas of MLp. 

Then: 

(i) All atomic formulas belong to Per , 

(ii) A , B C Per imply - A , [A + B] E Per , 

(iii) A E Per implies 0 A E Per , 

(iv) A E Per  implies Vxe A C Per , 

( v )  Suppose A E Per and F(xo) is an atomic formula of the form 

0 n- 1 s s . . .  x . . .  s in which the variable x occurs non-initially. 

Then the formulas WxD [ F ( x )  + A] and 3xa [ F ( x )  A A] belong to 

Per . 

U 

From generalized completeness (Theorem 9.1) and the definition of persis- 

tence, we obtain 

THE0RI:IIf 9.3. Let r and 2 be sets of persistent formulas, A a 

persistent formula of blLp. Then: 

(i) I= A in M L ~  if and only if I- A in M L ~ ,  

(ii) r I= A in MLp if and only if I? 1- A in blLp, 

(iii) Z is consistent in ML if and only if Z is satisfiable in MLP, 

(iv) 2 is satisfiable in blLP if and only if every finite subset Z' of 

P 

Z is satisfiable in MLP. 

Modal Predicate Logic with Comprehension. Among the various axiomatic 

extensions of blL it is most natural to consider the deductive theory we 

denote by MLP+C , obtained by adding to the axioms of MLP all instances 

of the following comprehension schema: 

P 
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0 1  n- 1 C O ' ~  : I f o  n vxO v X 1  . .  . v X n - l  [ f x x . . .  x - A ] ,  

where xk i s  of t ype  uk f o r  k < n , and f 

t h e  f i r s t  v a r i a b l e  o f  t ype  o which i s  no t  f r e e  i n  t h e  formula A .4 This  

schema expres ses  t h e  p r i n c i p l e ,  v a l i d  i n  b l L p ,  t h a t  every  formula wi th  f r e e  

v a r i a b l e s  de te rmines  a p r e d i c a t e ,  i . e . ,  a r e l a t i o n - i n - i n t e n s i o n .  A g-model 

of blL i n  which a l l  i n s t a n c e s  a r e  t r u e  ( i . e . ,  s a t i s f i e d  by eve ry  i n -  

dex and assignment) i s  c a l l e d  a g e n e r a l  model (g-model) o f  ML + C  . I t  i s  P 
ev iden t  t h a t  g e n e r a l i z e d  completeness c a r r i e s  over  t o  t h e  l o g i c  

u = ( o O , u l , .  . . , u ~ - ~ )  , i s  
0 

P 

blLP+C . 

Extens iona l  Comprehension. I t  i s  r easonab le  t o  ask whether t h e  o r d i -  

na ry  comprehension p r i n c i p l e ,  t h a t  every  formula  wi th  f r e e  v a r i a b l e s  d e t e r -  

mines a r e l a t i o n ,  can a l s o  be expressed  i n  t h e  language o f  blLP. Although 

t h e  models of blLp admit on ly  p r e d i c a t e s  a t  t h e  ath type  l e v e l  f o r  each 

u # e , we can i d e n t i f y  o rd ina ry  r e l a t i o n s  wi th  cons t an t  p r e d i c a t e s ,  so 

t h a t ,  e.g., a r e l a t i o n  

R 5 blo x . . . x blu 
0 n- 1 

would be  r ep resen ted  by t h e  p r e d i c a t e  

f y i n g  F ( i )  = R f o r  a l l  i C I . That t h e  v a r i a b l e  f u  deno tes  such a 

c o n s t a n t  p r e d i c a t e  i s  e x p r e s s i b l e  i n  MLP by t h e  formula 

Rn(f) : VxO . . .  Vxn-l [ D f x . . .  x V 0- f x . . .  x ] , 

where xk i s  o f  t ype  uk f o r  k c( n . The p r i n c i p l e  o f  e x t e n s i o n a l  com- 

F C blu , a = (o o,...,u ) , s a t i s -  n- 1 

0 n- 1 0 n- 1 

p rehens ion  i s  then  expressed  by t h e  schema: 

0 n-1 

xk i s  of type  ak f o r  k < n , and fu i s  

ECu'A : 

where 

t h e  f i r s t  v a r i a b l e  o f  t ype  u which i s  no t  f r e e  i n  t h e  formula  A . IVe 

denote  by MLP+C+EC t h e  theo ry  ob ta ined  by adding a l l  i n s t a n c e s  K O J A  

t o  t h e  axioms o f  

i n  t h e  obvious way. Note t h a t  a g-model M 

0 3fo [ Rn(f) A VxO . .  . Vxn-l [ f x . . .  x c--f A ] ] , 

n-1) 9 
u = (oo,  . . . ,  u 

MLP+C , and d e f i n e  a g e n e r a l  model (g-model) o f  blLP+C+EC 

blLp+C o f  PILp i s  a g-model of 

The n o t a t i o n  C''A was g iven  a d i f f e r e n t  meaning on page 71, when A is  a 
formula o f  L p .  We s h a l l  r e f e r  t o  an i n s t a n c e  o f  t h e  comprehension schema 
i n  L P ,  when it  i s  necessa ry  t o  d i s t i n g u i s h  t h e  e a r l i e r  formula from t h e  
p r e s e n t  one. 
- 
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j u s t  i n  case  t h e  fo l lowing  c o n d i t i o n  h o l d s :  For every  

every formula A(x ,..., x 

nient a over  M , t h e  p r e d i c a t e  F be longs  t o  Ma , where 

u = ( U ~ , . . . , U ~ - ~ )  , 

where xk has type  uk , and every  a s s ign -  0 n-1) 

f o r  each i C I . I f  i n  a d d i t i o n  t h e  c o n s t a n t  p r e d i c a t e s  G i  de f ined  by 

G . ( J )  = F ( i )  ( j C I ) always bclong t o  Mu , t hen  M i s  a g-model of 

MLp+C+LC . flence: 

LEMMA 9 .4 .  The theo ry  MLp+C+EC i s  equ iva len t  t o  t h e  theo ry  ob ta ined  

by adding t o  t h e  axioms of ML +C t h e  formulas P 

tiu : fl b f 0  3gu [ Rn(g) A f 3 g ] 

f o r  every  n # e . 

Some remarks about t h e  schema EC a r e  i n  o r d e r .  I t  was d i scove red  i n  t h e  

course  of proving  t h a t  t h e  t h e o r i e s  IL and ML have mutua l ly  i n t e r p r e t a b l e  

ex tens ions  ( C o r o l l a r i e s  13.6 and 13 .12) .  I n i t i a l l y  i t  seemed t o  t h e  au tho r  

t h a t  IL+D and ML +C would be  e q u i v a l e n t  t h e o r i e s  i n  t h i s  s ense ,  bu t  i t  

proved necessa ry  t o  add t h e  schema LC f o r  t h e  argument t o  go through.  A l -  

though FC seems weaker than  t h e  more n a t u r a l  schema C of  comprehension, we 

s h a l l  s e e  i n  $15 t h a t  n e i t h e r  schema i s  s t r o n g e r  than  t h c  o t h e r ,  and i n  

p a r t i c u l a r  EC i s  independent of MLp+C ; i . e . ,  t h e r e  e x i s t  g-models of 

BILp+C i n  which EC f a i l s .  The d i scove ry  t h a t  EC i s  i n  f a c t  a s t r o n g e r  p r i n -  

c i p l e  than  o r i g i n a l l y  suspec ted  a p p a r e n t l y  confirms a c o n j e c t u r e  o f  Bres- 
who f i r s t  made mention of an e q u i v a l e n t  schema i n  h i s  paper  Bressan 

P 

P 

[1964].  We s h a l l  r e t u r n  t o  t h e  schema EC i n  $11, where we in t roduce  c e r t a i n  

axioms o f  a r a t h e r  d i f f e r e n t  c h a r a c t e r  which n e v e r t h e l e s s  prove t o  be  

equ iva len t  t o  EC.  

Bressan [1972].  
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P $10.  P ropos i t i ons  i n  M L  

Given an a r b i t r a r y  g-model b l  of ML wi th  index  s e t  I , we can de-  P 
f i n e ,  f o r  each formula A and assignment a , t h e  i n t e n s i o n  In ta [A]  o f  

A w i th  r e s p e c t  t o  a ; v i z . ,  we t a k e  i t  t o  be  t h e  unique  p r o p o s i t i o n  P 

i n  t h e  s e t  2' such t h a t  f o r  i E I , P ( i )  = 1 i f  M ,  i ,  a s a t  A , and 
P ( i )  = 0 o the rwise .  IVe have seen  t h a t  t h e  domain 

s e t  o f  p r o p o s i t i o n s ,  which we ca l l  t h e  p r o p o s i t i o n s  o f  t h e  g-model b I  . In 

g e n e r a l ,  t h e  p r o p o s i t i o n  I n t  [A] de te rmined  by a formula and an a s s i g n -  

ment may f a i l  t o  belong t o  b16 ; however, i f  b l  s a t i s f i e s  comprehension 

then  i n  p a r t i c u l a r  M ,  a s a t i s f y  

bl+ i s  always a non-empty 

where p+ i s  t h e  f i r s t  v a r i a b l e  of t ype  + which does n o t  occur  f r e e  i n  

A , and from t h i s  i t  fo l lows  e a s i l y  t h a t  In ta [A]  E bid . 

The Algebra B(M) o f  P r o p o s i t i o n s .  Let b1 be  a g-model of blLp+C 

w i th  index  s e t  I , and l e t  P be  a p r o p o s i t i o n  o f  M . We can i d e n t i f y  

P i n  t h e  usua l  way wi th  t h e  subset  X of I such t h a t  i E X i f  and 

on ly  i f  P ( i )  = 1. Under t h i s  i d e n t i f i c a t i o n  hi4 i s  pu t  i n  one-to-one co r -  

respondence wi th  a c l a s s  o f  s u b s e t s  o f  I , which we deno te  by R ( b l )  . 

THEOREM 10.1 .  Let M be  a g-model o f  MLp+C w i th  index  set  I . 
Then B ( M )  i s  a suba lgebra  o f  t h e  Boolean a l g e b r a  o f  a l l  s u b s e t s  of I , 
which we c a l l  t h e  a lgeb ra  of p r o p o s i t i o n s  o f  M . 

Proof :  B(M) i s  non-empty, s i n c e  M+ i s  non-empty. I f  P C b14 t h e n  - 
by comprehension (and rewrite o f  bound v a r i a b l e s ) ,  M ;  P s a t i s f y  t h e  f o r -  

p ]  , so  t h e r e  e x i s t s  Q E M w i th  Q ( i )  = 1 i f  and mula 3q+ 0 [q ++-- 

on ly  i f  P ( i )  = 0 . Hence B ( M )  i s  c losed  under  complements. S i m i l a r l y ,  

i f  P , Q C M+ t h e n  bZ; P , Q  s a t  3r+ 0 [ r  - p A q ]  , so  t h e r e  e x i s t s  

R E M w i th  R ( i )  = 1 i f  and only  i f  P ( i )  = Q(i )  = 1 , and B ( M )  i s  

c losed  under i n t e r s e c t i o n s .  

4 

+ 
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A subset X of I is called M-definable if there exist a formula A 

and an assignment a such that X consists of those i C I for which 

M, i, a sat A . Using Lemma 9.1.1 it is easily shown that: 

THEOREM 10.2. Let M be a g-model of ML with index set I . Then 
the M-definable subsets of I form a Boolean algebra, and this algebra co- 

incides with B(M) when M is a g-model of MLp+C . 

P 

Indicia1 Equivalence. Let M be a g-model of MLp, and let i , j E I .  

lVe say that the index i is equivalent to the index j , and write i = j ,  
if for every formula A and assignment a , M, i, a sat A if and only 

if M, j, a sat A . Equivalently, i 2 j if and only if i and j be- 

long to exactly the same M-definable subsets of I . The relation = is 

an equivalence relation on 

ogous to that of the "sets of indiscernibles" of model theory. 

I , whose equivalence classes play a role anal- 

TIEOREM 10.3. Let M be a g-model of MLp+C . Then for all i , j E I 

the following conditions are equivalent: 

(i) i rr j , 

(ii) For every u # e and every F € Mu , F(i) = F 

(iii) For some u # e and every F E )I, , F(i) = F( 

(iv) For every proposition P of M , P(i) = P ( j )  

(v) For every X E R(b1)  , i C X if and only if j t X  

Proof: By Theorem 10.2, (i) and (v) both assert that i and j be- __ 
long to the same M-definable subsets of I , and are therefore equivalent. 

Clearly (iv) and (v) are equivalent, and (ii) implies (iv) implies (iii). 

We show that (iii) implies (iv) implies ( i i ) .  Assume F ( i )  = F ( j )  for all 

F E M, , where u = (U~,...,U~-~) . Suppose P C M 

0 xn-l 

; by comprehension, 
d - P , L  M; P sat 3 fu  vx0 . . . vxn-' [ f x . . . 

d 
where p 

such that 

i t € I :  

F ( j )  , th 
u = (uo, .  

0 n- 1 
is distinct from f , x , . . .  , x , so there exists F E Mu 
choosing Xk C Muk arbitrarily for k < n , we have for every 

( X o  , . . . ,  Xn-l) C F(i') 

s gives immediately P(i) = P(j) . Now assume (iv), and suppose 

. ,u*-~) , F C Ma , and Xk E Muk for k < n . By comprehension, 

if and only if P(i') = 1 . Since F(i) = 
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0 n-1 sat 3p4 [ p ++ f x . . .  x 1 , 
9 'n- 1 U 

M; F,XO, . . .  

0 n- 1 r v h  e re is not among f , x , .. . , x , so that there exists P E bZ 
4 

such that P ( i ' )  = 1 if and only if ( X o  ,..., Xn-l) E F(i') , for i' E I . 
In particular, the sequence (Xo , .  . . ,X ) belongs to F(i) just in case 

it belongs to F(j) , and since 
clude that F(i) = F ( j )  , proving (ii). 

n-1 
xo , . . .  , Xn-l were arbitrary we con- 

I It should he observed that if M is a standard model then b l  = 2 , 
4 

so that B(E.l) is the algebra P(1) of all subsets of I . In this case 
the relation = is just the identity relation on I . In an arbitrary 
g-model of blLI,, or even FILp+C , the relation = may not be the identity 

relation on I ; a g-model M of ML is said t o  be simple if we have, for 
P 

every i , j E I : i ?  j if and only if i = j . Equivalently, E.1 is 

simple if whenever i # j in I there exist a formula A and assignment 

a such that E.1, i, a sat A but not l i f ,  j ,  a sat A . \\re now show that, 
in a precise sense, every g-model of FILp can be replaced by a simple one. 

Indicia1 flomomorphisms. Let E.1 and \I' be g-models of MLp based on 

D , I and D' , I '  respectively. An indicial homomorphism from hI onto 
b l '  is a family 6 = (4, 9a)oEp of mappings such that: 

(i) 9 is a mapping from I onto I' , 

(ii) For each o E P , aU is a one-to-one mapping from blo onto MA , 

(i i i)  For each o = (uo , . . . ,  u ) , F E Mo , i E I and Xk C hlo (k < n), 
k n- 1 

(9 (x,) ,..., Oa (Xn-l)) C 4U(F)[9(i)l iff (Xo,...,Xn-l) F(i) I 

OO n- 1 

( i v )  For every constant c m'(cg) = 9,[m(ca)] , where m and m1 u '  
are the meaning functions o f  M and M' respectively. 

If there exists an indicial homomorphism from M onto M I  we say that M 

is homomorphic to M '  and that M' is a homomorphic image of M . If the 
mapping 9 is one-to-one, we say that 8 is an indicial isomorphism, and 

that I4 and b!' are isomorphic. Note that an indicial homomorphism 6 is 

completely determined by 4 and ae . The composition of two homomorphisms 
is again a homomorphism, and isomorphism is as usual an equivalence rela- 

tion between g-models. 
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THtORLM 10 .4 .  Let M and )I'  be g-models of MLP, and l e t  8 be  an 

i n d i c i a l  homomorphism from h1 on to  h f '  . For each a C As(M) l e t  @ [ a ]  C 

A s ( E . I ' j  be  de f ined  by e[a] (x , )  = t9,[a(xa)] . Then f o r  eve ry  formula A o f  

klL,,, every  i C I and a C A s ( W )  , we have 

bf, i, a s a t  A i f  and only  i f  h l l ,  9 ( i ) ,  e [ a ]  s a t  A . 

- 
___ Proof :  C l e a r l y  f o r  eve ry  symbol s we have e[a](s,) = 19,[a(s,)] . 

0 

The proof  proceeds  by a r o u t i n e  induc t ion  on A . 

COROLLARY 10 .5 .  I f  0 i s  an i n d i c i a l  homomorphism from M on to  M I  , 

and = and a r e  t h e  r e l a t i o n s  o f  i n d i c i a l  equ iva lence  i n  M and M '  

r e s p e c t i v e l y ,  then  f o r  a l l  i , j 6 I : i ". j i f f  9 ( i )  2' O ( j )  . 

- Proof :  By Theorem 10 .4  and t h e  d e f i n i t i o n  of i n d i c i a l  equ iva lence .  

Quot ien t  G-Models. Let h1 = (blcr, m)nCp be a g-model o f  b I L p  based  on 

I)  and I , and l e t  I9 be  t h e  canon ica l  mapping from I on to  t h e  s e t  I/- 

o f  equiva lence  c l a s s e s  of i n d i c e s  under t h e  r e l a t i o n  = i n  bl . We d e f i n e  

n q u o t i e n t  g-model 

a € P  b1/= = (hf /=, m/=) 
0 

based on D and I/= , and canon ica l  one-to-one mappings 19a from Mu 

on to  Ma/= , as fo l lows :  We f i r s t  pu t  I4 /= = D = M and l e t  O e  be t h e  

i d e n t i t y  mapping on Ma /= , 

Oa have a l r e a d y  been de f ined  f o r  k < n , with  aa mapping Mu one- 
k k k 

to -one  onto  E.1 /= . For each F E blu we d e f i n e  4,(F) i n  t h e  s e t  

D . For a = ( U ~ , . . . , U ~ - ~ )  , we assume t h a t  
k 

Ok 

by: (Qu (XO) , .  . . '9" (Xn-l)) c 9 u ( F j  ti/-] i f f  (Xo,.  . . ,Xn-l) E F ( i )  , 

f o r  any 

i s  e a s i l y  checked t h a t  ( i )  imp l i e s  ( i i )  i n  any g-model of MLp. C l e a r l y  

i s  one-to-one on Ma . We can t h e r e f o r e  l e t  Ma/- be t h e  range of tYU . 
F i n a l l y ,  f o r  each cons t an t  cu we l e t  (m/>)(c,) = 8,[m(c,)] . 

0 n- 1 
X o  , . . .  , X n - l  . This  i s  we l l -de f ined ,  s i n c e  i n  Theorem 10 .3  i t  

aU 

TIIEOREM 10 .6 .  Let M be  a g-model o f  M L p ,  \I/- t h e  q u o t i e n t  g-model 

de f ined  above. Then 8 = ( 9 ,  19,)aEp i s  an  i n d i c i a l  homomorphism from M 
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onto M/rr . Moreover, h1/= is simple 

Proof: By tne construction and Corollary 10.5. - 

COROLLARY 10.7. Every g-model is homomorphic to a simple g-model. 

Combining Theorems 10.4 and 10.6, we see that if is a g-model of  

blLp+C then M/= will a l s o  be a g-model of blLp+C . Therefore: 

COROLLARY 10.8. If Z is a set of formulas of b1L and Z is g-satis- 

fiable in ML (respectively, FILp+C ) ,  then Z is g-satisfiable in a simple 

g-model of MLp (respectively, MLp+C ) .  

P 

P 

We also have: 

COROLLARY 10.9. Let M be a g-model of MLP. Then E.1 is simple if and 

only if every indicial homomorphism on hl is an isomorphism. 

Proof: Theorem 10.6 and Corollary 10.5. ___ 

It should be remarked that the notion of a quotient g-model can be gen- 

eralized. If bl is a g-model of blLp based on D and I , rr is the rela- 

tion of indicial equivalence in M , and % is an equivalence relation on 
I for which i % j implies i "1 j , then the quotient g-model bl /Z  can 

be defined exactly as above. For this more general notion of quotient, an- 
alogues of the usual homomorphism theorems can be proved. Moreover, one can 

define similar notions of indicial equivalence, homomorphism and quotient 

for g-models of IL. 

THEOREM 10.10. Let M '  be a g-model of MLp based on D' and I' , 
and let 9 be an arbitrary mapping from a set I onto I' . Then there 
exists a g-model M of blLp based on D '  and I , and an indicial homomor- 
phism 6 from M onto bl' extending 9 . 

- Proof: Suppose Pi '  = (MA, r n ' ) o C p  . We define M = (Mu, m)ucp and one- 

to-one mappings ~9~ from MG onto MA , as follows: We first put Me = D' 

= M k  and let ae be the identity mapping on D '  . For u = (o 0' .  . . ,on-l) 
we assume that bl and are already defined for k < n , such that 

a. maps b1 
ak k 
one-to-one onto MAk . For each F' C MA there exists a 

k Ok 
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unique cor responding  
0 n- 1 

( X o , . .  . , X n - l )  C F ( i )  i f  and only  i f  ( 1 7 ~  (X,) ,..., ,Yo F ' [ a ( i ) l .  

F C P (  hlo x . . . x M n  )I def ined  by t h e  c o n d i t i o n  

0 n- 1 
Moreover, t h e  mapping o f  F' t o  F i s  c l e a r l y  one-to-one, s o  we can l e t  

bl, be i t s  range  and fin i t s  i n v e r s e .  To complete t h e  d e f i n i t i o n  o f  M , 
we l e t  m(c,) C blo be chosen so  t h a t  

i l y  v e r i f i e d  t h a t  

fi,Jm(c,)] = m'(c,) C )I(: . I t  i s  eas -  

0 = (8, 1 9 ~ ) ~ ~ ~  i s  t h e  d e s i r e d  homomorphism. 

As remarked e a r l i e r ,  a l l  s t anda rd  models of h l L p  a r e  s imple ,  a l though  

gene ra l  models may n o t  be .  I t  fo l lows  from Theorems 10 .4  and 10.10 t h a t  i t  

i s  imposs ib le  t o  c h a r a c t e r i z e  t h e  s imple  g-models o f  blL o r  MLp+C by 

means of a new axiom o r  axioms. We a r e  compensated, however, by t h e  f a c t  

(Corol la ry  10 .7)  t h a t  we can always pass  from a g iven  g-model t o  i t s  quo- 

t i e n t ,  which i s  s imple  and s a t i s f i e s  e x a c t l y  t h e  same formulas .  

lVe can c h a r a c t e r i z e  t h e  s imple  g-models o f  blLp+C i n  ano the r  way: 

Suppose M i s  a g-model o f  bfLp+C , and l e t  B ( M )  b e  t h e  a lgeb ra  o f  prop- 

o s i t i o n s  o f  P1 . Then by Theorem 10 .3  we see t h a t  M i s  s imple  i f  and on ly  

i f  B ( M )  s e p a r a t e s  p o i n t s  i n  I ; i . e . ,  whenever i # j i n  I , t h e r e  

e x i s t s  a s e t  x c R(M)  wi th  i c x and j { x . 

$11. Atomic I'roposi t i o n s  and EC 

Suppose t h a t  M i s  a s t anda rd  model of EilL based on D and I . Then P 
M i s  s imple ,  and t h e r e f o r e  B ( M )  s e p a r a t e s  p o i n t s  i n  I ; i n  f a c t ,  i f  

i # j i n  I then  t i )  s e p a r a t e s  i and j and be longs  t o  B ( M )  , s i n c e  

B(b1) c o n t a i n s  every  s u b s e t  o f  I . This  has  t h e  i n t e r e s t i n g  consequence 

t h a t ,  i n  a s t anda rd  model, t h e r e  e x i s t s  f o r  each index  i a s t r o n g e s t  

p r o p o s i t i o n  which i s  t r u e  a t  i , v i z . ,  t h e  p r o p o s i t i o n  P which i s  t r u e  

a t  i and f a l s e  a t  every  j # i . I f  Q i s  any o t h e r  p r o p o s i t i o n  t r u e  a t  

i , t hen  P s t r i c t l y  imp l i e s  Q , i n  t h e  sense  t h a t  Q i s  t r u e  a t  j 

whenever P i s  t r u e  a t  j . Consequently,  t h e  formula 

which expres ses  t h e  p r i n c i p l e  t h a t  t h e r e  n e c e s s a r i l y  e x i s t s  a s t r o n g e s t  

t r u e  p r o p o s i t i o n ,  i s  v a l i d  i n  M L p ,  i.e., t r u e  i n  a l l  s t anda rd  models. 
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There are closely related conditions which we might also consider. Let 

us call a proposition P atomic if (i) P is possibly true, and (ii) for 

every proposition Q , P strictly implies either Q o r  its negation. 

This can be expressed by the formula: 

which we abbreviate by Atom(p,) . The formulas 

then express the respective principles that (1) there necessarily exists a 

true atomic proposition, and (2) every possibly true proposition is strict- 

ly implied by an atomic proposijtion. Both Atl and At2 are valid in MLp, 

and clearly we have: 

LEMMA 11.1. Let M be a g-model of MLp+C with index set I , and 
let B(M) be the algebra of propositions of M . Then: 

(i) M sat At if and only if for every i E I there is a smallest 

set X C B(M) for which i E X , 

(ii) M sat Atl if and only if every i C I belongs to an atom in the 

Boolean algebra B(M) , 

(iii) M sat At2 if and only if B(M) is atomic 

THEOREM 11.2. The formulas At , Atl , A t 2  are provably equivalent 

in MLp+C . 

Proof: It is easily verified that for any algebra B of subsets of - 
a set I , the conditions (i) For  every i E I there is a smallest set X 

in B f o r  which i E X , and (ii) Every i C I belongs to an atom of B , 
are equivalent, and both imply the condition (iii) B is atomic. By Lemma 

11.1 and generalized completeness, the formulas [At ++ Atl] and 

[Atl -+ AtZ] 

imply (i) for an arbitrary field B of sets, we can still prove the impli- 

cation [AtZ + At] in the theory MLp+C . '  For, suppose M is a g-model 

are therefore provable in MLp+C . Although (iii) does not 

' Cf. Fine [1970], p. 341 
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of blL,+C with index set I , and M sat At2 . Then B(M) is atomic, by 

Lenmia 11.1, and it suffices to show that every index i C I belongs to a 

smallest set X t B(bl )  , or equivalently that every i C I belongs to an 

atom in B(li1) . By comprehension, 

I 

b l  sat 3p 0 [ p +-, - 3q [Atom(q) A q ]  ] , 
4 4 

from which it follows that there exists a set such that i E Xo 

just in case i belongs to no atom of B(M) . Thus, if some i belongs to 

no atom then X o  # 6 , and therefore Xo dominates some atom Y . Since 
Y # 4 we c m  choose i C Y ; but then 

tion of Xo . 

Xo C R ( M )  

i E Xo , contradicting the defini- 

ii'e refer to the formula At as the axiom of atomic propositions, and 

we denote by bll.p+C+At the theory obtained by adding At to the axioms 

of E.11, +C . A general model (g-model) o f  ML +C+At is defined accordingIy. 

Axiom At originates with Kaplan [1970], who considers an extension SSQ of 

the usual propositional modal logic SS in which quantifiers over proposi- 

tional variables are permitted, and gives an axiomatization which is com- 

plete for the (standard) possible world semantics. The formula At appears 

as Axiom 8 in his formulation, and he remarks that it is independent of the 

other axioms. In 815 we prove that At is also independent of MLp+C , a 

considerably stronger theory than S5Q.2  Axiom 

ic S5n+ of Fine [1970], which is almost identical with Kaplan's SSQ. 

I' P 

At also appears in the log- 

Before proving the main result of the present section, we have the fol- 

lowing 

LLMMA 11.3. Let bf be a g-model of  ML +C with index set I , and 
let c- be the relation of indicia1 equivalence in M . Then for each index 
i t I , the following conditions are equivalent: 

P 

(11 The equivalence class i/= belongs to B(M) , 

[ii) i/- is the unique atom of B(M) containing i , 

(iii) i belongs to an atom of B(M) I 

Kaplan's independence proof, which is based on a normal form theorem for 
SSQ, does not seem to generalize to MLp+C. The Boolean methods employed in 
$15, however, apply equally well to SSQ. 
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Proof :  Assume ( i ) .  Then by Theorem 1 0 . 3  we have e i t h e r  [i/-] 5 X o r  

e l s e  [i/.-] fl X = 4 f o r  every  X € B(M) , from which i t  fo l lows  t h a t  i/e 

i s  an  atom of R(b1) con ta in ing  i , and c l e a r l y  such an atom must be  

unique .  The re fo re  ( i i )  ho lds .  T r i v i a l l y  ( i i )  imp l i e s  ( i i i ) .  Assume ( i i i ) ;  

s ay  i belongs t o  t h e  atom Xo of B(M) . By Theorem 10 .3 ,  [ i /&]  CXo , 
so i t  s u f f i c e s  t o  show X c [i/e] . Suppose j € Xo ; t h e n  c l e a r l y  i , j 
belong t o  e x a c t l y  t h e  same e lements  X o f  B(M) , whence by Theorem 1 0 . 3  

aga in ,  i -  j and t h e r e f o r e  j € [ i /=]  , a s  d e s i r e d .  

___ 

0 -  

COROLLARY 11 .4 .  Let M b e  a g-model o f  ML +C wi th  index  set  I . P 
Then hf s a t  A t  i f  and only  i f  i/= belongs  t o  B(M) f o r  a l l  i € I . 
Hence, i f  M i s  s imple  then  M s a t  A t  if and on ly  i f  B(M) c o n t a i n s  

a l l  s i n g l e t o n s  t i }  f o r  i C I . 

We can now prove:  

THEOREM 11 .5 .  The t h e o r i e s  MLp+C+EC and M L p + C + A t  are e q u i v a l e n t ,  

P roof :  In  view of Lemma 9 . 4  i t  i s  s u f f i c i e n t  t o  show t h a t  t h e  theo ry  

ML + C + A t  i s  equ iva len t  t o  t h e  theo ry  ob ta ined  by adding t o  t h e  axioms o f  

MLp+C a l l  t h e  formulas 

somewhat more. For each n € o , l e t  n deno te  t h e  n - t u p l e  ( e , e , .  . . ,e) € 

P , s o  t h a t  i n  p a r t i c u l a r  0 i s  t h e  type  4 . 

- 
P 

E' f o r  u # e . The next  two lemmas a c t u a l l y  show 

- 

LEMMA 11 .5 .1 .  [ A t  --f Ea] i s  p rovab le  i n  MLp+C f o r  u # e . 
LEMMA 11 .5 .2 .  [ E D  -+ At] i s  provable  i n  MLp+C f o r  u # e,  n (n E w ) .  

Proof o f  11 .5 .1 :  We use  g e n e r a l i z e d  comple teness .  Let 

P 

M = (Mo, r n ) u c p  
be a g-model o f  ML +C w i th  index  set I , and assume t h a t  M sat  A t .  

We show t h a t  M s a t i s f i e s  

E' : 0 v f o  3g0 [ Rn(g) A f 3 g ] , 

where u = (uo, ..., u ) and [ f  z g ]  a b b r e v i a t e s  t h e  formula n- 1 

0 n-1  0 n-1 vxo . . .  v 2 - l  [ f x . . .  x +-+ g x ... x 

Suppose i C I , F € Mu ; we s h a l l  f i n d  G € Ma for which M; i ;  F ,G sat  

[Rn(g) A f P g] . Since M sat  A t  , t h e r e  e x i s t s  P C FI+ such  t h a t .  
{ j 1 P ( j )  = 1 is an atom o f  B(M) c o n t a i n i n g  i . By Lemma 11 .3 ,  
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we have P ( j )  = 1 i f  and on ly  i f  i % j , f o r  a l l  j C I . Now by compre- 
hension i n  M ( r e w r i t i n g  bound v a r i a b l e s ) ,  M ;  P , F  s a t i s f y  t h e  formula 

0 ,n-l 0 n-1 3ga 0 vxo . .  * vxn- l  [ 9 x . . .  - O [  P' A f a X  x 1 1  , 

where xk i s  of t ype  ak . Hence t h e r e  e x i s t s  G E Mu such t h a t  f o r  a l l  
i '  E I and X k  C Mu (k i n) we have (Xo ,..., Xn-l) C G ( i ' )  i f  and on ly  

i f  ( X o  , . . . ,  Xn-l) C F ( j )  f o r  somc j such t h a t  P ( j )  = 1 . But P ( j )  = 1 

j u s t  i n  case  i 'u j , so  by Theorem 10 .3  it fo l lows  t h a t  
belongs t o  C ( i l )  i f  and on ly  i f  i t  be longs  t o  F ( i )  . From t h i s  we imme- 
d i a t e l y  have bl; i ;  F,G s a t  [Rn(g) A f = g ]  , and t h e  proof i s  comple te .  

k 

(Xo,. . . ,Xn-l)  

We remark t h a t  E' i s  i t s e l f  p rovab lc  i n  MLp+C , as i s  e a s i l y  seen .  

However, t h e  formula EO i s  not  p rovab le  i n  MLp+C 

show i n  $15. 

f o r  u # e , 4 , as we 

Proof o f  L1.5.2:  Let a b e  a type  d i f f e r e n t  from e and n f o r  a l l  

n E o . Then u = (uO,  ..., a4, . . . ,  a n )  

gene ra l i zed  completeness t o  show t h a t  t h e  formula 

i n  MLp+C . Let M = (Ma, m)a(p be  a g-model o f  MLp+C wi th  index  s e t  I 

which s a t i s f i e s  Ea . We show t h a t  M sat  A t  . Suppose i E I . By com- 
prehens ion ,  E.1 s a t i s f i e s  t h e  formula 

where uk = ( T ~ , . . . , T " , - ~ )  . We use  

[ED + At] i s  p rovab le  

0 m - 1  k 0 m - 1  7 f o  n vxo . . .  vxn [ f X O . . .  xn - 3y . . .  3y  x y . . .  y ] 1 , 

0 m- 1 whcre x' i s  of t ype  a' f o r  E 5 n , and y , . . .  , y 
d i s t i n c t  v a r i a b l e s  o f  t ypes  
t h e r e  exists F € bIu such t h a t  for a l l  j E I and X E  E Mue (8 5 n)  we 

have (X o , . . . , X n )  € F ( j )  i f  and on ly  i f  X ( j )  # 9 . Since  M s a t i s f i e s  

Ea , we o b t a i n  G C Mu 

f o r  a l l  j 6 I and X E  

on ly  i f  Xk( i )  # C$ . Now by comprehension, M ;  G s a t i s f y  t h e  formula  

a r e  t h e  f i r s t  
'c0 , ... , T ~ - ~  , r e s p e c t i v e l y .  The re fo re  

k 

f o r  which G ( j )  = F ( i )  f o r  eve ry  j ( I . Thus, 
we have (X,, ..., Xn) C G ( j )  i f  and 

(' 

0 O n 0  m - 1  k 0 m - 1  
3p4 0 [ p - vx ... vxn [ g,x . . .  x -+ 3y a * .  3y x y . . .  y I I ,  

from which it fo l lows  t h a t  t h e r e  e x i s t s  j C I , 
P ( j )  = 1 i f  and only  i f  f o r  every X C Mu , X(i) # 6 imp l i e s  X( j )  # 9. 

C l e a r l y  P ( i )  = 1 , so  it remains on ly  t o  show t h a t  M ;  i; P s a t i s f y  

P E M6 such t h a t  f o r  a l l  

k 
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Vq4 [q --+ 

Q(j )  = 1 whenever P ( j )  = 1 . By comprehension, 
[p4 + q ] ]  . Suppose Q C M6 , Q ( i )  = 1 . We must show t h a t  

m- 1 0 m - 1  f--f M; Q s a t  3x0 yy0 . .  . ~y [ x y . . .  y q4 I > 

k 

0 where q4 i s  t h e  f i r s t  v a r i a b l e  o f  t ype  4 d i s t i n c t  from x , y , . . .  , 
ym-' . Thus, t h e r e  e x i s t s  X 6 hlo such t h a t  f o r  a l l  j C I and Ye E 

M (8 c m) we have ( Y o  , . . . ,  Ym-l) C X ( j )  i f  and on ly  i f  Q( j )  = 1 , and 

t h e r e f o r e  f o r  a l l  j E I , X(j)  # 4 i f  and on ly  i f  Q ( j )  = 1 . But we 
have Q ( i )  = 1 , so X(i)  # 4 , and hence f o r  a l l  j 6 I , P ( j )  = 1 i m -  

p l i e s  X ( j )  # 6 , which impl i e s  Q( j )  = 1 . Thus we have Q ( j )  = 1 when- 

ever  P ( j )  = 1 , and t h e  proof  i s  complete.  

k 

TP, 

Theorem 11 .5  shows t h a t  i n s t e a d  o f  adding  t o  MLp+C t h e  axiom schema 

EC o f  ex tens iona l  comprehension, we can e q u i v a l e n t l y  add t h e  s i n g l e  axiom 
A t  of atomic p r o p o s i t i o n s .  We r e t u r n  t o  cons ide r  v a r i o u s  independence 

q u e s t i o n s  r e l a t e d  t o  t h e s e  t h e o r i e s  i n  Chapter  4 .  

8 1 2 .  P r o p o s i t i o n a l  Opera tors  

Montague [1970a] o u t l i n e s  a gene ra l  t r ea tmen t  o f  one -p lace  p r o p o s i t i o n -  

a l  o p e r a t o r s  w i t h i n  h i s  fo rma l i zed  Pragmat ics ,  and shows how such o p e r a t o r s  

can b e  i n t e r p r e t e d  as p r o p e r t i e s  o f  p r o p o s i t i o n s .  In  t h i s  s e c t i o n  we deve l -  

op t h i s  i d e a ,  u s i n g  t h e  f a c t  t h a t  w e  can expres s  i n  MLp v a r i o u s  p r o p e r t i e s  

o f  t h e s e  o p e r a t o r s .  In  p a r t i c u l a r ,  we s h a l l  s e e  t h a t  we can  accommodate 

w i t h i n  MLp+C 

tems, even though MLp+C 

modal o p e r a t o r s  s a t i s f y i n g  v a r i o u s  o f  t h e  Lewis axiom s y s -  

i t s e l f  i s  based  on an S5 moda l i ty .  

M-Formulas. F o r  t h e  purposes  of t h i s  s e c t i o n  (and a g a i n  i n  Chapter  4)  

we f i n d  i t  n o t a t i o n a l l y  convenient  t o  ex tend  t h e  seman t i c s  of MLp i n  t h e  

fo l lowing  way: Let M = (M ~, m)aEp be  a g-model o f  MLp based  on D and 

I ; w e  wish t o  add t o  t h e  vocabulary  o f  MLp new cons tan t  symbols t o  act  a s  
names of t h e  v a r i o u s  e lements  f o r  0 C P . For s i m p l i c i t y ,  l e t  us 

t a k e  t h e  o b j e c t  X as a name f o r  i t s e l f ;  i . e . ,  we add X i t s e l f  a s  a new 

c o n s t a n t  o f  t ype  u whenever X C Mu , and we ex tend  t h e  meaning f u n c t i o n  

X F Mu 
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m o f  M by l e t t i n g  m(X) = X . l  A formula o f  t h i s  ex tended  language 
(which w i l l  i n  gene ra l  havc a non-denumerable vocabulary)  w i l l  be  c a l l e d  
an hI-formula, and an M-sentence i f  i t  h a s  no f r e e  v a r i a b l e s .  For an bl-for- 
mula A , an index  i , and an assignment a over  M , t h e  n o t i o n  

M ,  i, a s a t  A 

i s  def ined  e x a c t l y  a s  i n  $ 9 ,  bu t  t a k i n g  i n t o  account  t h e  new c o n s t a n t s .  I f  
A(x ) i s  an F1-formula con ta in ing  t h e  v a r i a b l e  xu f r e e ,  and cu i s  any 
cons t an t  of t h e  extended language, i t  i s  e a s i l y  shown' t h a t  

( * )  M ,  i ,  a sat  A(c) i f  and on ly  i f  M ;  i; a,X sat A(x) , 

where X = m ( c )  ~ I t  fo l lows  t h a t  t h e  n o t i o n  M,  i sat A , where A is  
an M-sentence, can be  de f ined  d i r e c t l y  by r e c u r s i o n  on t h e  l eng th  o f  A ; 

a t  t h e  q u a n t i f i e r  c l a u s e  we simply s t i p u l a t e  t h a t  M ,  i s a t  vxu A(x) i f  
and only i f  M ,  i s a t  A(X) f o r  every  X E &lo . We can t h e r e f o r e  elimi- 
n a t e  any r e f e r e n c e  t o  assignments by working wi th  M-sentences i n s t e a d  of 

formulas o f  MLp. Note t h a t  every  M-formula has t h e  form A(XO,. . . ,Xn-l) , 

where A(x ,..., xn- l )  

d i s t i n c t  v a r i a b l e s  o f  t ypes  uo , . . .  , u r e s p e c t i v e l y ,  and X k  E Ma 

f o r  k < n . By ( * ) ,  t h e r e f o r e ,  we may t h i n k  of 

n- 1 a r e  

k 

0 0 i s  an  o r d i n a r y  formula o f  MLp,  x , . . .  , x 

n- 1 

M ,  i ,  a s a t  A(XO,... ,Xn-l) 

a s  a b b r e v i a t i n g  t h e  equ iva len t  c o n d i t i o n  

P ropos i t i ona l  Opera tors  of M . Let M = (Mo, m)oCp be  a f i x e d  g-mod- 
e l  of MLp+C , with  index se t  I . An element F o f  M i s  c a l l e d  a 

(6 1 
p r o p o s i t i o n a l  o p e r a t o r  of M . Since  M C P(M6)' , we see t h a t  such  op- 

(6) - 

S t r i c t l y  speaking we should  choose, f o r  each u C P and X C M,, some new 

o b j e c t  c z  which i s  no t  a l r e a d y  a symbol o f  MLp, i n  such a way t h a t  t h e  map- 
p ing  o f  (u,X) t o  c i  i s  one-to-one. We i g n o r e  t h e s e  d i f f i c u l t i e s .  

* C f .  Lemma 9 .1 .1 .  
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erators are always properties of propositions of 

A(p+) , with at most the variable 
of M ; for by comprehension, M satisfies the M-sentence 

M . 3  Every M-formula 

P4 
free, determines a unique operator 

and consequently M sat 0 Vp [Fp t+ A(p)] for some F C M(+) ; i.e., 

we have P E F(i) if and only if M, i sat A(P) , for every P F M+ , 
i C I . In particular, we always have the necessity and possibility oper- 
ators of M , defined by: 

4 

If s is any symbol of type (@) and A is any M-formula which is not 

a symbol of type 0 standing alone, we introduce the abbreviation 
(6 1 

sA for Ip, [ 0 [p - A] A sp ] , 

where p@ is the first variable of type 4 which does not occur free in 

A . Using generalized completeness it is easily shown that: 

LEMMA 12.1. For any formulas A , B of ML and any variable f of 
P (4 1 

type (4) , the formula 

0 [A-B] + [ fA-fB ] 

is provable in MLp+C . 

In a g-model M of MLp+C , therefore, it follows that f o r  any index i , 
M, i sat [ 0 [A +-+ B] + [FA t+ FBI 1 , whenever A and B are M-sen- 

tences and F is a propositional operator of  M . In fact, by comprehen- 
sion we can define, as in $10, the intension Int[A] of an M-sentence A 

as the unique P C M for which M sat 0 [P +-+ A] ; i.e., for which we 

have, for all i C I : P(i) = 1 if and only if M, i sat A . It then 
follows that: 

4 

Here we identify M6 with the Cartesian product M x...x M where 
00 %-I’ 

n = 1 and uo = 6 ,  although these sets are slightly different. 
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LEMMA 1 2 . 2 .  Let M b e  a g-model o f  b l L p + C  , A an  M-sentence,  F a 

p r o p o s i t i o n a l  o p e r a t o r  o f  M , i E I . Then M ,  i sat  FA i f  and on ly  i f  

In t [A]  E F ( i )  . 

In  a p a r t i c u l a r  g-model M t h e r e  may be  v a r i o u s  i n t e r e s t i n g  p ropos i -  

t i o n a l  o p e r a t o r s  i n  a d d i t i o n  t o  t h e  modal o p e r a t o r s  d e f i n e d  e a r l i e r .  Tenses 

provide  a n a t u r a l  example: Let b e  a s t anda rd  model o f  MLp whose index  

s e t  I i s  t h e  set  o f  r e a l  numbers, thought  o f  as moments i n  t ime.  For an 

M-sentence A l e t  M ,  i s a t  A exp res s  t h e  i n t u i t i v e  c o n d i t i o n  t h a t  A 

i s  t r u e  i n  M a t  time i , Then we can d e f i n e  t h e  p a s t  t e n s e  o p e r a t o r  

F E M = P(E1,)' by l e t t i n g  P E F ( i )  j u s t  i n  c a s e  P ( j )  = 1 for some 

j < i . From Lemma 12 .2  we see t h a t  f o r  any M-sentence A , any i E I , 
we have M ,  i s a t  FA i f  and only  i f  M ,  j s a t  A f o r  some j < i . 
Thus, FA may be  given t h e  r ead ing  " I t  has  been t h e  case  t h a t  A ." Other  

t enses  can be  t r e a t e d  s i m i l a r l y  as p r o p o s i t i o n a l  o p e r a t o r s .  

M 

(+ 1 

Other Moda l i t i e s .  We s h a l l  be  i n t e r e s t e d  i n  v a r i o u s  systems o f  prop- 

o s i t i o n a l  modal l o g i c ,  well-known from t h e  l i t e r a t u r e .  Cons ider  a language 

a p p r o p r i a t e  t o  p r o p o s i t i o n a l  modal l o g i c ,  i n  which formulas  a r e  b u i l t  up 

from p r o p o s i t i o n a l  v a r i a b l e s  p , q , r . . .  by means o f  t h e  s e n t e n t i a l  

connec t ives  - , + and t h e  formal p r o p o s i t i o n a l  o p e r a t o r  N . Each o f  t h e  
modal c a l c u l i  we cons ide r  t a k e s  i t s  axiom schemata from among t h e  fo l low-  

ing  : 

AS1. A , i f  A i s  t au to logous  i n  , -+ , 

AS2. N[A -+ B] -+ [NA + NB] , 

AS3. NA + A , 

AS4. A -+ N - N - A ,  

ASS. NA -+ NNA , 

AS6. - NA -+ N - NA , 

and has as i t s  in fe rence  r u l e s :  

R 1 .  From A and [A -+ B] t o  i n f e r  B , 

R 2 .  From A t o  i n f e r  NA . 

See Hughes and Cresswel l  [1968]. 
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The systems we cons ide r  a r e  Kr ipke ' s  system5 K ,  t h e  Godel-Feys-von 

Wright system T ,  t h e  Brouwersche system B ,  and t h e  Lewis systems S4 and 55. 

K c o n t a i n s  t h e  axiom schemata AS1 and AS2 a l o n e ,  and i s  con ta ined  i n  t h e  

o t h e r  sys tems.  I n  a d d i t i o n ,  T c o n t a i n s  AS3, B c o n t a i n s  AS3 and AS4, 54 con- 

t a i n s  AS3 and ASS, and 55 c o n t a i n s  AS3 and AS6 ( o r  e q u i v a l e n t l y ,  AS3, AS4 

and ASS). For each o f  t h e s e  systems a n a t u r a l  semant ics  h3s been provided  

by Kripke, based on s o - c a l l e d  " r e l evance  r e l a t i o n s "  between i n d i c e s . '  Spe- 

c i f i c a l l y ,  we t a k e  a model o f  K t o  be  a p a i r  bl = ( I ,  R) , where I i s  a 

non-empty s e t  and R i s  a b i n a r y  r e l a t i o n  on I , and d e f i n e  an ass ignment  

over  bl t o  be  a f u n c t i o n  a on t h e  s e t  of  v a r i a b l e s  such t h a t  a (p )  6 2 

f o r  each v a r i a b l e  p . We then  d e f i n e  bl, i ,  a sat  A i n  t h e  u s u a l  way, 

w i th  t h e  fo l lowing  c l a u s e  f o r  t h e  modal o p e r a t o r :  M ,  i ,  a s a t  NA i f  and 

on ly  i f  M ,  j ,  a sat  A whenever i R j . A formula A i s  t r u e  i n  Fl i f  

M ,  i ,  a s a t  A f o r  every  i and a . A model M = ( I ,  R) o f  K is c a l l e d  

a model o f  T i f  t h e  r e l a t i o n  K i s  r e f l e x i v e  on I , a model o f  B ( r e s p . ,  

S4) i f  i n  a d d i t i o n  R i s  symmetric ( r e s p . ,  t r a n s i t i v e ) ,  and a model o f  55 

i f  R is an equiva lence  r e l a t i o n  on I . Kripke [1963a] proved t h a t  a f o r -  

mula A i s  a theorem o f  K ( r e s p . ,  T ,  B ,  S4, S5) j u s t  i n  c a s e  A i s  t r u e  

i n  every  model o f  K ( r e s p . ,  T ,  B ,  S4,  SS). 

I 
- 

Corresponding t o  t h e  axiom schemata A S 2  through AS6 and t h e  i n f e r e n c e  

r u l e  R 2 ,  we in t roduce  t h e  fo l lowing  formulas o f  MLp, i n  which t h e  v a r i a b l e  

So des igna ted  i n  Kaplan [1966],  p .  121 .  See Kripke [1963a],  p .  95. 

Kripke [1963a].  The i d e a  o f  u s ing  r e l evance  r e l a t i o n s  was sugges ted  e a r -  
l i e r  by blontague [1960], Kanger [1957],  and Hin t ikka  [1961].  These a u t h o r s  
had i n  mind r e l a t i o n s  between models, however, i n  c o n t r a s t  t o  t h e  i n d i c i a 1  
approach o f  Kripke. 
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Suppose t h a t  M = (Ma, i s  a g-model o f  MLp+C w i th  index  s e t  I , 
and l e t  N be  a p r o p o s i t i o n a l  o p e r a t o r  o f  M . N i s  c a l l e d  a K-operator 

i f  M s a t i s f i e s  t h e  M-sentences A Z ( N )  and R 2 ( N )  ; a T-opera tor  ( r e s p . ,  

B-opera tor ,  S4-opera tor ,  S5-opera tor )  i f  i n  a d d i t i o n  E.1 s a t i s f i e s  A 3 ( N )  

( r e s p . ,  A 3 ( N )  and A 4 ( N )  , A 3 ( N )  and A 5 ( N )  , A j ( N )  and A 6 ( N )  ) .  To 

s e e  t h e  r e l a t i o n s h i p  between t h e s e  ope ra to r s  and t h e  cor responding  modal 

c a l c u l i ,  suppose t h a t ,  e . g . ,  N i s  a K-operator o f  a g-model M of MLp+C 

Then f o r  any M-formulas A and B , t h e  M-formulas 

(1) A , i f  A i s  t au to logous  i n  - , + , 

( 2 )  N [ A  + B] + [NA + NB] 

w i l l  be  t r u e  i n  M ( i . e . ,  s a t i s f i e d  by every  i and a ) ,  and i n  a d d i t i o n  

( 1 ' )  I f  A and [A + B] a r e  t r u e  i n  M t hen  B i s  t r u e  i n  M , 

( 2 ' )  I f  A i s  t r u e  i n  M t hen  NA is  t r u e  i n  M . 

Thus, any M-formula which i s  an  i n s t a n c e  ( i n  t h e  language of t h e  g-model 

M ) of  a theorem of K w i l l  be  t r u e  i n  M . S i m i l a r  remarks apply  t o  T-oper- 

a t o r s ,  B-opera tors ,  e t c .  

'The p r o p o s i t i o n a l  o p e r a t o r s  a r i s i n g  from re l evance  r e l a t i o n s  on t h e  s e t  

I a r e  o f  cour se  of a s p e c i a l  t ype .  We can fo rma l ly  c h a r a c t e r i z e  such oper -  

a t o r s  i n  MLp; s p e c i f i c a l l y ,  an o p e r a t o r  N of  a g-model M o f  MLp+C i s  

i n d i c i a l  i f  

M s a t  0 3p V q  [ Nq -0 [p + q ]  ] . 
9 9  

Suppose t h i s  cond i t ion  h o l d s .  Then N de te rmines  a b i n a r y  r e l a t i o n  RN on 

t h e  index  s e t  I o f  M , as fo l lows :  For each i C I , l e t  Pi b e  t h e  

unique P E bI f o r  which M ,  i sat  Vq+ [Nq -0 [P + q ] ]  . (That Pi is  
unique fo l lows  from t h e  obse rva t ion  t h a t  M ,  i s a t  NPi .) We d e f i n e  R N  

by l e t t i n g  i RN j P i ( j )  = 1 . This  r e l a t i o n  i s  c a l l e d  t h e  

r e l evance  r e l a t i o n  f o r  N , i n  view of t h e  fo l lowing  s t r a i g h t f o r w a r d  

9 

i f  and only  i f  

LEMMA 12 .3 .  Let M b e  a g-model o f  MLp+C wi th  index  s e t  I , and 

l e t  N be  an i n d i c i a l  o p e r a t o r  of M . Then f o r  eve ry  M-sentence A and 

every i C I : M ,  i s a t  NA i f  and on ly  i f  M ,  j s a t  A whenever 

i R N j .  
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COROLLARY 12 .4 .  Let M be  a g-model o f  MLp+C . Then every  i n d i c i a l  

o p e r a t o r  o f  bl i s  a K-opera tor .  

For i n d i c i a l  o p e r a t o r s  we can show t h a t  t h e  axioms o f  t h e  v a r i o u s  modal 

c a l c u l i  c h a r a c t e r i z e  e x a c t l y  t h e  cor responding  p r o p e r t i e s  of t h e  r e l evance  

r e l a t i o n .  P r e c i s e l y :  

TIIEOREM 1 2 . 5 .  Let hl be a g-model of blLp+C w i th  index  s e t  I , and 

l e t  N be  an i n d i c i a l  o p e r a t o r  o f  bl . Then: 

( i )  N i s  a T-ope ra to r  i f f  RN i s  r e f l e x i v e  on I , 

( i i )  N i s  a B-opera tor  i f f  RN i s  r e f l e x i v e  and symmetric,  

( i i i)  N i s  an S4-opera tor  i f f  RN i s  r e f l e x i v e  and t r a n s i t i v e ,  

( i v )  N i s  an S5-ope ra to r  i f f  RN i s  an equ iva lence  r e l a t i o n  on I . 

- Proof :  We prove  ( i i ) ;  t h e  p roof s  o f  ( i ) ,  ( i i i )  and ( i v )  a r e  s i m i l a r .  

First ,  i f  RN is  r e f l e x i v e  and symmetric we must v e r i f y  t h a t  N i s  a B- 

o p e r a t o r .  But t h i s  j u s t  fo l lows  Kr ipke ' s  argument t h a t  eve ry  theorem o f  B 
is t r u e  i n  every  model of B ,  i n  view o f  Lemma 12.3.  For t h e  converse ,  we 

assume t h a t  N i s  an i n d i c i a l  B-opera tor ,  so t h a t  M s a t i s f i e s  A2(N) , 
R2(N) , A 3 ( N )  and A4(N) . To s e e  t h a t  RN i s  r e f l e x i v e ,  l e t  i C I . 
Since  N i s  i n d i c i a l ,  we have Pi C M and c l e a r l y  M ,  i sat NPi , so  
us ing  A 3 ( N )  we o b t a i n  hl, i s a t  P .  , which impl i e s  P i ( i )  = 1 , i . e . ,  

i RN i . To s e e  t h a t  RN i s  symmetric, suppose t h a t  i R N  j bu t  n o t  

j RN i . Then P . ( i )  = 0 , i . e . ,  M ,  i s a t  - P .  . By comprehension t h e r e  

e x i s t s  Q C M such t h a t  M s a t  0 [Q ++ -.. P . ]  , so  t h a t  M ,  i s a t  Q . 
Using A4(N) , it fo l lows  t h a t  M ,  i s a t  N - N -  Q . But i RN j , s o  by  

Lemma 2 .3  M ,  j sat  - N - Q , i . e . ,  it is  n o t  t h e  c a s e  t h a t  M ,  j s a t  

N - Q . But t h i s  c o n t r a d i c t s  Lemma 1 2 . 3 ,  s i n c e  f o r  a l l  i f  C I , j R N  i f  
impl i e s  P . ( i ' )  = 1 , which impl i e s  Q ( i ' )  = 0 , i . e . ,  M ,  i '  s a t  - Q . 

I t  i s  n a t u r a l  t o  ask  whether t h e  converse  t o  C o r o l l a r y  12 .4  h o l d s ;  

d '  

J I 
6 1 

1 

i . e . ,  whether eve ry  K-operator i s  i n d i c i a l .  I t  i s  easy  t o  see, however, 

t h a t  t h i s  i s  no t  t h e  c a s e .  In  f a c t ,  we can g i v e  an  example o f  an S4-oper- 

a t o r  i n  a s t a n d a r d  model of MLp which i s  n o t  i n d i c i a l .  The example i s  t h e  

p r e s e n t  p r o g r e s s i v e  t e n s e  of S c o t t :  Let 

and l e t  

o s i t i o n a I  o p e r a t o r  N C M 

I be t h e  set  of r e a l  numbers, 

M b e  a s t anda rd  mode1 of MLp wi th  index  set  I . Define t h e  prop- 

= P(M+) '  by p u t t i n g  P E N(i) j u s t  i n  case 
(9 1 
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P ( j )  = 1 f o r  a l l  j i n  some open i n t e r v a l  around i . I f  we t h i n k  o f  t h e  
i n d i c e s  as moments i n  time, then  f o r  any M-sentence A , NA can b e  g iven  
t h e  r ead ing  " I t  i s  be ing  t h e  c a s e  t h a t  
Lemma 12 .2  t h a t  N is an S4-ope ra to r ,  b u t  c l e a r l y  N i s  n o t  i n d i c i a l .  We 

s h a l l  s ee  i n  $15 t h a t  some g-models of 
S5 -ope ra to r s .  Ilowever: 

A ." I t  i s  e a s i l y  checked u s i n g  

MLp+C even c o n t a i n  non- ind ic i a1  

TtIEOREM 12.6. I n  any g-model o f  MLp+C+EC , eve ry  S5-ope ra to r  i s  i n -  
d i c i a l .  

COROLLARY 12 .7 .  In  any s t anda rd  model of MLp, eve ry  S5-ope ra to r  i s  i n -  
d i c i a l .  

Proof of 12 .6 :  Let M b e  a g-model of MLp+C+EC w i th  index set  I , 

A6(N) . From t h e  u s u a l  proof  t h a t  S5 ex tends  S4 and B ,  we con- 
and l e t  N b e  an S5-opera tor  o f  M , so t h a t  M s a t i s f i e s  A2(N) , R2(N), 

A3(N) 
c lude  t h a t  M a l s o  s a t i s f i e s  A4(N) and A5(N) . We show t h a t  

and 

M sa t  3 p  V q  [ Nq - 0 [p + q]  ] . + +  
Suppose i C I ; we must f i n d  P C M f o r  which 

6 

(*) M ,  i s a t  Vq+ [ Nq - 0 [P .+ q ]  ] . 

By Theorem 11 .5 ,  M s a t  A t  , so t h e r e  e x i s t s  P' E M f o r  which M ,  i 
s a t  P '  A Vq+ [q  + 0 [P '  --t q ] ]  , o r  e q u i v a l e n t l y ,  M ,  i s a t  Vq+ [q f--f 

0 [PI -+ q ] ]  . By comprehension we t h e r e f o r e  have 

0 

(1) M ,  i s a t  [ A t+ 0 [PI + A] ] 

f o r  every  M-sentence A . Also  by comprehension, t h e r e  e x i s t s  P C M such 
t h a t  
p l i e s  t h a t  f o r  every  j 'C I : 

d 
M sat 0 [P - Vq+ [ 0 [P'  -+ Nq] + q ] ]  . This  t o g e t h e r  wi th  (1) i m -  

( 2 )  P ( j )  = 1 i f f  f o r  eve ry  Q < Md , Q C N(i)  imp l i e s  Q ( j )  = I 

We show t h a t  (*)  holds  f o r  Q E M+ , and assume f irst  t h a t  
M, i s a t  NQ , i . e . ,  Q C N(i )  . Then from ( 2 ) ,  we have  Q ( j )  = 1 when- 
e v e r  P ( j )  = 1 , so M sa t  0 [P + Q] . On t h e  o t h e r  hand, assume t h a t  
M s a t  0 [P -+ Q] ; t hen  by A2(N) , R (N) and comprehension we e a s i l y  ob- 
t a i n  f i r s t  t h a t  M sa t  0 N I P  + Q] and then  t h a t  M sat  0 [NP + NQ] . 

P . Suppose 

2 
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Thus, i f  we can show 

(**) M ,  i sat  NP , 

t hen  we can conclude t h a t  M, i s a t  NQ , and t h e  proof  w i l l  be  complete.  

We f i r s t  show 

(t) M s a t  0 [ - P  +. N - P  ] . 

For ,  suppose M ,  j s a t  -+ P . Then by (2 ) ,  t h e r e  e x i s t s  Q, E N( i )  w i th  

Qo( j )  = 0 , i . e . ,  hi,  j s a t  - Q . llence u s i n g  A 3 ( N )  , M ,  j sa t  - NQ,. 

But bl,  i s a t  NQ, , so  using A5(N) we conclude t h a t  M, i s a t  NNQ, . 
By comprehension, l e t  Q, C M be such t h a t  Irl s a t  0 [Q, - N Q  ] . Then 

Q, C N ( i )  , whence by ( 2 ) ,  P ( i ' )  = 1 impl i e s  Q l ( i f )  = 1 f o r  a l l  i '  C I ,  

i . e . ,  M s a t  0 [ P  + NQ,] . I t  fo l lows  t h a t  bl sat [ - NQ, + P ] , 
s o  us ing  A 2 ( N )  , R 2 ( N )  and comprehension we o b t a i n  b l  s a t  0 [ N - NQ, + 

N - P ] . But us ing  A (N) we s e e  t h a t  M s a t  0 [ - NQo + N - NQ, ] . 
There fo re  M s a t  0 [ - NQ, + N - P ] , and s i n c e  M, j s a t  pa NQ, we 

conclude  t h a t  M, j s a t  N -  P . This  comple tes  t h e  p roof  o f  (t). 

0 

6 0 

6 

In  view o f  A3(N) , (t) imp l i e s  t h a t  M sat  0 [ - P - N - P ] , o r  

e q u i v a l e n t l y ,  

which by Lemma 1 2  

( 4 )  M sat  0 

But by (2), us ing  

1 y i e l d s  

N P - N - N - P ] ,  

A3(N) , we c l e a r l y  have P ( i )  = 1 , whence by ( 3 ) ,  we 

have PI, i s a t  - N - P , and t h e r e f o r e  u s i n g  A ( N )  and comprehension, 

M ,  i sa t  N - N - P . This  wi th  (4) y i e l d s  M ,  i s a t  NP , so  t h a t  (**) 

ho lds  and t h e  theorem is  proved. 

6 

We have seen  t h a t  v a r i o u s  c l a s s e s  o f  modal o p e r a t o r s  -- e . g . ,  t h o s e  

obeying s p e c i f i e d  modal axioms, o r  t h o s e  a r i s i n g  from re l evance  r e l a t i o n s  
between i n d i c e s  - -  can b e  c h a r a c t e r i z e d  i n  a n a t u r a l  way by means o f  f o r -  

mal cond i t ions  e x p r e s s i b l e  i n  M L p .  I t  would be  i n t e r e s t i n g  t o  know t o  what 

f u r t h e r  e x t e n t  t h e  language o f  MLp can b e  used i n  c l a s s i f y i n g  p r o p o s i t i o n a l  

o p e r a t o r s .  
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$13. Relative Strength of IL and MLp 

We now compare the logics IL and MLp by means of respective transla- 

tions of the formulas of each language into formulas of the other. In each 

case we have the expected result that the translation preserves the stan- 

dard semantics: A formula of IL is valid in IL if and only if its translate 

is valid in MLp, and vice-versa. However, these translations do not pre- 

serve the deductive theories IL and MLp, o r  equivalently, the generalized 
semantics for these logics; in particular, there are theorems of IL whose 

translates are not theorems of MLp. We therefore consider as well the ex- 

tended theories I L + D  and MLp+C+EC , for which we prove strong relative 
interpretability, in the following sense: A formula is provable in one of 

these theories if and only if its translate is provable in the other. 

Interpretability of MLp IL. For each u C P we define a corre- 

sponding type a[a] C T as follows: 

(i) a[e] = e , 

(ii) a[.] = (s,(a[a0],( . . . (  a[~~-~],t) ...))) when u = (uo ,..., an-1) . 

To each symbol s of ML we make correspond a symbol s of IL: 
0 P - at01 

a[aI ' 

a[.] - 
(i) If s is xz then 2 is xn 

n 
(ii) If s is c z  then 5 is c 

For  each formula A of MLP we define a translate A in IL: 

(i) If A is sas . . .  s then A is " 5 %  ... - s , 

(ii) If A is [se c sh] then A is [ 5 z ] , 

(iii) If A is - B then A is 11 , 

(iv) If A is [B + C] then A is [ E-+ C 3 , 
(v) If A is Vxo B then A is vx , 

(vi) If A is 0 B then A is 11 . 

0 n-1 0 n-1 
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I f  Z i s  a s e t  o f  formulas of  MLp we denote  by E t h e  set  of  a l l  trans- 
lates & f o r  A E Z . A l s o ,  we l e t  AZ c o n s i s t  of  a l l  formulas  of  I L  of  
t h e  form 3x [ c = x ] , where c i s  a cons t an t  occu r r ing  i n  Z . a[,] - U 

THEOREM 13.1. Let Z be a s e t  of  formulas  of  MLp. Then Z i s  s a t i s -  
f i a b l e  i n  MLp i f  and only i f  U Az i s  s a t i s f i a b l e  i n  I L .  

Proof:  We prove one i m p l i c a t i o n  only; t h e  o t h e r  is s imi la r .  Suppose 

Z is  s a t i s f i a b l e  i n  MLp ; say  M ,  i ,  a sat  Z , where M = (M m I u c p  i s  
a s t anda rd  model o f  MLp based on D and I , i C I and a E A s ( M )  . Let 

( M A ) a e T  be  t h e  s t anda rd  frame . for  I L  based on D and I , and d e f i n e  ca- 

non ica l  one-to-one mappings +U from M, on to  M '  , as fol lows:  

( i )  +e i s  t h e  i d e n t i t y  mapping on M = D = M '  

a [Dl 

e '  

( i i )  For u = (uo,.  . , F E MU = P (  MU x . . . x MU ) I  , and 
0 n- 1 

Xi,  C M' (k < n) , we pu t  +U(F)(i)(X;) ... (X' ) = 1 j u s t  i n  a [.,I n- 1 

case  (Xo,. . .,Xn-l) E F ( i )  , where Xk = +-'(Xi,) (k  < n)  . 
Ok 

We d e f i n e  a meaning func t ion  m' over  t h e  frame ( M A ) a E T  by l e t t i n g  
m'( 5 ) ( i )  = +,[m(c,)] f o r  a l l  i C I , whenever cU i s  a cons t an t  o f  

MLp, and l e t t i n g  m'(da) be an a r b i t r a r y  element of  MA1 
da o f  I L  which are not  of  t h e  form c . The system M I  = ( M A ,  m')aCT i s  a 
s t anda rd  model of  IL, and one e a s i l y  proves by induc t ion :  

f o r  c o n s t a n t s  

LEMMA 13.1.1.  Let A be  a formula of  MLp . Suppose t h a t  i C I , 
a E A s ( M )  , a '  € A s ( M ' )  , and 

f o r  every v a r i a b l e  xU of  MLp. Then M ,  i ,  a sat  A i f  and only i f  
MI, i ,  a '  s a t  & . 

Since  M ,  i ,  a sat  Z by assumption, i f  we choose a '  C A s ( M ' )  i n  
such a way t h a t  (1) holds  then  t h e  lemma y i e l d s  M ' ,  i ,  a '  sat  E . Since  
we c l e a r l y  have M' sat  AZ i n  view of  t h e  d e f i n i t i o n  o f  m' , we see 
t h a t  & U AZ 

c a t i o n  from l e f t  t o  r i g h t  i n  Theorem 13.1.  

i s  s a t i s f i a b l e  i n  I L ,  which completes t h e  proof  o f  t h e  imp l i -  
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COROLLARY 13 .2 .  Let C = r U {A} be  a s e t  o f  formulas  of MLp,  and 

l c t  A = A . Then r ) = A  i n  MLp if and on ly  i f  U A I= i n  IL. 
C 

COROLLARY 13.3.  Let A be a formula o f  MLp and l e t  6A be t h e  con- 

[ + ] i n  IL. 

Turning now t o  t h e  gene ra l i zed  semant ics ,  we have t h e  fo l lowing :  

A i A 3  . Then (= A i n  ML i f  and on ly  i f  P j unc t ion  of t h e  formulas i n  

TtlEOKfiM 13 .4 .  Let 2 be a s e t  o f  formulas o f  MLP. I f  C U Az i s  
g - s a t i s f i a b l e  i n  IL, t hen  Z i s  g - s a t i s f i a b l e  i n  MLp+C+EC . 

COROLLARY 13.5. 

2 '  

Let 2 = r U {A} be  a s e t  o f  formulas o f  MLP, and 

l e t  A = A Then r t A i n  MLp+C+EC imp l i e s  u A I -A i n  IL. 

COROLLARY 13 .6 .  Let A and s a t i s f y  t h e  hypo thes i s  o f  C o r o l l a r y  

13 .3 .  Then 1- A i n  MLp+C+EC imp l i e s  1 [ --f 4 ] i n  I L .  

Proof o f  13 .4 :  Suppose M', i ,  a '  s a t i s f y  5 u Az , where M' = 

(MA, m')aFT i s  a g-model o f  I L  based  on D and I . Then M' s a t i s f i e s  

each formula 

(1) 

where co occur s  i n  C , and i n  f a c t  we can assume t h a t  M' s a t i s f i e s  (1) 

f o r  a l l  c o n s t a n t s  c o f  MLp, by r e d c f i n i n g  m'( c ) i f  necessa ry  when 

c does no t  occur  i n  7, . IVe s imul taneous ly  d e f i n e ,  by r e c u r s i o n  on u E P, 

a se t  hiu and a one-to-one mapping from Mu on to  M '  : We f i r s t  
pu t  M = D = M' and l e t  ae be  t h e  i d e n t i t y  mapping on D , Next, we 

assume t h a t  u = (uo, .  . . , u ~ - ~ )  and hiu , Q a r e  de f ined  f o r  k < n . 

3xuLuI [ g e  x 1 , 

U 

a [Dl 

k uk 

Given F '  E M '  , l e t  F E P( hlu x . . . x hio ) '  b e  de f ined  by t h e  con- 

d i t i o n  t h a t  (Xo,. . . ,Xn-l) C F ( i )  i f f  F ' ( i ) ( X b )  . . .  (XA-l) = 1 , where 

X i  = Q (Xk) (k < n) . I t  i s  e a s i l y  checked t h a t  t h e  mapping o f  F'  t o  F 

i s  one-to-one on M' ; we l e t  Mu be i t s  range  and *o i t s  i n v e r s e .  

0 n-1 a [a1 

'k 

a [ul  

P C l e a r l y  t h e  fami ly  ( M u ) u C p  de f ined  i n  t h i s  way i s  a frame f o r  ML 

based on D and I . We d e f i n e  a meaning f u n c t i o n  m by p u t t i n g  m(c,) = 

+i'[m'(  5 ) ( i ) ]  , which i s  independent o f  i E I by v i r t u e  o f  ( 1 ) .  The 

system M = (M o, m)oEp i s  a g-model o f  M L p ,  and one v e r i f i e s  by i n d u c t i o n  
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that Lemma 13.1.1 holds in the present situation in exactly the form given 

earlier. Thus, since M', i, a' were assumed to satisfy C ,  we must have 
also M, i, a sat Z , where a is chosen to satisfy condition (1) of 

Lemma 13.1.1. It therefore remains only to show that M is a g-model of 

MLp+C+EC , i e., that the schemata of comprehension and extensional compre- 

hension hold in M . Let 

- A 1  
0 n-1 Ca,A : 3fo 0 VX0 .. . t/xn-l [ f x .. . x 

k be an instance of the comprehension schema, where 

is of type ak for k < n , and f, is the first variable of MLp of type 
LT which is not free in the formula A . By Lemma 13.1.1 it suffices to 
show that its translate Ca,A is true in M' ; in fact, we show the some- 

what stronger: 

u = (U~,...,U~-~) , x 

a. , . . .  , a E T and suppose that a = LEMMA 13.4.1. Let a , 
(s,(ao,(...(an-l,t)...))) . Let 

n- 1 
A be any formula of IL. Then the formula 

0 n-1 
* A 1  3fa VX0 . . . Vxn-l [ 'f x * .  . x 

is provable in IL, where xk is of type ak for k < n and fa is the 

first variable of type a which does not occur free in A . 

- Proof: Let M = (bfa, m)aET be a g-model of IL, a € A s ( M )  . Putting 
F = V"( ^Xx O . . .  Xxn-' A ) E Ma , it is easily checked that 

M; a,F sat 0 Vxo . .. Vxn-l [ 'f xo.. . xn-' ++ A ] . 

In a similar way we verify that every instance EC''A of extensional 

comprehension is true in M by showing that the translate & is true 
in M' , and this follows from: 

LEMMA 13.4.2. Under the hypotheses of Lemma 13.4.1, the formula 

0 Ifa [ VXO.. . t/x"-l [ 0 'f xo. .. 2 - l  v 0 - 'f xo. .. xn-l 1 

A Vx0 ... Vxn-' [ 'f x ... x n - l t + A ] ]  

is a theorem of IL. 

__ Proof: Let M = (Ma, m)acT be a g-model of  IL based on D and I , 
M 
i,a B '  and suppose i € I , a € As(M) . We put G = V ( Xx O . . .  Xxn-' A ) E M 
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M where 
v e r i f i e s  t h a t  F1; i ;  F s a t i s f y  t h e  formula 

p = ( a o , ( a l ,  (. . . ( a n - l , t ) .  . . ) ) )  , and l e t  F = V,(*g ) C M . One 
P a  

0 n- 1 0 n-1 vx ... vx [ 0 " f  x ... x v u- " f  xo . .  . xn-l  ] 

0 n-1  
A b'x'... 'dxn-' [ 'f x . . .  x - A ] ,  

which y i e l d s  t h e  d e s i r e d  r e s u l t .  Th i s  completes t h e  p roof  of Theorem 13 .4 .  

We remark t h a t  C o r o l l a r y  13.6 can be g iven  a d i r e c t  s y n t a c t i c  p roof  
One shows t h a t  t h e  s e t  of formulas A of ML having t h e  p r o p e r t y  t h a t  

[ 6A + A  ] 
c losed  under t h e  i n f e r e n c e  r u l e s  o f  t h a t  t heo ry .  

P 
i s  a theorem o f  IL  c o n t a i n s  t h e  axioms o f  ML +C+EC and i s  P 

I n t e r p r e t a b i l i t y  of I L  & M L P .  We now o u t l i n e  a similar i n t e r p r e t a t i o n  
of IL i n  MLp, omi t t i ng  d e t a i l e d  p r o o f s .  F i r s t ,  we make cor respond t o  each 
a C T a type  o[a] C P : 

( i )  a [ e ]  = e , 

( i i )  u [ t ]  = 9 , 

( i i i )  a[aP1 = (a [a l ,o [Pl )  , 

( i v )  u[sa]  = (u[a]) . 

of  ML we d e f i n e  a formula a [ a I  P For each a C T and each v a r i a b l e  v 

T ~ ( V )  ( v i s  of t y p e  a 

of MLp con ta in ing  e x a c t l y  t h e  v a r i a b l e  v f r e e ,  as f o l l o w s :  

( i )  ~ ~ ( x , )  i s  [x 1 XI  , 

( i i )  T (p,) i s  [ 0 p v 0- p 1 , 

( i i i )  T (fa[aP1) i s  Rn(f) A Vx 

Vx [ Ta(x) -+ 3!!y 

t 

ap [ fxy -+ Ta(x) A Tp(y) ] A 
.[a1 v y d P I  

alp] fxy  1 ' 0 [a1 
( i v )  Tsa(fo[sal) i s  0 Vx [ fx + Ta(x) ] A 0 3!!x fx . 
To each p rope r  symbol s of IL we make cor respond a symbol s o f  MLp: 

( i )  I f  s i s  x: t hen  ? i s  xn 

a[aI a t a l  
- 

.[a1 ' 
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(0  [a1 1 * 
( i i )  If s i s  c z  then  5 i s  cn 

Let Aa be a term of  I L ,  xu a v a r i a b l e  of  MLp. We say t h a t  x i s  open 
f o r  A i f  x i s  d i s t i n c t  from f o r  every v a r i a b l e  v which occurs  
f r e e  i n  A . For each term Aa o f  IL and each v a r i a b l e  x 
which i s  open f o r  

- 
of  MLp 

.[a1 
A, , w e  d e f i n e  a formula 

A Co (x) ( x codes A ) 

- 
of  ML whose free v a r i a b l e s  a r e  x t o g e t h e r  with t h e  v a r i a b l e s  v where 

v i s  f r e e  i n  A . The d e f i n i t i o n  is  by r e c u r s i o n  on Aa : 

( i )  Au is v 
A 

P 

- 
open f o r  A, ( i . e . ,  x d i s t i n c t  from v ).  

a ’ ‘a[a] 
Then Co (x) i s  [ v = x ] . 

a ‘a[a] 

- 

- A a r b i t r a r y .  Then Co (x) i s  e x  . ( i i )  Aa is  c 

( i i i )  Aa i s  [BpaCpl , open f o r  Aa . Let f , x be  t h e  f i rs t  
v a r i a b l e s  of ML of  t ypes  (o[p],a[a]) , a [ P ]  r e s p e c t i v e l y ,  which 

a r e  d i s t i n c t  from y and open f o r  A . Then Co (y) i s  
P 

A 

C 3 f  3 X  [ COB(f) A CO ( X )  A fXy ] . 

( i v )  Aa i s  hx B open f o r  Aa . Let y be  t h e  f i rs t  v a r i -  
P Y ’ f+l - 

a b l e  o f  t ype  o[y] which i s  d i s t i n c t  from x and open f o r  B . 
A Then Co ( f )  i s  

Rn(f) A Vx Vy [ f x y  +-+ Tp( 2 ) A COB()’) ] . 

(v) Au i s  [B = C , p+ open f o r  Au . Let x , y be  t h e  f i r s t  B -  P I  
d i s t i n c t  v a r i a b l e s  of  t ype  o[p] which are d i s t i n c t  from p and 
open f o r  A . Then Co (p) i s  A 

Y 1 1 .  B C 3 x  3y [ Co (x) A Co (y)  A 0 [ p +-+ x S 

( v i )  A, i s  ^ B  f open f o r  Aa . Let x be t h e  f i rs t  v a r i a b l e  
P .[a1 

A of type o[P which i s  open f o r  B . Then Co ( f )  i s  

B 0 Vx [ f x  - co  (x) ] . 
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open f o r  Aa . Let f b e  t h e  f i r s t  v a r i a b l e  
o[aI 

( v i i )  Aa i s  "Rsa , x 

A o f  t ype  ( u [ a ] )  which i s  open f o r  B . Then Co (x)  is 

3 f  [ COB(f) A fX ] . 

For each formula A o f  IL we d e f i n e  i t s  t r a n s l a t e  A i n  llLp t o  b e  t h e  

formula 3p4 [ Co (p) A 0 p ] , where p i s  t h e  f i r s t  v a r i a b l e  of t ype  + 
which i s  open f o r  A . Given a s e t  Z o f  formulas of IL, we l e t  c denote  

t h e  s e t  of a l l  formulas A f o r  A C Z . Also ,  we l e t  A' deno te  t h e  set  
o f  a l l  formulas (1) TSa( c ) , where c occurs  i n  Z , t o g e t h e r  w i t h  a l l  

formulas ( 2 )  Ta( x ) , where x occurs  f r e e  i n  Z . 

A 

- 

TIIEOREM 13 .7 .  Let Z be a set  o f  formulas  o f  IL. Then Z i s  s a t i s -  
- 

f i a b l e  i n  IL i f  and only  i f  Z U A' i s  s a t i s f i a b l e  i n  MLp.  

We omit t h e  proof 

COROLLARY 13 .8 .  Let C = r {A] be  a s e t  of formulas  o f  IL, and l e t  

A = A' . Then r I= A i n  IL i f  and on ly  i f  u A I= i n  MLp. 

COROLLARY 13 .9 .  Let A be  a formula o f  I L ,  and l e t  gA be  t h e  con- 

junc t ion  of t h e  formulas i n  

I= [ gA -+ ] i n  MLp. 

A t A '  . Then k A i n  IL i f  and on ly  i f  

For t h e  gene ra l i zed  semant ics ,  we s t a t c  wi thout  p roof  t h e  fo l lowing  

analogue of Theorem 13.4: 

THEOREM 13.10. Let Z b e  a se t  o f  formulas o f  IL. If c u A' i s  g- 

s a t i s f i a b l e  i n  ML +C+EC , t hen  Z i s  g - s a t i s f i a b l e  i n  IL+D . P 

COROLLARY 13.11. Let Z = r u {A) be  a s e t  o f  formulas  o f  I L ,  and l e t  - C 
A = A . Then r 1- A i n  IL+D impl i e s  r U A 1-x i n  MLp+C+EC . 

COROLLARY 13 .12 .  Let A and gA s a t i s f y  t h e  hypo thes i s  o f  C o r o l l a r y  

13 .9 .  Then I- A i n  IL+D impl i e s  [ gA -+ ] i n  MLp+C+EC . 

We remark t h a t  Coro l l a ry  13.12, l i k e  Coro l l a ry  13 .6 ,  can b e  proved d i -  

r e c t l y  wi thout  u s ing  g e n e r a l i z e d  comple teness .  Combining C o r o l l a r i e s  13 .6  

and 13.12, we s e e  t h a t  each  o f  t h e  t h e o r i e s  
l y  i n t e r p r e t a b l e  i n  t h e  o t h e r ,  i n  t h e  fo l lowing  sense :  

IL+D , MLp+C+EC i s  r e l a t i v e -  
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(i) I- A in ML +C+EC implies I- [ 6* + A  ] in IL+D , 

(ii) 1- B in IL+D implies I- [ gB + ] in MLp+C+EC . 
P 

We state without proof: 

THEOREM 13.13. Let A be a formula of MLp, and let B be the f o r -  

mula [ 6A + & ] of  IL. Then I- [ gB -+ ] in MLp+C+EC implies /- A 

in MLp+C+EC . Similarly, let B be a formula of IL, and let A be the 

formula [ gB + ] . Then [ 6A -+A ] in IL+D implies 1- B in IL+D. 

COROLLARY 1 3 . 1 4 .  The implications (i) and (ii) above can be strength- 

ened to equivalence. 

We say that the theories IL+D and ML +C+EC are strongly relatively P 
interpretable in each other, in view of Corollary 1 3 . 1 4 .  We remark here, 

again without proof, that the theories IL+D and Ty2+D (see $8) are also 

equivalent in the same sense: each is strongly relatively interpretable in 

the other. In fact, the interpretation of IL+D in Ty2+D was given in 

$8 (see Theorem 8.3).  For the interpretation of Ty2+D in IL+D , we rep- 
resent quantification over indices (objects of type s ) by quantification, 

in IL, over atomic propositions in (approximately) the sense of $11. 



CHAPTER 4 .  ALGEBRAIC SEMANTICS 

$14. Boolean Models of MLp 

P 
of Chapter 3 ,  which will enable us to answer various independence questions 
raised earlier. The models with which we now concern ourselves are Boolean 

models, in distinction to the standard and general models of $9 .  This is an 

adaptation to higher-order modal logic of the notion of a Boolean model of 

ordinary higher-order predicate logic presented in Scott [1966]. The new 

feature is the presence in the language of the necessity operator 0 , 
which turns out to be quite useful for describing various properties of the 

underlying algebra. 

In this section we describe an alternative semantics for the logic ML 

Given sets Xo , ... , Xn-l , we say that R is an (Xo,...,Xn-l)-rela- 

tion if R € P(Xo X ... X Xn-l) , and given a set I we say that F is an 

(I;Xo ,..., Xn-l)-predicate if F E P(Xo X ... X Xn-l)l . In view of the ca- 
nonical set-theoretic equivalence 

- 

we can identify the (Xo,.,.,Xn-l)-relations with mappings from the product 

xo x . . .  X Xn-l 2 = {O,l} whose elements represent the re- 

spective truth-values falsity and truth. Under this identification, an 

(Xo,...,Xn-l)-relation R assigns to each n-tuple (ao,...,an-r) a truth- 

value R(ao,...,an-l) , either 0 o r  1 . If we now replace the set 2 by 

an arbitrary Boolean algebra B , we obtain the set 

into the set 

'n-1 xo x ... 
B 

The basic idea behind the present construction is thus due to Scott, 
whose earlier work motivates most of this chapter. The author is indebted 
to Scott, in particular, for providing the general outline of $17. 
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of all B-valued (Xo,...,Xn-l)-relations. Following Scott, we here think of 

B 
ments 0 , 1 of B represent falsity and truth, while other elements 

P E B 

R is a 9-valued (Xo,...,Xn-l)-relation, then R assigns to each n-tuple 

n- 1 (ao ,..., a 
which we regard as the degree of truth of the assertion that a. , ... , 
a 

be identified with those 9-valued relations which only assume the values 

0 and 1 . Now, from the equivalences 

as comprising a widened class of truth-values: The zero and unit ele- 

represent specific "degrees of truth" somewhere between them. If 

x Xn-l a Boolean truth-value R(a,,, ..., a ) C 9, ) E Xo x . .. n- 1 

stand in the relation R . The ordinary (Xo,...,Xn-l)-relations can 
n- 1 

'n-1 

'n-1 

xo x ... 

xo x ... 
BI (2') 

% P(1) 9 

we see that we can, for all practical purposes, identify the set of all 

(I;XO,...,Xn-l)-predicates with the set of all 9-valued (Xo,...,Xn-l)-rela- 

tions, where B is the algebra P(1)  of all subsets of I . This suggests 
that the standard semantics for M L p ,  which is based on domains 

M = P (  M, x ... x M- ) '  
( D o , .  . . ,an-l 0 

of predicates, might be replaced by a 

"n- 1 

Boolean semantics 

n- 1 
M, 

of B-valued relations. Of course, if B is the algebra 

based on domains 

P ( 1 )  for some 

set 

for MLp; we shall be interested, therefore, in the more general case. 

I then.this only amounts to a reformulation of the standard semantics 

Suppose that B = (B, +, * ,  -, 0, 1) is a complete Boolean algebra2 

and D is a non-empty set. The 9-valued Boolean frame for MLp based on D 

is the family of sets, where: 

For the definition and basic properties of Boolean algebras, see Sikorski 
[1969] or Halmos [1963]. The hypothesis of completeness of the algebra will 
be necessary for the definition of the Boolean value of a formula; as Theo- 
rem 15.13 shows, this restriction cannot be dropped. 
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(i) Me = D , 

n- 1 
Mu Mu x . . .  

0 ( i i )  For u = (uo ,..., un-l) , M , = B 

A B-valued Boolean model (b-model) of MLp based on D is a system b1 = 

( M u ,  m)oEp such that: 

(i) ( M u ) , c p  is the B-valued Boolean frame for MLp based on D , 

(ii) m (the meaning function) is a mapping which assigns to each constant 

c an element of Ma , a 

Let As(M) consist of all assignments over M ; i.e., all functions a on 

the set of variables such that a(x,) E Ma for each variable xa . Given 
a E As (M)  , let a extend a to the set of constants by the rule that 

a(c,) = m(c,) E M, . For each formula A of MLp and each a C As(M) we 

define a Boolean value € B , as follows (we suppress the super- 

script I M ' )  : 

(1) 

(2) I/ se = s ;  I l a  = 1 if a ( s )  = ;(sf) , 0 otherwise, 

( 3 )  I /  - A / I  = - / I  A /I (Boolean complement), 

(4) 1 1  A + B I / a  = [ I /  A / l a  * 1 1  B 3 = - 1 1  A l l a  + / I  B , 

- 

M 1) A / l a  

0 - 
II scs O... sn-l I I ~  = a(s,)(a(s ,..., a(sn-l)) , 

- 

1 1  A //a,X (Boolean infimum), where a,X rep- 
X C Ma (5)  / I  Vxa A I l a  = n 

resents the assignment a(x/X) , as usual, 

( 6 )  I/ 0 A / l a  = N 11 A ] l a  , where N is the operator in B defined by:  
NP = 1 if P = 1 , NP = 0 otherwise. 

It is easily verified that 11 A I l a  depends only on the values of a for 

variables occurring free in A , so that, e.g., if A(xa,y,) involves only 

the distinct free variables xo , y, then we can write 1 1  A(x,y) //x,y 

where X E Mo and Y E bfT , and if A is a closed formula we can write 

simply 11 A 11 , If A is modally closed then / /  A / l a  is either 0 o r  1. 

A formula A is true in a b-model M if 1 1  A 1 )  = 1 for every assign- 

ment a , and A is b-valid in MLp if it is true in every b-model. 
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We show now that the standard semantics for MLp can in fact be viewed 

as a special case of the Boolean semantics, as suggested earlier. Let D 

and I be non-empty sets, let (hlu)oEp be the standard frame for blLp 

based on D and I , and let (M:)uEp be the P(1)-valued Boolean frame 

for ML based on D . IVe define canonical one-to-one mappings +u from Ma 

onto bl; as follows: We first let 9e be the identity mapping on bl = D 

= bit . For cr = (oO,. . . we assume that 9 is already defined for 

P 

uk 

k c n . For  each F F M = P (  Mu x . . . x Mu )I , we define its image 
0 n- 1 U 

Mi x . . . x M;; 
0 n- 1 +,(F) F bl: = P(1) 

t 
by the condition that i E 9u(F)(X0,...,Xn-l) iff (XO,...,Xn-l) C F 

where Xk = +-l(X;) (k < n) . 
uk 

THEOREM 14.1. Suppose bl = (Mo, m)crcp is a standard model of ML 
I 

based on D and I , M" = (Mi, m")uEp is a P(1)-valued b-model of MLp 

based on D , and for each constant c we have m"'(c,) = 9 [m(c ) ]  . 

Given a E As(M) define a" C As(b1") by putting a"(xu) = 9.,[a(xU)] for 

each variable xu . Then for every formula A and every a E As(b1) : 

U c r u  

li? / I  A lla"  = { i E I I M, i, a sat A } . 

Proof: Straightforward, by induction on A . __ 

COROLLARY 14.2. Let A be a formula of blLp. If A is b-valid in MLp 

then A is valid in MLp. 

Before stating the next theorem on b-validity (Theorem 14.3), we need 

several additional lemmas. The first is a counterpart for the Boolean se- 

mantics of Lemma 9.1.1, and is easily proved by induction: 

LEMMA 14.3.1. Let M be a b-model of MLp and suppose the symbol scr 

is free for the variable xu in the formula A(x) . Then f o r  every assign- 
ment a over M we have 11 A ( s )  ]la = ] /  A(x) Ila,X , where X = a(s )  . 
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We r e c a l l  from $9 t h a t  [ s o =  s l ]  a b b r e v i a t e s  t h e  formula 0 [s z s 1 ]  
U 

f o r  any type  u C P , and if u = (uo, ..., u ) then t h i s  i n  t u r n  abbre- 
v i a t e s  

n- 1 

0 Y X 0  ... vxE-1 
uO n- 1 

From t h i s  we immediately 

0 n-1 0 n-1 [ s x ... x f-, S I X  ,.. x ] . 

o b t a i n :  

LEMMA 14.3.2.  Let M be a B-valued b-model of  MLp, where B i s  a 
complete Boolean a lgeb ra .  Let su , s; be  any symbols o f  t ype  u . Then 
for every a E As(M) , 11 s = s '  / l a  = 1 if a(s)  = ;(st) , 0 otherwise.  

We can now prove: 

P' THEOREM 14.3. Every theorem of  MLp+C is b -va l id  i n  ML 

Proof:  We r e f e r  t o  t h e  axioms and i n f e r e n c e  r u l e s  of  t h e  theo ry  MLp+C 

s e t  ou t  i n  $9, i . e . ,  axioms AS1 through AS9 (pp. 73-74), a l l  i n s t a n c e s  o f  

t h e  comprehension schema (p. 77), and in fe rence  r u l e s  R1 - R3 (p.  74 ) .  I t  
i s  c l e a r  t h a t  t h e  r u l e s  p r e s e r v e  b - v a l i d i t y ,  so  i t  s u f f i c e s  t o  show t h a t  
every axiom i s  b -va l id .  For axioms AS1, AS2, A4 and AS t h i s  fol lows imme- 
d i a t e l y  from t h e  d e f i n i t i o n  o f  Boolean va lue  and elementary Boolean laws. 
Lemma 14.3.1 shows any i n s t a n c e  

o f  AS3 t o  be b -va l id ,  s i n c e  

where 

(1) so ze s: + [ A(s) + A(s ' )  ] , 

we show t h a t  i t  i s  t r u e  i n  any b-model M : Suppose a C As(M) ; t hen  by 

Lemma 14.3.2. ,  11 s = s'  I l a  = 0 , which g i v e s  (1) 

t h e  Boolean va lue  1 , On t h e  o t h e r  hand, by Lemma 14.3.1 we have that  

a ( s )  = ;(st) imp l i e s  / I  A(s) = I/ A(xo) I l a , X  = 11 A(s ' )  I l a  , where X = 

a ( s )  = ;(st) , so t h a t  
has  Boolean va lue  1 . 

X = ;(so) . S i m i l a r l y ,  given an i n s t a n c e  of  AS6. s ay  

- 
a ( s )  # ;(st) imp l i e s  

- 
- 11 Afs )  + A(s ' )  ( l a  = 1 , and t h e r e f o r e  aga in  (1) 
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The modal axioms AS7, AS8 and AS9 are readily verified to be b-valid 

using the definition of Boolean value. For AS9, for instance, it suffices 
to show that if B = (B, +, . , -, 0, 1) is a complete Boolean algebra and 

N is the operator on B which interprets necessity - -  i.e., NP = 1 if 

P = 1 , NP = 0 otherwise - -  then we have - NP 5 N - NP for all P E B . 
This is immediate. 

Finally, suppose that 

0 n-1 
cusA : Ifu 0 vxo ... vxn-1 [ f x . . .  x - A 1  

k 
is an instance of the comprehension schema, where u = (U~,...,U~_~) , 
is of type uk for k i n , and f, is the first variable of type u 
which does not occur free in A . Let 

x 

M = (Mo, m)uEp be a B-valued b-mod- 

by the condition n- 1 
Mcr M x . .. 

uO el of MLp, a E As(M) . Define F E B 

0 n-1 - /I vxo . . .  vxn-l [ f x . . .  x A 1   la,^ = 1 3 

so that /I CajA / l a  = 1 . This completes the proof. 

By Corollary 14.2, Theorem 14.3 and generalized completeness far MLp+C 

we have : 

COROLLARY 14.4. Let A be a formula of MLp. Of the conditions 

(i) A is g-valid in MLp+C , 

(ii) A is b-valid in MLp, 

(iii) A is valid in MLp, 

we have (i) implies (ii) implies (iii). 

We shall see presently that these implications cannot be reversed, and also 

that condition (ii) is actually closer to (iii) than it is to (i). 

M-Formulas. 

by using constants in place of free variables. Suppose that 

is a b-model of MLp. For each 

stant of type a t o  denote X , and as earlier we simplify the discussion 

As in $12, we can simplify the present semantics somewhat 

M = (Mu,  m)uEp 

we add to the vocabularly a new con- X E Mo 
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by agreeing to let X act as a name for itself, extending the meaning 

function m by putting m(X) = X for each X € Mu , u € P . A formula 
of this extended language is called an M-formula, as before, and an M-sen- 
tence if it has no free variables. For M-sentences the Boolean value 
can be defined by recursion on the length of A ; in particular, we have 

I/ A 11 

0 n- 1 for any (extended) constants c , c , . .  . , c , and at the quantifier 
clause: 

I /  vx0 A(X) /I = n Mu /I A(X) II . 
0 n- 1 It is easy t o  establish that 

where A(x , . . . ,x"-l) 
of type 
las in subsequent sections, concluding now with the following observations: 

In a B-valued Boolean model M = [M0, m)uEp , the set M = B"' can be 

identified with the algebra B itself,3 so that a proposition of M is 

just an element P € B , and considering P as an M-sentence we see that 

11 P 11 = P . Similarly, a propositional operator of 
F 6 M = B = BB , hence an operator on B in the usual sense. 

11 A(x ,... ,x 

P 

1 l l a  = 11 A(XO,. ,.,Xn-l) 11 , 
k is a formula of ML with distinct free variables x 

a(x ) = Xk . We shall make free use of M-formu- 

0 

k 
uk (k < n) , and 

4 

M will be a mapping 
M 

(4 1 

015. Modal Independence Results 

We remarked in $9 that the schema EC of extensional comprehension is 

independent of  MLp+C , and again in $11 that the axiom At of atomic 

propositions is independent of 

dependence results are equivalent. 

MLp+C . Indeed, by Theorem 1l.S these in- 

LEMMA 15.1.1. Let B be 

Boolean model. Then 11 At 11 = 

Recall that, by our  earlier 
product of zero sets, we have 

a complete Boolean algebra, M a B-valued 

1 if B is atomic, and 0 otherwise. 
I 

convention (page 72) regarding the Cartesian 
M x . . . ~  M = {+} when n = 0. 
OO 'Jn- 1 
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Proof :  S ince  t h e  formula - 

i s  modally c losed ,  t h e  va lue  1 1  A t  / I  i s  e i t h e r  0 o r  1 . But t h e  fo l low-  

ing  cond i t ions  a r e  e q u i v a l e n t :  

The equiva lence  o f  (3) and ( 4 )  fo l lows  from t h e  f a c t  t h a t  N[P Q] = 1 i f  

P 5 Q and 0 o the rwise .  For t h e  equ iva lence  of (6) and ( 7 )  i t  s u f f i c e s  t o  

observe  t h a t  R R i s  equa l  t o  P i f  P i s  an atom o f  

B , and 0 o the rwise .  
R E  B ,  O <  R 5  P 

I f  we now t a k e  f o r  B any complete non-atomic Boolean a l g e b r a ,  e . g . ,  

t o  be t h e  a l g e b r a  o f  r e g u l a r  open s u b s e t s  o f  t h e  r e a l  l i n e , ’  and t a k e  

an a r b i t r a r y  B-valued Boolean model, we w i l l  have 1 1  A t  1 1  = 0 by Lemma 

1 5 . 1 . 1 ,  s o  t h a t  t h e  formula A t  i s  no t  b - v a l i d .  By Theorem 14 .3  we immedi- 

a t e l y  conclude:  

M 

THEOREM 15 .1 .2  The formula A t  i s  n o t  p rovab le  i n  MLp+C . 

In  view o f  Lemmas 11 .5 .2  and 9 . 4  we a l s o  have 

THEOREM 15 .2 .  The formula ED i s  no t  p rovab le  i n  MLp+C f o r  cr # e ,  
- 
n (n F w) . 

’ See  S i k o r s k i  [1969],  p .  5. 

* This  r e s u l t  can a l s o  be  formula ted  so  as t o  a s s e r t  t h e  cons i s t ency  of t h e  
theo ry  MLp+C+ -At r e l a t i v e  t o  t h a t  o f  a s u f f i c i e n t l y  s t r o n g  theo ry ,  e . g . ,  
h ighe r -o rde r  number theo ry .  The s e t - t h e o r e t i c  proof  o f  Theorem 15 .1  can be 
r ep laced  i n  t h i s  way by a f i n i t a r y  r e l a t i v e  cons i s t ency  p roof .  
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COROLLARY 15.3. 

As remarked in $11, 

resolve the status of the formulas 

question. Recall that, for a type 

0 V f u  3gu [Rn(g) A f z g] , where 

The schema EC is not derivable in 

E' is provable in MLp+C , but Theorem 15.2 does not 

MLp+C . 

- 
En for n z 0 ; we now turn to this 

u = (U~,...,U~~~) , 
Rn(g) 

E' is the formula 

abbreviates 

0 n-1 vxo ... vxn-1 [ g x ... x v 0 -  g XO... xn-l ] 

and [ f  z g] abbreviates 

0 0 n-1 vxo . . .  vxn-l [ f x ... xn-l - g x ... x 3 . 

We first need: 

LEMMA 15.4.1. Let B be a complete Boolean algebra, M = (Mu, m)ucp 

a B-valued Boolean model, and suppose 

F € Mu , we have ( 1  Rn(F) )I 1 just in case F is an ordinary two-valued 

( M , ... , M, )-rel,ation, and 1) Rn(F) I/ = 0 otherwise. 

u = (uo, ..., u ) . Then for any n- 1 

aO n- 1 

Proof: Straightforward. - 
A complete Boolean algebra B is X-distributive, where X is a given car- 

dinal (initial ordinal), if the identity 

P 
cp:X + l-I 5 < 5,(P(51 n c P =  

5 < x  r l < X  5,rl 

holds for every doubly indexed family (P ) of elements of B , o r  
equivalently, if 

E S T  5 , r l < X  

' K Z X  [ n 5 E K  ' 5  l - I E + K  - p 5 1  = l  

for every family 

X-distributive for X <  o , and a complete algebra B is atomic if and 

only if it is completely distributive, i.e., X-distributive for every 

( P 5 ) 5 < X  of elements of B . 3  Every Boolean algebra is 

1 .4  

LEMMA 15.4.2. Suppose n C w , 0 < n . Let B be a complete Boolean 

algebra, M = (Mu, m)acp a B-valued Boolean model based on a set D of 

Sikorski [1969], pp. 61-62. 

Ibid., p. 105. 
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cardinality X . Then 1) En 1) = 1 if B is X-distributive, 0 otherwise. 

Proof: The formula in question is modally closed, hence has Boolean - 
value 0 or 1 . Note that 

M- = M = Bx , n (e, ..., e) 

x = D x . . . x D 

11 En / I  = 1 , 

= D" . The following are equivalent: 

n F:X ~ B II 3gfi [Rn(g) A F SI II = 1 , 

For every F:X + B , 2 G:X + 11 Rn(G) A F z G 11 = 1 , 

For every F:X -+ B , C G : x + 2  l I F = G I l  = I ,  

For every F:X -+ B , C G:X + n a / I  Fa ++ Ga I/ = 1 , 

F o r  every F:X + B , 

' G:X -+ 2 [ G(a) = 1 F(a) . G(aj = 0 -F(a) ] = 1 , 

F o r  every family (P ) , where K = Xn = 1x1 , 5 E;<K 

' K ~ K [ ~ E ; C K  P E; e n  E ; { K  = l ,  

B is K-distributive, 

B is X-distributive. 

The equivalence of ( 3 )  and (4) uses Lemma 15.4.1. The equivalence of (8) 

and (9) follows from the fact that X c w implies K = An < w also, in 

which case both (8) and (9) hold, while X ? w implies 

O t n .  

K = Xn = X , since 

- 
THEOREM 15.4. 

Proof: Let B be any non-atomic complete Boolean algebra. Then for 

The formula En is not provable in MLp+C for n > 0 . 

- 
some cardinal X , B is not A-distributive. Take for D any set of car- 

dinality X , and let M be any B-valued Boolean model based on D . Then 
by Lemma 15.4.2, we have )I Efi 1) = 0 in M , so that Efi is not b-valid 

and therefore, by Theorem 14.3, not provable in MLp+C . 

In contrast to Lemma 11.5.2, we also have the following result: 
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THEOREM 15.5. The formula [Efi + At] is not provable in MLp+C for 

any n € o . 

Proof: If n = 0 this follows from Theorem 15.1 and the fact that Ed 

is provable in MLp+C . For n > 0 it suffices to observe that ) I  EA 1 1  = 1 

and I /  At 1 1  = 0 in any B-valued Boolean model based on D , where B is 

chosen to be non-atomic and D is finite. 

The conditions E' of extensional comprehension can be weakened; spe- 

cifically, for a predicate type a = (a o,...,u ) wc consider the formula n- 1 

This formula, which is modally closed, asserts that every predicate is co- 

extensional, at some index, with an ordinary relation. By generalized com- 

pleteness we immediately have: 

LEMMA 15.6.1. The formula [Ea + E y ]  is provable in MLp+C . 

Thus, 

spect to the standard semantics) f o r  every 
conditions E; are essentially weaker than the conditions Ea . 

l? is provable in MLp+C , and E: is valid in MLp (i.e., with re- 
2 

u # e . We now show that the 

LEMMA 15.6.2. Let B be a complete Boolean algebra. Then B is atom- 

less if and only if there exists a set L 5 B such that for every K 5 L : 

Proof: First assume B is atomless. Let L = B and suppose K 5 L . - 
If i7 K = i7 P = 0 , then the condition holds, so we may assume 

that 0 < rI K . Since B is atomless, there exist P , Q € B = L with 

0 < P , 0 < Q and P + Q = Il K . But then P , Q € L-K , so that we have 

n P C K  P = I I K  = P + Q  5 Z L-K P . Conversely, assume the con- 
dition holds for some set L 5 B , and let Q be an atom of B . Define 
K 5 L by putting P € K just in case P E L and Q 5 P . Since Q 5 P 

for all P 6 K we have Q 5 rI P C Z L-I( P , whence Q 5 P 

for some P € L-K , since Q is an atom. This is a contradiction, S O  B 

must in fact be atomless. 

Using Lemma 15.6.2, we can show the followi.ng: 
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LEMMA 15.6.3.  Suppose u # e ,  $ . Let B be a complete Boolean a lge -  

b r a ,  a B-valued Boolean model based on a set  D , where 

ID1 2 I B l  . Then 1 1  ED 1 1  = 1 i f f  B i s  atomic,  and 1 )  E: 1 1  = 1 i f f  B 

con ta ins  an atom. 

M = (M u,  m)uEp 

Proof: Say u = (uo, .  . . ,on) . Then Mu = Bx , where X i s  t h e  Car- 
t e s i a n  product  . I t  i s  e a s i l y  seen t h a t  X 2 I B I  , where 

X = 1x1 . A s  be fo re ,  i n  t h e  proof  of  Lemma 15 .4 .2 ,  one v e r i f i e s  t h e  f a c t  
t h a t  1 1  Eu / I  = 1 i f  and only i f  B i s  1 - d i s t r i b u t i v e ,  which i s  equ iva len t  

s i n c e  X 2 IBI  t o  t h e  cond i t ion  t h a t  B i s  completely d i s t r i b u t i v e ,  i . e . ,  

atomic.  On t h e  o t h e r  hand, we have t h e  fol lowing equ iva lences :  

Mu x . . .  x Mu 
0 n 

U 1 1  E 2  I/ = 1 , 

' F:X + B I /  Iso [Rn(s) A O[F s l l  I /  = 1 , 

For every F:X + B , 2 G : X  + 1 1  0 [F 5 G I  11 = 1 , 

For every F:X -+ B , t h e r e  i s  G:X + 2 with 1 )  F c G 11 # 0 , 

For every F:X + B , t h e r e  i s  G : X  + 2 such t h a t  

-F(a) # 0 , a E X, G(a) = 1 F(a) 
' ' a E X, G(a) = 0 

For every f ami ly  (Ps)c<X of  e lements  o f  B , t h e r e  e x i s t s  a set  

K 5 X such t h a t  

n E E K  '5 ' ' E + K  -'s # O ,  

n P c K  ' 4 ' P c L - K  p J  

For every L 5 B t h e r e  e x i s t s  a se t  K 5 L such t h a t  

B con ta ins  an atom. 

We u s e  he re  Lemmas 15 .4 .1 ,  15 .6 .2 ,  and t h e  f a c t  t h a t  

p l e t e s  t h e  p roof .  Choosing f o r  B an atomless  complete Boolean a l g e b r a  
( e . g . ,  t h e  a l g e b r a  of  r e g u l a r  open s u b s e t s  of t h e  r e a l  l i n e ) ,  we o b t a i n :  

X 2 I B I  . This  com- 

THEOREM 15.6.  

THEOREM 15.7.  For u # e ,  4 , E' i s  n o t  d e r i v a b l e  i n  MLp+C from 

For u # e, 4 , E; i s  n o t  p rovab le  i n  MLp+C . 

t h e  set  of formulas { E; I u f e 3 . 
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Proof: Assume otherwise; then some formula - 

is provable in MLp+C and hence b-valid in MLp. Choose for B a complete 

Boolean algebra which is neither atomic nor atomless, e.g., a direct prod- 

uct B1 x B2 , where B1 is atomic and B2 is atomless. Let D be any 

set with ID1 Z IBl , and let M be any B-valued b-model based on D . By 
Lemma 15.6.3, the formula above has Boolean value 0 in M , a contradic- 
tion. 

It was remarked in $12 that there exist g-models of MLp+C which con- 

tain non-indicia1 SS-operators. We can now prove this, by the following ar- 

gument: The question whether such operators exist is just the question 

whether the formula 

which asserts that every SS-operator is indicial, is g-valid -- or equiva- 
lently, provable - -  in MLp+C . 

THEOREM 15.8. The formula (*) is not b-valid in MLp, and therefore is 

not provable in MLp+C . 

Proof: Let B be any non-atomic complete Boolean algebra, and let 

M = (Mo, m),cp be a B-valued Boolean model. If F 6 M 

propositional operator of M , and A is any M-sentence, then FA abbre- 

viates the M-sentence 3p [ O[p t--c A] A Fp ] , from which it follows that 
1 1  FA 11 = F(ll A 1 1 )  . Now suppose that 
by F(P) = P for all P C B . Then we have 1 1  FA 11 = I/ A 11 for  every 

M-sentence A . From this it is easily verified that each of the M-sen- 
tences A2(F) , R2(F) , A3(F) and A6(F) has Boolean value 1 in M ; 

i.e., F is an SS-operator of the Boolean model M . On the other hand, 
the M-sentence 

= gB is any 

0 
F is the identity operator, defined 

(1) 0 l P +  vq+ [ Fq - 0 [P  + 41 1 

asserting that F is indicial, is equivalent in M to the sentence 
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which i s  provably equ iva len t  i n  MLp+C t o  t h e  axiom A t  o f  atomic propo- 
s i t i o n s .  Hence, by Lemma 15.1.1,  formula (1) has  Boolean v a l u e  0 i n  M , 
and t h e r e f o r e  (*) a l s o  has  v a l u e  0 i n  M . 

The independence r e s u l t s  p re sen ted  i n  t h i s  s e c t i o n  were a l l  proved by 
means o f  t h e  Boolean methods developed i n  $14. Whether t h e  same r e s u l t s  
could be obtained without  t h e s e  methods has  no t  been r i g o r o u s l y  s e t t l e d ,  
a l though t h e  a u t h o r  s t r o n g l y  b e l i e v e s  t h a t  d i r e c t  p roo f s  u s i n g  on ly  t h e  
gene ra l i zed  semantics  f o r  MLp are not  p o s s i b l e .  To complete t h e  d i s c u s s i o n  

of  independence, however, we mention t h e  fol lowing r e s u l t ,  whose proof does 
no t  r e q u i r e  Boolean semantics:  

THEOREM 15.9. The comprehension schema C i s  n o t  d e r i v a b l e  i n  t h e  the -  
ory ML +EC whose axioms a r e  those  of  ML t o g e t h e r  with a l l  i n s t a n c e s  

ECa’A 

P P 
of  t h e  ex tens iona l  comprehension schema. I n  f a c t ,  t h e  i n s t a n c e  

is  n o t  provable  i n  MLp+EC . 

Proof:  Let D and I be a r b i t r a r y  sets ,  with 111 > 1 . Define a 

frame for  MLp based on D and I by: 

( i )  Me = D , 

( i i )  M = I P E 2 I P cons t an t  I = tPo,P1) , I 
6 

I ( i i i )  For u = (a,, ..., un) , n 2 0 , Mu = P( Mu X ... x Ma ) . 

Let m(c,) € Ma b e  a r b i t r a r y .  I t  i s  obvious t h a t  every i n s t a n c e  ECU’* 

o f  ex tens iona l  comprehension i s  t r u e  i n  M . But c l e a r l y ,  fo r  an appropr i -  
a t e  cho ice  of  F E M(e) = P(D)I and X E D we w i l l  no t  have M; F , X  sa t  

0 n 

c4, f x  

V a l i d i t y  and B-Validity.  We have seen  (Coro l l a ry  14.2) t h a t  every 
b -va l id  formula of MLp i s  v a l i d .  The converse is  n o t  t r u e ,  s i n c e  by Lemma 
15.1.1,  t h e  axiom A t  o f  a tomic p r o p o s i t i o n s  is  no t  b -va l id .  We proceed 
t o  show, however, t h a t  it is  on ly  A t  t h a t  s t a n d s  between v a l i d i t y  and 
b - v a l i d i t y .  
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THEOREM 15.10. Let A be a formula of MLp. Then A is valid in MLp 

if and only if [At + A] is b-valid in MLp. 

- Proof: Suppose first that [At + A] is b-valid. Then it is valid, by 

Corollary 14.2, and since At is valid it follows that A is valid. Con- 

versely, suppose A is valid, and let Mft = (Mi, m*)ucp be a B-valued 

Boolean model of MLp, a* an assignment over M* , If B is non-atomic 

then I (  At * A [Ia* = 1 . We can 
therefore assume that B is atomic. Since B is complete, it follows that 

B is isomorphic to a complete field of sets; in fact, to the algebra P(1) 

of all subsets of the set 

B with P ( I )  . Now let (Mu)uEp be the standard frame for MLp based on D 

and I , where D = M* 

from Mu onto M: defined in $14. If we put m(c,) = @,'[m*(ca)] 

each constant cu and let a(x,) = (P,'[a*(xu)] 

then by Theorem 14.1: 

.L 

1 1  At 11 = 0 by Lemma 15.1.1, and therefore 

I of atoms of B . 5  We can therefore identify 

and let (Pa be the canonical one-to-one mapping 
e '  

for 

for each variable xu , 

1 1 A l i $ = { i C 1  ~ M , i , a  sat A ) = r ,  

t 
since A is valid in MLp. Thus A has Boolean value 1 in M , under 

the assignment a* , and the proof is complete. 

COROLLARY 15.11. The b-valid formulas of ML are not axiomatizable. P 
In fact, the set of Glldel numbers of b-valid formulas of MLp is not defin- 

able by any formula of higher-order number theory. 

Proof: It is known6 that the set of valid formulas of Lp is not defin- - 
able in higher-order number theory, and the same result clearly holds f o r  
the set of valid formulas of MLp, This fact together with Theorem 15.10 

shows that the set of b-valid formulas of MLp is also undefinable, and 

therefore not recursively enumerable. The result can also be obtained by a 

direct interpretation of Lp in MLp: By relativizing quantifiers to heredi- 

Sikorski [1969], p. 105. 

See Enderton [1972], p. 272 (The argument is based on Tarski's theorem on 
undefinability). L. Harrington informs us that the counterpart of Corollary 
15.11 f o r  ordinary (non-modal) higher-order logic is also true, although 
the proof lies much deeper. 
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tarily constant predicates, using the formula Rn(f) , we can effectively 
find for each formula A of Lp a formula A* of ML such that A is 

valid in Lp just in case A* is b-valid in MLp. Since the mapping is re- 

cursive and hence arithmetically definable, the result follows. 

P 

Expressible Boolean Properties. 

atomicity of a complete Boolean algebra can be expressed in MLp by the 

formula At , in the sense of Lemma 15.1.1; viz., in any B-valued Boolean 
model we will have 1 )  At )I = 1 if B is atomic, and 0 otherwi-se. There 

is, in fact, a wide class of Boolean properties expressible in MLp in the 

same sense, i.e., by means of a closed and modally closed formula of MLp. 

Specifically, we can express in MLp any Boolean property expressible in the 

language of higher-order Boolean algebra, by which we understand a formal- 

ism containing primitives for the Boolean operations and relations, and 

variables over elements of the algebra, sets of elements, sets of sets, 

etc. To see this, we observe that variables pQ of type 4 range over 

elements of B in our Boolean semantics, and the Boolean relations P 4 Q 

and P = Q can be expressed by the modally closed formulas O[p 

and 

can be expressed by the formulas p V q , p A q , - p respectively. The 

formula Vp A(p) , where A(p) is modally closed, expresses quantifica- 

tion over elements of the algebra, while Vf [Rn(f) + A(f)] expresses 

quantification over subsets of the algebra, and similarly for higher or-  
ders. We therefore have: 

We have seen that the property o f  
B 

4 + q,’ 
[p, z qQJ , respectively. The Boolean operations P + Q , P - Q  , -P  

6 

(Q 1 

THEOREM 15.12. For any sentence A of the language of higher-order 

Boolean algebra we can effectively find a closed and modally closed formula 

A* of MLp such that for any complete Boolean algebra B and any B-valued 

Boolean model M , 11 A* [ I M  = 1 if and only if A is true in B . 

Incomplete Boolean Models. 

completeness on the algebra B 

ever, the next theorem shows that it is in fact not possible t o  do so. Let 

B be an arbitrary Boolean algebra, not necessarily complete, D a non- 

empty set. A B-valued Boolean model of MLp based on is a system M = 

(Mu, m ) u c p  such that: 

(i) (Mu)uCp is the B-valued Boolean frame for MLp based on D , 

We may attempt to relax the requirement of 

in our definition of Boolean model. How- 

D 
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u ’  (ii) m assigns to each constant c an element of M 

(iii) There exists a function 11 / I M  which assigns, to each formula A 

U 

M of MLP and a C As(M) , a Boolean value I /  A I l a  E B , in such a way 
as to satisfy the recursive conditions (1) through (6) on page 108. 

Clause (iii) should be interpreted as follows with respect to condition ( 5 )  

on page 108: Given a formula a , the Boolean in- 

fimum l7 Mu ( 1  A //a,X exists in B and is equal to / /  Vx, A / l a  . 
Vxo A and an assignment 

M M 

THEOREM 15.13. If there exists a B-valued Boolean model then B is 

complete . 

Proof: Suppose M = (Mo, m)ocp is a B-valued Boolean model, where B 

is an arbitrary Boolean algebra. Suppose 

F E M(+) = BB by putting F(P) = P if P E K , F(P) = 1 otherwise. Then 

by clause (iii) we have (1 Vp f p / I M  = l7 / /  f p / I M  - ($1 4 F,P - 

n P C B  F(P) = n P c K  P , so that the infimum n K of K belongs to 

B . Since K was arbitrary, B is complete. 

K 5 B , and define an operator 

6 + ($1 + F 

In the next section, we consider a somewhat different generalization of the 

notion of a Boolean model. 

$16. Topological Models of MLp 

Since the early 1940’s, one branch of the study of propositional modal 

logics has centered around topological interpretations, or  more generally, 
interpretations in such structures as topological Boolean algebras’, which 

are naturally related t o  topological spaces. A topological Boolean algebra 

is a structure (B,N) , where B is a Boolean algebra and N is an oper- 

ator on B satisfying: 

(i) NP 5 P , 

(ii) N[P * Q] = NP 9 NQ , 

Also called closure algebras; see McKinsey [1941], McKinsey and Tarski 
[1944]. We here employ the dual notion, as in Rasiowa [1963]. 
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(iii) NNP = NP , 

(iv) N1 = 1 . 

The motivating example is a topological field of sets (B,N) , where X is 

a topological space with interior operator N , and B is a field of sub- 

sets of X closed under N . It can be shown’ that every topological Bool- 
ean algebra is isomorphic to a topological field of sets. 

In any topological algebra (B,N) we can define the usual topological 

notions: An element P € B is open if NP = P , o r  equivalently if NQ = P 

for some Q C B . The closure of an element P is defined to be -“-PI , 
and P is closed if it is equal to its closure, o r  equivalently if -P is 

open. The infimum PI P2 . . . .  * Pn of finitely many open elements is 

again open, and the supremum 2 P of any set K of open elements 

is open, if it exists in B . For any P < B , NP equals the supremum 

z Q of all open elements dominated by P . Q S P , N Q = Q  

It is easily verified that clause (ii) of the definition of topological 

algebra can be replaced by 

(ii’) N[P = Q] 5 [NP = NQ] , 

so that a topological algebra (B,N) consists of a Booleali algebra B to- 

gether with a Boolean S4-operator on B , in the obvious sense. It is this 
fact that provides the connection, remarked earlier, between topological 

algebras and modal logic. Accordingly, we say that a topological algebra 

(B,N) is an SS-algebra if it satisfies also 

(V) -NP 5 N[-NP] 

for all P C B , or  equivalently, if every closed element is also open (and 
hence conversely). In such an algebra, the open elements form a Boolean 

subalgebra B* of B , which is a complete subalgebra, in the sense that 
if K 5 B* and the supremum C K exists in B , then it belongs to B* . 
Consequently: 

’ McKinsey and Tarski [1944]. 
See McKinsey and Tarski [1948], p. 8 .  
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LEMMA 16.1. Let (B,N) be a complete SS-algebra. Then the open ele- 

ments form a complete subalgebra B* , and for every P C B we have 

(1) NP = C Q C B * , Q c P  Q *  

Conversely, if B is any complete Boolean algebra, B" is a complete sub- 

algebra of 

(B,N) is a complete S5-algebra and B" consists of its open elements. 

B , and we define an operator N C BB by condition (l), then 

Let (B,N) be a complete S5-algebra, D a non-empty set. We define 

to be the family the (B,N)-valued topological frame for MLP based on 

(Mu)uCp of sets, where we simultaneously define the set Mu and the Bool- 

ean value I/ X = Y 11 f o r  X , Y C Mu as follows: 

(i) Me = D ; I] X L Y 11 = 1 if X = Y in D , 0 otherwise. 

(ii) F o r  u = (U~,...,U~-~) , Mu consists of all mappings F from 

M x ... x Mu into B such that for any sequences X , Y C 

Mu x . . .  x Mu , ll N 11 Xk 5 Yk 11 9 [F(X) Q F(Y) ]  . 4  We 

let 11 F 5 G 11 = n M, . . .  [F(x)  - G ( X ) ]  for any 

D 

uO n- 1 

0 n- 1 

n- 1 Ma 
F , G E M u .  0 

A (B,N)-valued topological model (t-model) of MLp based on 

M = (Mu, m)uCp 

(i) (Mu)uCp is the (B,N)-valued topological frame based on D , 

D is a system 

such that: 

(ii) m assigns to each constant cu an element of Ma . 
Let As(M) consist of all assignments over M , in the usual sense. F o r  

M each formula A of MLp and each a C As(M) we define (1 A (la C B as in 

$14, except that condition ( 6 )  on page 108 is now replaced by: 

(6') 1 1  0 A Il a  = N )I A I l a  , where N is the interior operator of the 

algebra (B,N) . 

In any Boolean algebra we write [P - Q] for the Boolean combination 
P.Q + (-P)*(-Q), where P, Q C B. Condition (ii) is necessary in order to 
validate the equality axioms of  MLp in the topological semantics. See the 
proof of Theorem 16.2. 
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M A formula A is true in a t-model M if ) I  A l l a  = 1 for all a E As(M) , 
and A is t-valid in ML if it is true in every t-m~del.~ P 

P' THEOREM 16.2. Every theorem of MLp+C is t-valid in ML 

- Proof: Clearly the inference rules R1 - R3 of MLp preserve t-validity. 
The proof that every axiom of ML 

Theorem 14.3, except that one must verify that axiom schema AS6 can be re- 

placed in MLp by the following axioms: 

is t-valid proceeds as in the proof of P 

A6.1 xe r ye + ye G xe , 

A6.2 xe = ye + [ ye E ze + x z z 

A6.3 xo F yo A ... A xn-l= yn-' + [ f x ... x + f y ... y 3 , 

e e" 

0 n-1 0 n-1 

0 n-1 0 n- 1 
where x , ... , x , y , ... , y is the first sequence of dis- 

tinct variables such that xk and yk are of type uk (k < n) , 
and f is of type u = (uo, .  . 

These axioms are easily seen to be t-valid -- in the case of A6.3 this fol- 
lows from clause (ii) in the definition of a topological frame -- so that 

every theorem of MLp is t-valid. It remains to verify the t-validity of 

each instance 

0 n-1 
CoSA : 3fa 0 Vxo ... Vxn-' [ f x .. . x +.+ A ] 

of the comprehension schema. Suppose that M is a (B,N)-valued topological 

model and a E As(M) . As in the proof of Theorem 14.3 one defines a map- 
ping F from Ma x ... x Mu into B by letting F(XO,...,Xn-l) = 

0 n- 1 
. It must then be shown that F C Mu ; but this follows " A "a,X0,.. . , x ~ - ~  

from the fact that the formula 

n-1 n-1 
E y vxo ... Vxn-l Vy0 ... Vyn-' [ xo yo A ... A x 

0 n-1) 
-+ . A(x ,..., x ++ A(yo ,..., yn-') 1 

is provable in MLp and hence t-valid, where A is A(x O,..., xn-') , the 

The idea of interpreting first-order modal logic in complete topological 
algebras is apparently due to Rasiowa [1951]. 
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0 0 n- 1 variables y , ... , yn-' are distinct from x , ... , x and from each 

other and do not occur in A , and yk is of the same type as xk (k  < n). 

We omit the details. 

REMARKS. Suppose B is a complete Boolean algebra. The trivial oper- 

ator N C BB is defined by: NP = 1 if P = 1 , NP = 0 otherwise. The 

pair (B,N) is an SS-algebra, and a (B,N)-valued topological model is just 

a B-valued Boolean model, as defined in $14 (This operator corresponds to 

the trivial topology). Thus, every b-model is also a t-model, and every 

t-valid formula is b-valid. If we define N E BB by letting NP = P f o r  

all P E B (the discrete operator), we obtain another SS-algebra (B,N) , 
corresponding to the discrete topology. In any discrete topological model 

M , the formula 0 A * A is true f o r  every formula A , so that the ne- 

cessity operator 0 is vacuous and hence M is essentially the same as 

one of Scott's Boolean models of ordinary higher-order logic. Thus, both 

Scott's Boolean models and those defined in $14 can be construed as topo- 

logical models. 

The notion of a topological model can be further generalized by permit- 

ting a.smaller set of Boolean-valued relations at each level. Thus, if 

(B,N) 

is defined as before except for the replacement of clause (ii) by: 

is a complete SS-algebra, a (B,N)-valued general topological frame 

(ii') For a = (U~,...,U~-~) , Mu is some non-empty set of mappings F 

from Ma x ... x M, into B such that for any sequences X , Y 

E Mo x ... X MD I7 N / I  Xk = Yk 1 1  5 [F(X) F(VI . 0 n- 1 

0 n-1 ' 

This leads to the notion of a (B,N)-valued general topological model. If 

N 

Boolean model. Every theorem of MLp is true in every general topological 

model, but in general the comprehension axioms will not hold. Nevertheless, 

such general models prove useful, e.g., in showing the independence of the 

axiom of choice in ordinary higher-order logic. 

is the trivial operator on B , we speak instead of a B-valued general 

Homomorphisms. Let (B,N) and (B',N') be topological algebras. A 

homomorphism from (B,N) (B',") is a mapping 8 from B into B' 

such that f o r  all P , Q E B : (i) S(P + Q) = O(P) + S(Q) ; (ii) S(-P) = 

-S(P) ; (iii) 8(NP) = N'[8(P)] . Here we use + and - ambiguously to 
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denote  t h e  ope ra t ions  o f  B'  as well as t h o s e  o f  B . A homomorphism 9 

i s  complete i f  it p rese rves  i n f i n i t e  infima and suprema i n  B ; i . e . ,  i f  
C 9 ( P )  e x i s t s  i n  B '  and i s  equal  t o  9 (  I: P ) whenever 

Z ~ P e x i s t s  i n  B . We s h a l l  be  i n t e r e s t e d  i n  complete homomorphisms 
9 on complete S5-algebras  (B,N) . I n  t h i s  c a s e  t h e  range (B',N') o f  9 

i s  a l s o  a complete S5-algebra,  and a l l  inf ima and suprema are p rese rved .6  

Let M = (Mu,  m)uEp be a (B,N)-valued topo log ica l  model based on D , 
where ( B , N )  i s  a complete S5-algebra,  and suppose t h a t  9 i s  a complete 

homomorphism from (B,N) on to  (B' ,N')  . We d e f i n e  a (B' ,N')-valued topo- 
l o g i c a l  model 
o f  t h e  model M under  9 . We first l e t  (MA)uEp be t h e  (B' ,N')-valued 
topo log ica l  frame based on D , and d e f i n e  by r e c u r s i o n  on u mappings aU 
from Mu onto MA s a t i s f y i n g  t h e  fol lowing cond i t ion :  

(1) 

(Recal l  t h a t  t h e  va lue  1 )  X c Y / /  i s  de f ined  f o r  X , Y E M, i n  any topo-  
l o g i c a l  frame.) The d e f i n i t i o n  of aU i s  as follows: We first le t  9 be 

t h e  i d e n t i t y  mapping on M = D = MI . For u = (uO, ..., u ) , we assume 
t h a t  9 maps M on to  MA f o r  k < n i n  such a way t h a t  cond i t ion  

M' = ( M A ,  ml),Cp a l s o  based on D , which we c a l l  t h e  image 

For a l l  X , Y C M, , 911 X 3 Y I/ = I/ 9u(X) E au(Y) 1 1  . 

n- 1 

uk Ok k 
Mu X . . .  X Mu 

, we d e f i n e  0 n- 1 (1) ho lds  f o r  each ak . Given F C M, f. B 
MA x . .. x MA 

n- 1 
by: au(F)(X;) ,... ,X;-l) = SIF(XO,...,Xn-l)I , 

0 9,(F) E B '  

where Xi, = 9uk(Xk) fo r  k -= n . This  i s  we l l -de f ined ,  f o r  i f  we a l s o  have 

Xi, = 9 (Yk) f o r  k < n , then us ing  c o n d i t i o n  (1) f o r  uk we see t h a t  

1 = I/ X i  F X i  I /  = ( 1  9 F E Mo , 

however, t h e  i n e q u a l i t y  

Ok 

(X,) E 9 
Ok Ok 

(Y,) 11 = 911 Xk = Yk 1 1  . Since  

Such a mapping 9 w i l l  p r e s e r v e  t h e  subalgebra o f  open elements .  However, 
a complete Boolean epimorphism which p rese rves  t h e  set  of  open elements may 
f a i l  t o  p re se rve  t h e  o p e r a t o r  N .  
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that 9[F(X)] = 9[F(Y)] . In essentially the same way we show that 
belongs to MA . For suppose XI, Y' E MA x ... x MA , and let Xi = 

9 (Xk) , Y i  = 9 (Yk) for k < n . Applying 9 to inequality (2)  again, 

and using condition (1) for 

9,(F) 

0 n- 1 

Ok *k 
ak , we have 

N' 11 X' = Y' 1 )  5 [ 9[F(X)] - 9[F(Y)] ] 'k< n  k -  k 
= [ 9u(F)(X') - 9u(F)(Y') 1 , 

as required. Finally, we show that Oa is onto MA : Suppose F' E MA , 
and define a mapping F from Mu x ... x Mu into B by: 

0 n- 1 

(3) F(X) = ' p E B,  Q ( p )  5 FI(XI) * 

where XI = (Xb,...,X;-l) and Xi = 9 (X,) (k < n) . Applying 9 to ( 3 ) :  
uk 

' P C B, 9 ( P )  5 F'(X') 9 ( P )  = F'(X') , 9[F(X)1 = 

since 9 is onto B '  , so it remains only to verify that F C Ma , i.e., 
that ( 2 )  holds for arbitrary X , Y C M x ... x Ma 

OO n- 1 
. For this it suf- 

fices to show that 

N 11 Xk = Yk 11 * F(X) 5 F(Y) , * k < n  

and by the definition of F(Y) it suffices in turn to show 

(4) @ [ '  k c  N [ I  Xk 3 Yk 11 * F(X) ] 5 F'(Y') , 

where Yi = 9 (Yk) (k < n) . But (4)  is equivalent to 
uk 

N '  11 X' = Y' 1 1  F'(X') i F'(Y') , 
n k < n  k -  k 

where Xi = 9 (X,) (k < n) , and this clearly holds since 

To verify condition (1)  for o , suppose F , G E Mu and let X M  

F' C MA . 
*k 

Ok . Then: 
n- 1 Mu denote the product M x . . .  

aO 

911 F G II = 9 [  * xM [F(X) ~ G(X)I 1 
ak 

= " X E X M u  [ 9[F(X)1 - 9[G(X)1 1 
k 
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= X I  t xM; [ 9 u ( G ) ( X ' )  1 
k 

= 1 1  aU(F) 5 9,(G) 1 1  , 

as required. To complete the definition of the image model M' , we define 
m'(c,) = 9 [m(c ] ]  f o r  each constant c . We can now state: u u  

LEMMA 16.3. Let M be a (B,N)-valued topological model of MLp, and 

let M '  be the image of M under a complete homomorphism 9 from (B ,N)  

onto (B',") . Then f o r  every formula A o f  MLp, every a C As(M) and 

a' E As(bl') , if a'(x ) = 9 [a(x ) ]  f o r  every variable x then we have 

/ /  A / I a l  = 911 A / l a  . In particular, if 

11 A I t M '  = 811 A / I M  . 

u u u  U 

M' M A is a closed formula of MLp then 

Proof: Straightforward, by induction on A - 
Before applying Lemma 16.3 we need some algebraic preliminaries. The 

direct product (B,N) of a family of complete S5-algebras (Bi,Ni) (i C I) 

is defined in the usual way: 

Boolean algebras Bi , B = xi,, Bi , consisting of all indexed families 
(Pi)iEI such that Pi t Bi for all i C I , with the Boolean operations 
defined coordinate-wise,7 and the interior operator 

ting N(Pi)iCI = (N.P.). It is a routine matter to verify that (B,N) 

is again a complete S5-algebra, and that the projection mapping from 

B onto B. defined by n.(Pi)itI = P. i s  a complete homomorphism from 
(B,N) onto (B.,N.) for each index j E I . Let us call a complete SS- 

algebra reducible if it is isomorphic to a direct product of trivial com- 

plete S5-algebras, i.e., algebras (Bi,Ni) in which the interior operator 

N. is the trivial one: N.P = 1 if P = 1 , NiP = 0 otherwise. We say 

that a (B,N)-valued topological model is reducible when the algebra (B,N) 

is reducible. It is not difficult to show that (B,N) i s  reducible if and 
only if the complete subalgebra B* of open elements of (B,N) is atomic. 

We omit the proof. 

B is the ordinary direct product of the 

N is defined by let- 

1 1 1CI * 

n .  
I 

I I I 
1 1  

THEOREM 16.4. A formula A of ML is b-valid if and only if it is P 
true in every reducible topological model of MLp. 

Sikorski calls this the direct union; see Sikorski [1969], p. 50. 



130 ALGEBRAIC SEMANTICS 

Proof: Since every Boolean model of MLp is a reducible (in fact, triv- 

ial) topological model, one implication is immediate. For the converse, as- 

sume A is b-valid. We can assume without loss of generality that A is 

closed, since A can be replaced by its universal closure otherwise. Let 

M be any (B,N)-valued topological model of MLp, where (B,N) is a reduc- 

ible complete S5-algebra. We can assume that (B,N) is itself the direct 

product of trivial %-algebras (Bi,Ni) (i C I) . If A is not true in M 

then / I  A / I M  # 1 , so clearly nil/ A / I  # 1 in Bi for some i C I . Let 
Mi be the image of the model M under the complete homomorphism ni . Mi 

is a (B N.)-valued topological model of MLp, hence a Boolean model, since 
Ni is trivial. In view of the assumption that A is b-valid, we conclude 

that 

M 

i' 1 

11 A 1) = 1 in Mi . On the other hand, Lemma 16.3 implies that 

which is a contradiction. 

Let (B,N) be any topological algebra, P E B a non-zero open ele- 

ment. The set Bp = Q C B I Q P P 1 becomes a Boolean algebra 

(Bp, +p$ *pB -p ,  Op, Ip )  

if we let +p and o P  coincide with the corresponding operations + , * 

of B , define - p  Q to be P.(-Q) , and let Op , lp be 0 , P , respec- 
tively. If we let Np be the operator on Bp which coincides with the 

operator N fo r  all Q E Bp , then (Bp,Np) is a topological algebra, 

which is complete (resp., an S5-algebra) if (B,N) is complete (resp., an 

SS-algebra). The mapping 8(Q)  = P - Q  

onto (Bp,Np) . Conversely, if (B,N) is a complete topological algebra 

and 9 is a complete homomorphism from (B,N) onto (B',N') , then it is 
easily shown that (B',N') is isomorphic to (BprNp) , where P is the 

open element 

a trivial complete S5-algebra has no proper complete homomorphic images. 

is a complete homomorphism from (B,N) 

Q of B . It follows, in particular, that 
Q C B, 4(Q) = 1 

THEOREM 16.5. Let A be a modally closed formula of MLp which is not 

t-valid. Then for some topological model M of MLP and some a € As(M) , 

we have M 11 A ( l a  = 0 . 
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- Proof: Let M be a (B,N)-valued topological model, a an assignment 
M over M such that I /  A I l a  # 1 . Since A is modally closed, the formula 

0 A * A M , by Theorem 16.2, 

so that the element P = - 1 1  A / l a  # 0 is open in (B,N) . Let 9 be the 

complete homomorphism from (B,N) onto (Bp,Np) defined earlier, and let 

M' be the image of M under 9 , a' the assignment over M' defined 

by 

is provable in MLp and therefore true ir. 

M 

a'(x,) = 9,[a(x,)] . Then by Lemma 16.3, 

as required, and the proof 

The hypothesis that A 

rem 16.5. For example, the 
conclusion of the theorem, 

a fortiori not t-valid. 

is complete. 

be modally closed cannot be dropped from Theo- 

[pQ v 0- p ] fails to satisfy the Q 
formula 

but it is not even valid in MLp, and therefore 

We conclude with several remarks. It can be shown that there exist 

b-valid formulas of MLp which are not t-valid. For it follows from the re- 
sults of Scott [1966] that there are sentences of ordinary higher-order 

logic which are valid (true in every standard model of Lp) but not true in 

every Boolean model, in his sense. By relativizing higher-order quantifiers 

to hereditarily constant predicates, we obtain a closed and modally closed 

formula A of ML which is valid in MLp but fails in some discrete topo- P 
logical model M , in the sense that / I  A )I # 1 in M . Since A is valid 

in MLp, Theorem 15.10 implies that the formula is b-valid; but 

if this foimula were t-valid then it would be true in M , which is impos- 
sible since it is easily checked that / I  At 11 = 1 in any discrete complete 

S5-algebra. 

[At + A] 

The problem of classifying the various types of complete S5-algebras -- 
or equivalently, the various types of pairs (B,B*) where B" is a com- 

plete subalgebra of B - -  is probably not trivial, in view of a result of 
Kripke' which implies that any complete Boolean algebra 

subalgebra of some countably generated complete Boolean algebra B . 
B" is a complete 

Kripke [1967]. 
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$17. Cohen's Independence Results 

We have seen in $15 that the Boolean semantics for MLp yields a number 
of independence results in modal logic; i.e., theorems to the effect that 

a particular modal formula is not provable in a particular modal theory. We 

can also use the Boolean semantics for MLp to study certain of the well- 

known independence results in set theory first proved by Cohen.' 

It was a joint discovery of Scott and Solovay2 that Cohen's indepen- 

dence proofs could be recast in the framework of Boolean-valued logic, by 

means of Boolean models similar to those introduced in $14. In particular, 

one can show in this way that the continuum hypothesis cannot be proved in 

set theory even when the axiom of choice is added. In the first published 

exposition of the Boolean m e t h ~ d , ~  Scott actually proved a somewhat weaker 

result, viz., that the continuum hypothesis cannot be proved in higher- 

order number theory with the axiom of choice. This proof involves all the 

ideas needed for the stronger result and avoids some of the messier details 

connected with Boolean models of the full theory of sets. We examine now a 

proof, similar to Scott's, of the independence of the continuum hypothesis 

in higher-order number theory with the axiom of choice. Our proof, however, 

employs formulas of MLp as modal "interpolants" at various stages of the 
argument. It should be remarked that the present approach could be adapted 

to the context of set theory by replacing the higher-order modal logic MLp 
by a f u l l  modal set theory.4 

Higher-Order Number Theory. We augment the axioms of the theory Lp+C 

defined on pages 70-71 by several additional axioms to obtain a theory Np, 

Higher-Order Number Theory, which will play the role of set theory in our 
formulation of the independence proof. We first add, for each type u , an 

Cohen [1963]. 

See Scott [ 19661, [1967a], [1967b], Rosser [1969]. 

Scott [1967a]. 

See Lemmon [1963]. 
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axiom of choice: 

Ac' : 3f(u,u) 

where Wo'(f) is 

WoU(f) , 

the formula 

Ac' asserts that a well-ordering of the objects of type u exists; it is 

therefore valid, i.e., true in all standard models of  Lp. 

Consider now a standard model of L based on the set w of natural P 
numbers. If we let < be the first constant of type (e,e) and write 

x < y for <xy , we can characterize the usual ordering on w by the fol- 

lowing second-order Peano axiom: 

which asserts that the usual ordering of w 

greatest element in which every element except the least has an immediate 

predecessor. 

is a well-ordering with no 

The theory Np takes for its axioms all those axioms of  Lp+C which 

contain no constants other than c , together with the Peano axiom Pe and 

the axioms for u C P . The rules of inference are those of the theo- 

ry Lp (Rules R1, R 2  on page 71). Clearly, any standard model of Np is iso- 
morphic to the standard model M = (Mu, m ) u C p  based on w , in which m(<) 

is the usual ordering on o .5 We can easily define the usual number-theo- 

retic operations as relations in Np, using higher-order quantifiers, and 

rational and real numbers can be defined as higher-order entities and their 

usual properties established in Np. Thus, the theory Np incorporates the 

usual body of algebra and analysis normally required in mathematical argu- 

ments. 

Acu 

The continuum hypothesis is the assertion that every class of subsets 

of o is either denumerable or else equinumerous with P(w) . Since the 

Here we ignore the values m(c,) for constants c, other than c. 
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axiom of choice is present, we can formulate this as follows: Every non- 

empty subset G of P(o) is either the range of a function on w o r  else 

the domain of a function onto P(o) . We therefore seek to establish that 
the formula Ch below is not provable in the theory Np: 

Extensional Predicates. We introduced at the end of $1 a distinction 

between extensional and intensional words of English, and we indicated how 

the extensionality, f o r  example, of an adjective L' could be expressed by 

a semantic condition on its intension 

English. This distinction can be carried over to the formal logic MLp, 

where it proves to be an important element in the independence proof. 

Int[z] in a model of formalized 

Let M = (Mu, m)uEp be a g-model of MLp. For each type u # e we sin- 

gle out a class Eu of (hereditarily) extensional predicates F E Mu . For 
convenience, we define Eu also for u = e , so that the definition takes 

the following form: 

(i) E = D = M  
e '  

(ii) For u = (ao ,..., un-l) , Eu consists of a1 

(a) F(i) 5 Eu x ... x Eu 

E x ... 
for all i € I 

0 n- 1 

n- 1 
and any i E I , if Xk(i) Eu 

OO 

and Xk = Yk when uk = e , then X E F ( i )  

F C Mu such that 

(b) For any X , Y E 

= Yk(i) when uk # e 

iff Y € F(i) . 

That is, the question whether a given sequence 

sional objects belongs to F(i) depends only on the values Xk(i) where 

uk # e and the values Xk where uk = e . We can define the classes Eo 

formally in MLp. Precisely, we define for each 

x a formula 

(Xo,,..,Xn-l) of exten- 

u C P and each variable 

U 

Extu(x) ( x is extensional ) 

of MLP with exactly x free, as follows: 
U 

(i) Exte(x ) is [x E x] , 



COHEN'S INDEPENDENCE RESULTS 135 

(ii) For u = (uo,..  . , u ~ - ~ )  , Ext'(f ) is the formula 
U 

0 n-1 uk( k O V X O  . . .  vxn-l [ f x . . .  x 
0 Vxo ... vxn-1 Vyo ... tly n- 1 [ cnj k<n [ ExtakCxk) A 

Ext ( y ) A x  'y ] -c [ f x  ... x * f y . . . y  1 1 ,  

where x , ... , x , y , ... , y is the first sequence of dis- 

tinct variables such that xk and yk are of type uk (k < n) . 6  

+ Cnj k<n Ext x ) ] A 

u k k  k k 0 n-1 0 n-1 

0 n-1 0 n- 1 

The formula Ext'(x) 

equivalence 0 Ext'(x) tf Ext'(x) is provable in MLp, and if M is a g- 

model of MLp and X C Mu then clearly X C ED if and only if M satis- 

fies 

Ext'(x) , the type u being clear from context. 

is modally closed, in the extended sense that the 

Ext'(X) . We shall henceforth drop the superscript on the formula 

LEMMA 17.1. The formulas Vx Ext(x) are provable in MLp for u = e 
U 

and u = n (n C w) , and the formula 3xu Ext(x) is provable in MLp+C 

f o r  every type u . 

The proof is omitted. 

If M = (Mu, m)ocp 
B is a complete Boolean algebra, then for each X C Mu w e  clearly have 

I( Ext(X) I( = 0 or 1 , and if we let 
obtain the following recursive characterization: 

is a B-valued Boolean model of MLp based on D , where 

Eu = { X C M, 1 11 Ext(X) 11 = 1 } , we 

(i) E = D = M  

(ii) For (5 = (uo , . .  , Eu consists of all F € Mu such that 

e '  

(a) For  X C Mu x . .. x Mv , F(X) = 0 unless Xk € E (k c n); 

(b) For  X , Y C Eu x . . . x Eu , F satisfies the inequality 
0 n- 1 "k 

0 n-1 
fl k < 1 1  xk B yk 11 9 [F(X) F(Y)I . 

Thus, if m(c,) C Eu for each constant cu , then the extensional objects 
in M form a B-valued general Boolean model of MLp, in the sense of $16, 

k 0 
15 Here Cnj kc,, A denotes the conjunction [A  A ... A An-']. 
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which is isomorphic to a (B,N)-valued topological model, where N is the 

discrete operator on B . 

Given a formula A of Lp, we let A(Ext) denote the formula of MLp 

obtained by relativizing all quantifiers of A to the formula Ext(x) ; 

i.e., replacing each subformula VxU B of A by Vxu [Ext(x) + B] . Let 
AA consist of all formulas Ext(sa) , where su is either a constant in 

A or a free variable of A . The next theorem shows that, loosely speak- 
ing, the extensional predicates in a model of higher-order modal logic form 

a model of ordinary (non-modal) higher-order logic. Precisely: 

THEOREM 17.2. 

from AA in MLp+C . 
If A is provable in Lp+C then A(Ext) is derivable 

Proof: One shows that the class of formulas A for which A(Ext) is 

derivable from AA contains all the axioms of L +C and is closed under 

the rules R1, R2 of Lp. As in the proof of Theorem 16.2, it is necessary to 

use the fact that axiom ASS of Lp (page 71) can be replaced by: 

P 

A5.1 xe E ye -+ ye E xe , 

A5.2 x - 

A5.3 xo e y A ... A xn-l e y 

e'ye -+ [ y e z z  - + x  E Z  
e e e l *  

n-1 + 0 n-1 0 n-1 [ f x  ... x + f y . . . y  1 ,  0 

0 n-1 0 n- 1 where x , ... , x , y , . . .  , y is the first sequence of dis- 

tinct variables such that xk and yk are of type uk (k < n) , 
and f is of type cr = (uo,. . .,u~-~) . 

In addition, the proof makes use of Lemma 17.1, and (for the verification 

of A5.3) the following result, which we state without proof: 

LEMMA 17.2.1. For any type cr the formula 

is provable in MLp. 

Modal Number Theory. We consider now a modal analogue of Np,  which we 

ML +C P denote by MNp. Its axioms are those axioms of 

constant c of type (e,e) , together with the axioms of choice: 
containing only the 
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where WO'(f) i s  t h e  formula 

Rn(f) A vx by [ fxy V x y V f y x  ] A u u  

0 y o )  [ 3xu gx * 3 X u  [ gx A VYu [ 9Y + -  f Y X  3 3 1 > 

and t h e  Peano axiom 

PE : Woe(<) A bxe 3 y e  [x < y ]  A Vye [ 3xe [ x  < y]  * 

3 x e V z e [ z < y  +-+ Z < X V Z . X I ] .  

The i n f e r e n c e  r u l e s  of  MNp a r e  t h e  r u l e s  R 1 ,  R 2 ,  R 3  of  MLp (page 7 4 ) .  I t  

i s  c l e a r  t h a t  t h e  axioms of  MNp w i l l  a l l  ho ld  t r u e  i n  t h e  s t anda rd  model 
M = (Mu, m ) u c p  o f  MLp based on u and any set  I o f  i n d i c e s ,  i f  we take 
f o r  m(c) t h e  f u n c t i o n  on I whose va lue  a t  any i € I i s  t h e  usua l  or-  
de r ing  on u . To s e e  t h a t  AC' ho lds ,  it s u f f i c e s  t o  t a k e  any we l l -o rde r -  

i n g  (Xs)s,x of  Mu and d e f i n e  F c M 

F ( i )  = I (XE,X,]) I E < r) I ( i  € I) . 
= P(Mu x Mu)' by p u t t i n g  

(a,o) 

LEMMA 17.3.1.  The formula AC' -+ is  provable  i n  MLp+C 

f o r  each type  u E P . 

- Proof:  Let M = (Mu, m)ucp be a g-model o f  MLp+C based on D and 

I such t h a t  M sa t  AC' ,7 and suppose i € I . Say F C M and M 

s a t  WO'(F) . We show t h a t  M ,  i sat  [Ac'](EXt) , o r  e q u i v a l e n t l y ,  t h a t  
(u,u) 

M ,  i sat  3f [ E x t ( f )  A Wo'(f)(EXt) ] . 
(u,u) 

such t h a t  M sat isf ies  
(0,u) 

By comprehension t h e r e  e x i s t s  F '  C M 

(1) 0 Vxu Vyu [ F'xy - Ext(x)  A Ext(y)  A Vy,', [ Ext(y')  A 

y z y' + 3x' [ Ext(x')  A x P X' A FX'y' ] ] 3 . 
U 

I t  i s  easy t o  see from (1) t h a t  M sat Ex t (F ' )  , so it remains on ly  t o  
show t h a t  M ,  i sa t  W O ~ ( F ' ) ( ~ ~ ~ )  . By Lemma 1 7 . 2 . 1  and some obvious s i m -  

' We regard t h e  formulas AC' and PE as modally c losed ,  i n  view o f  t h e  f a c t  
t h a t  [oACa ++ ACa] and [OPE c+ PE] are theorems o f  MLp. 
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p l i f i c a t i o n s ,  it s u f f i c e s  i n  t u r n  t o  show t h a t  M ,  i s a t i s f y  

For t h e  f i r s t  conjunct ,  assume X , Y 6 Eu and suppose t h a t  M ,  i do n o t  
s a t i s f y  X = Y o r  F ' Y X  . We show us ing  (1) t h a t  M ,  i sat  F ' X Y  . Since 
M, i do no t  s a t i s f y  F'YX , t h e r e  e x i s t s  X '  E Eu such t h a t  M ,  i sat  
X T X '  and f o r  every Y '  E Eu , i f  M. i sat Y T Y '  t hen  ( Y ' , X ' )  i s  
no t  i n  F ( i )  . Hence i f  Y '  € Eu and M ,  i s a t  Y 5 Y' then (X',Y') C 

F ( i )  , because M s a t  WO'(F) and M, i do no t  s a t i s f y  X E Y , t h e r e -  
f o r e  do not  s a t i s f y  X I  B Y 1  o r ,  a f o r t i o r i ,  X I  = - Y 1  , This  shows t h a t  
M ,  i s a t  F ' X Y  . For t h e  second conjunct  o f  ( 2 ) ,  assume G C E and 

G(i)  # 0 . Since M s a t  WO'(F) , t h e r e  e x i s t s  X C Ma , X C G(i )  , such 
t h a t  f o r  a l l  Y € M Y C G(i )  imp l i e s  (Y,X) f F ( i )  . But then ,  u s ing  
e x t e n s i o n a l i t y  and ( I ) ,  Y € G(i )  imp l i e s  (Y,X) f F ' ( i )  . This  completes 

t h e  proof .  

(0) 

u '  

LEMMA 17.3.2.  The formula PE -f P e  (Ext) i s  p rovab le  i n  MLp+C . 

Proof: Using Lemma 17.1 i t  i s  e a s i l y  shown t h a t  Pe(EXt) i s  equiv- 

a l e n t  i n  MLp t o  Pe , and c l e a r l y  PE impl i e s  Pe  i n  MLp. 

Wt) THEOREM 17.3.  I f  a c losed  formula A i s  a theorem of N p ,  t hen  A 

is  a theorem of MNp. 

- Proof:  Suppose A i s  a theorem of  N p .  Then f o r  some types uo , ... , 
o t h e  formula n- 1 

U U 

Acuo -+ . Ac -f . ... -+ . Ac -+ . P e + A  

i s  provable  i n  
17.2,  t h e r e f o r e ,  t h e  formula 

Lp+C , without  using c o n s t a n t s  o t h e r  t han  c . By Theorem 

U U 
[Ac O](Ext) + . . . . -+ . [Ac n-1 ] (Ext) + . pe(Ext)  ~ A(Ext)  

i s  de r ivab le  ( i n  f a c t ,  wi thout  u s ing  c o n s t a n t s  o t h e r  t han  c ) from t h e  
formula Ext(c)  i n  MLp+C . But by Lemma 17.1, Ext(c)  i s  a theorem o f  
MLp.  The r e s u l t  now fol lows by Lemmas 17.3.1 and 1 7 . 3 . 2 .  
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We now introduce two closed and modally closed formulas of MLp which 
will act as the modal interpolants mentioned earlier. The first is the 

formula 

which can be given the following reading: If  a 

Rn(y’) A fxy A 

R~(Y) A 0 vxe - fxy 1 1 , 

predicate of type (e,(e)) 

is necessarily functional from individuals to sets (of individuals), then 

some set is necessarily out of its range. The second interpolant is the 

formula 

which can be rendered (somewhat less satisfactorily) as follows: If a pred- 

icate of type ((e),(e)) is necessarily functional from sets to properties 

then some property is necessarily out of its range. 

It is not difficult to show that for a standard model M of MLp based 

on sets D and I , M sat C1 just in case III.ID/ < 21D’ , so that in 

particular if D is infinite then M sat c1 just in case 1 1 1  < 2 

On the other hand, a standard model never satisfies 

* C2 

ID1  . 
C2 ; i.e., the formula 

is valid in MLp. 

LEMMA 1 7 . 4 .  The formula - Ch(EXt) is derivable from C1 and C2 in 

MLp+C . 

Proof: Ch(EXt) is equivalent in MLp to the following formula:’ 

b((e)) [ Ext(g1 A 3Y(e) 9Y -+ : 

[ Ext(f) A Vxe 3!y [gy A fxy] 3f (e, (el) (el 
* vY(e) 9Y -+ 3xe fXY 1 1 

[ Ext(f) A Vy [ gy + 3 ! z  fyz ] ((el ,  (e l )  (el (el 
v 3f 

A V Z  (e) 3qe) [SY A fyzl 1 I . 

’ Note the meaning of 3!x A here; see pp. 69, 71 in $9. 
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Suppose M is  a g-model of MLp+C such t h a t  M s a t  C1 , M s a t  C2  , 

and f o r  some i E I , M ,  i s a t  Ch(EXt) . By comprehension i n  M , there  
e x i s t s  G E M such t h a t  M s a t i s f i e s  

( ( e l  1 

The following proper t ies  o f  G a r e  e a s i l y  v e r i f i e d :  

(1) M s a t  0 V Y ( ~ )  [Rn(y) + Gyl , 

( ( e l )  ' 
(2) M s a t  Ext(G) ; i . e . ,  G E E 

(3)  M ,  i s a t  3 y  Gy (using (1)) . 

But M ,  i sat  Ch(Ext) ; we therefore  have two cases:  

(e l  

(e , (e ) )  ' Case 1. For some F E E 

(4) M ,  i s a t  Vx 3 ! y  [Gy A Fxy] 

(5) M, i s a t  V Y ( ~ )  [ Gy --t 3xe Fxy ] 
e (el 

' E ( ( e ) , ( e ) )  9 

Case 2 .  For some 

(el Fyz 1 
(7) M ,  i s a t  Vz (e) 3Y(e) [GY A F Y Z I  . 

(6) M, i s a t  Vy [ Gy + 3!z 
(el 

First suppose Case 1 holds .  By comprehension, there  e x i s t s  F '  E M 
such t h a t  

(e ,  ( e l )  

(8) M s a t  0 Vxe [ F'xy cf Fxy A Vxe 3 ! y  [Gy A Fxy] ] . 
(el 

We claim t h a t  M s a t i s f i e s  the  formula 

0 Vxe Vy Vyie) [ Rn(y) A Rn(y') A F'Xy A F'xy' + y = y' ] . 

For, l e t  j E I , X E Me , Y , Y '  C M such t h a t  (e l  
M ,  j s a t  Rn(Y) A Rn(Y') A F ' X Y  A F ' X Y '  . 

Then by ( l ) ,  M ,  j s a t i s f y  GY and G Y '  , and by (8), M ,  j s a t i s f y  
Vxe 3 ! y  [Gy A Fxy] and a l s o  M ,  j s a t  FXY , FXY' , so  M ,  j s a t  
Y s Y I  . This proves the  claim. Since M 

e x i s t s  Y E M such t h a t  M s a t  [Rn(Y) A I3 Vxe - F'xY] . But by ( l ) ,  

(el 
s a t  C1 , we conclude t h a t  t h e r e  

(el 
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M, i s a t  GY , s o  by (S), M ,  i sat  3x FxY , whence by (4)  and (8) we 
conclude t h a t  M, i sat  3xe F'xY , a c o n t r a d i c t i o n .  Suppose, on t h e  o t h e r  

hand, t h a t  Case 2 holds .  By comprehension, t h e r e  e x i s t s  F '  E M 

such t h a t  

e 

( ( e l ,  ( e l )  

( 9 )  M s a t  0 V Y ( ~ )  V Z ( ~ )  [ F'yz +-+ Fyz A Vy(e) [Gy -+ 3 ! ~ ( ~ )  Fyz] ] . 

We now claim t h a t  M sa t isf ies  t h e  formula 

Vy(e) Vz Vz' [ Rn(y) A F'yz A F'yz' -+ z G z' ] . 
( e l  ( e l  

For, l e t  j E I , Y , Z , 2 '  E M(e) such t h a t  

M ,  j sat  Rn(Y) A F'YZ A F ' Y Z '  , 

By ( l ) ,  M ,  j s a t  GY , and by ( 9 ) ,  M ,  j sa t  V Y ( ~ )  [Gy -+ 3 ! z  Fyz] , 
and a l s o  M ,  j sat  FYZ , FYZ'  , so M ,  j sa t  Z z 2 '  , which proves t h e  
claim.  Since M sa t  C2  , we conclude t h a t  t h e r e  e x i s t s  Z E M such 
t h a t  

( e l  

(el 

By ( 7 ) ,  t h e r e  e x i s t s  Y E M such t h a t  M ,  i sat  GY A FYZ , and t h e  

cho ice  o f  G imp l i e s  t h a t  t h e r e  e x i s t s  Y '  E M such t h a t  M ,  i s a t  
Rn(Y') A Y 5.Y' . Since F i s  e x t e n s i o n a l ,  M ,  i sat  F Y ' Z  , and hence 

by (6) and ( 9 ) ,  M ,  i sat  F ' Y ' Z  , c o n t r a d i c t i n g  (10). Th i s  completes t h e  
proof  o f  Lemma 1 7 . 4 .  

( e l  
( e l  

I t  should be  remarked t h a t  Theorem 1 7 . 3  and Lemma 1 7 . 4  a r e  s y n t a c t i c  

r e s u l t s ,  f o r  which d i r e c t ,  c o n s t r u c t i v e  p roof s  could be provided.  

LEMMA 17.5.1.  The formula ACa i s  b -va l id  i n  MLp for every type  u . 

- Proof: Let M = (Mu, m)uEp be  a B-valued Boolean model o f  MLp. Let 
by l e t t i n g  (XE;)5<x be  a wel l -order ing o f  Mu , and d e f i n e  M(a ,u )  

F(X ,X ) = 1 i f  g c q , and 0 otherwise.  We show t h a t  ( 1  WOa(F) 11 = 1 . 
C l e a r l y  t h e  f i r s t  two con juhc t s  o f  WOa(F) have va lue  1 , so i t  s u f f i c e s  

t o  assume G E M(a) = B and show t h a t  

( 1 )  

5 r )  

M, 

11 3xa Gx 11 5 11 3xu [ Gx A VyU [ G Y  + - FYX I I 11 . 
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But if we let P = G(X  ) for 5 < X , (1) is clearly equivalent t o  
5 5 

and ( 2 )  holds in any complete Boolean algebra. 

LEMMA 17.5.2. Let M = (Mo, m)uEp be a B-valued Boolean model of MLp 

be the usual (two-valued) B o X w  
(e,e) - based on w , and let m(<) E M 

ordering on u . Then 1) PE 1) = 1 . M 

- Proof: Straightforward. 

THEOREM 17.5. The theory MNp+C1+C2 is consistent. 

Proof: If not then some formula ___ 

U U U 

(1) AC A AC A ... A AC '-' A PE A C1 A C2 

is inconsistent in ML +C . We c0nstruct.a Boolean model of MLp in which 
(1) has Boolean value 1 , contradicting Theorem 14.3. Let I be any set 

with be the complete algebra of all regular open 

sets in the product space 2 I , where 2 = {0,1) has the discrete 

topology. It is well-knowng that 

tion; i.e., every disjoint set of non-zero elements of B is denumerable. 

Let M = (Mu, m)uEp be the B-valued Boolean model based on o in which 

m(<) is the usual ordering on o . By Lemmas 17.5.1 and 17.5.2, we have 
11 AC 11 = 11 PE I] = 1 in M , for all k < n , so it remains only to ver- 

ify that 

P 

11) > 2u , and let B 

B satisfies the countable chain condi- 

ak 

11 C1 / I  = 1 1  C2 11 = 1 . 

If I/ C1 11 = 0 (note that C1 is modally closed), then there exists 

f o r  which 
(e,(e)) 

F E M  

(1) 11 0 Vxe 

( 2 )  

hie) [Rn(y) A Rn(y') A Fxy A Fxy' + Y E Y'] 11 = 1 , 

11 3~(~) [Rn(Y) A 0 Vxe - Fxyl 11 = 0 . 

From (2) and Lemma 15.4.1, it follows that there exists for every 

a natural number ny C o with F(ny,Y) # 0 . For some n E w , the set 
Y E 2@ 

Rosser [1969], p.  32. 



COHEN'S INDEPENDENCE RESULTS 143 

K = { Y C 2" 1 ny = n } must be non-denumerable. But by (l), in 

K implies F(n,Y) 9 F(n,Y') = 0 , so that { F(n,Y) I Y C K } is a non- 

denumerable disjoint set of  non-zero elements of 
countable chain condition. 

Y # Y '  

B , contradicting the 

For each i € I define Zi C M = B" by letting Zi(n) be the clopen 

subset { p C 2 I p(n,i) = 1 1 of the product space 

easily verified that 

(el 
2 w x  I . It is a x  I 

I 1  z. S z. I /  = n [zi(n) * Zj(n)l = 0 
1 3  

for i # j in I . By (4), there exists for each i C I some Yi C ZW 

with 

set J = { i C I 1 Y. = Y 1 is non-denumerable. By ( 3 ) ,  i # j in J im- 

plies 

F(Yi,Zi) # 0 . Since 111 > Z0 , there exists Y C 2O such that the 

F(Y,Zi) F(Y,Z.) 9 I /  Z. E Z. 11 = 0 , 
1 1 1  

so that 

disjoint elements of B , contradicting the countable chain condition. 
{ F(Y,Zi) I i E J } is again a non-denumerable set of pairwise 

COROLLARY 17.6. The continuum hypothesis Ch is not provable in Np. 

Proof:  If Ch were provable in N then Ch(EXt) would be provable in 

MNp, by Theorem 17.3. It follows from Lemma 17.4 that the theory MNp+C1+C2 

would then be inconsistent, contradicting Theorem 17.5. 

P - 
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