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Foreword
Textbooks are the most basic learning tools for everyone. They give comprehensive coverage on 
given topics from the first principles to steps for the subsequent levels of applications.

In the case of composite materials that suddenly burst into prominence for aeronautics in the 
1960s, there were no textbooks to guide the engineers. New approaches and rules governing their 
operations had to be established. Among them were netting analysis, quadrangle symmetric lami-
nates of 0°, ±45°, and 90° plies, and carpet plots. Surprisingly they are still in use. Netting analysis 
is used to correlate burst pressure of pressure vessels to fiber strength; Quad laminates remain the 
current standard and subjected to a set of rules on symmetry, balanced, 10% rule, ply contiguity 
of no more than four plies, and limit on inter-ply difference no more than 45°; and carpet plots 
can still be seen. These restrictions were more philosophical than science-based and have made 
composite laminates unnecessarily complex and not possible to be optimized. Carpet plots are 
deceptive because Quad laminates are discrete and cannot interpolate along continuous lines. 
Percent of [±45°] plies can only be 20%, 40%, 60%, and 80% among 10% laminate increments. 
Other self-inflicted complexities by the Quad laminates include stacking sequence, symmetric ply 
drops, and blending.

In the past few years, we have taken an approach different from the traditional. New concepts 
include the recognition of tensor invariants of stiffness matrices that led to a highly accurate 
master ply for carbon/epoxy composites. One elastic invariant is there to distinguish one mate-
rial from another. Laminate stiffness components are merely geometric factors from ply stacking 
multiplied by this stiffness invariant. Failure criterion can be similarly simplified with use of 
Omni envelope, which has the overlapping core of all ply orientations. This envelope is isotropic 
because it is ply orientation independent. Only laminate failure is needed, no need for ply-by-ply 
analysis.

Instead of the traditional Quad one, a new family of laminates based on Double-Double (DD) in 
±Φ ±Ψ[ / ] will be so much simpler to work with. It is a field-based family replacing a collection of 

discrete Quad laminates. A DD laminate is stacked with repeated four-ply Sub-Laminates. It can 
be homogenized in its thickness as few as four repeats. It will be naturally symmetric, orthotropic, 
and need no rules on 10%, ply contiguity, and inter-ply angle difference. Being homogenized with  
repeated Sub-Laminates, DD laminate can be with fewer repeats for lightly loaded zones. Substantial  
weight savings would be possible. Ply drops can be in singles rather than in pairs when in Mid-
plane symmetry. Such ply drops can be located on the exterior surfaces of laminate, thus clearing 
discontinuities and wrinkles from laminate interior. Such laminates will be stronger and not likely 
to trigger out-of-plane failures. Being homogenized across the thickness and across the entire com-
ponent, there will be no thermal warpage. High-quality laminates can be expected in every design 
and actual production.

As we embark on a new approach to lamination, we expect more acceptance and greater confi-
dence in these composite structures in the years to come.

In this new edition of a truly innovative textbook, the basic concepts of our new horizon for 
composite materials have been covered. They are done from the first principle onward and should 
be learned and practiced.

In a modest way, Double-Double is like the Maxwell’s wave equations that can explain many 
electromagnetic phenomena not possible without them. Composite laminates can be simpler and 
more producible with DD principles, but not possible with the traditional Quad approach.



xxii Foreword

Students are urged to pay attention to the hard work by the author and gain confidence in com-
posites to produce better airplanes and transportation systems.

Stephen W. Tsai
Professor Research Emeritus

Department of Aeronautics & Astronautics
Stanford University

January 2022



Preface
In a few decades, the field of composite materials has spread to all sectors of industry where new 
materials, processes, and applications are constantly being developed. Such development has made 
this field popular due to the breadth and universality of applications. The composite materials mar-
ket is growing by around 5% per year, with more than 10% for the carbon fiber, a growth due notably 
to the transportation and wind power. The cost of composites is increasingly competitive compared 
to sophisticated metal alloys. The quality and variety of semi-finished products are remarkable 
and the manufacturing processes increasingly industrialized, with obvious consequences for the 
evolution of the quality of parts. In a market dominated by thermosetting matrices, composites with 
a thermoplastic matrix are gradually finding their place. Recycling issues are expected to further 
promote this development. Legislation on the recyclability obligation now has a significant influ-
ence on composite activities. It leads to research and development activities on subjects relating to 
the recovery of carbon fibers, use of natural fibers, biodegradable polymers….

The growth in the use of composites has been aided by the development of modern design and 
manufacturing methods for industrial components, which allow functional optimization based on 
multiple technical and economic criteria. A good knowledge of what already exists helps develop 
and use reliable numerical simulations for in-service behavior as well as for implementation during 
the manufacturing.

The development of simulation tools is an important component of industrial development in 
general and in composite domains in particular. Without trying to replace testing, these tools allow 
full exploitation of the experimental results in a much more complete manner, creating a powerful 
synergy that saves time and cost.

This updated volume has been amended and enlarged to take into account this rapid evolution 
as well as the emergence and development of additional areas such as recycling, ceramic-matrix 
composites, and advances in manufacturing processes.

However, more fundamental aspects are currently emerging for the design of laminates. The 
challenge is in particular to define laminates that are even more competitive both in terms of the 
optimized design of parts with variable thicknesses and their automated manufacture.

Accordingly, this fourth edition reports a break characterized by new concepts that go in the 
direction of history. We have to remember that when carbon laminates first appeared, slide rules and 
charts were still in use. Later, in the early 1980s, computer utilities arrived. We know what it is today 
where current resources allow the digital implementation of the laminate optimization process by 
means of powerful calculation tools. This is how a new chapter devoted to quasi-orthotropic lami-
nates also called “Double-Double” here completes the heart of the work devoted to the methodical 
design of structural parts. It presents the work initiated by Pr. S.W. Tsai assisted by an international 
team of scientists to define and calculate more efficient and lighter laminates, much better suited to 
current and future resources, both in terms of calculation and manufacturing with automated tape 
laying. In addition, the notion of Tsai modulus introduced saves a large part of the experimental 
characterization.

Useful information is given on the corresponding free utility. The reader will be able to down-
load this tool in open access as indicated in the book.

The chapters on composite beams of any cross-sectional shape and the chapter on transverse 
shear behavior of multilayered plates still retain their original character, both with regard to 
the proposed method and to the results. In particular, one will note a complementary study of 
transverse shear in quasi-orthotropic laminated plates in connection with the new theory of Double-
Double laminates.

Also remember that the book is structured according to three levels of difficulty (even for the 
applications). The technical level becomes more and more complicated from one section to another. 
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The first section corresponds to the undergraduate level, while the second and third sections corre-
spond to the graduate and postgraduate levels. One can, however, work on each part independently.

Section IV, “Applications”, consists of 45 examples, including numerous cases of pre-sizing of 
composite parts, processed from industrial cases reworked, so that the user can go directly to the 
essentials. As Pr. S.W. Tsai underlines, these practical problems “are treated in a closed form. Thus 
these solutions are useful for studying the parameters which may constitute the basis of optimiza-
tion. Such observations are not always easy to do with numerical solutions like those resulting 
from finite element analysis. Another advantage of the closed solution is its speed in obtaining the 
answers, and it has no problem of numerical convergence”. In any case, it is useful to note that most 
of these applications provide usable results for numerical modeling, including tests for the valida-
tion of finite element computer software.

This book has had a run of three recent editions in English (since 2002) and six successive edi-
tions in French (since 1987), all of which out of print. It is addressed to engineers and technicians in 
the field who deal with problems of mechanical behavior that require designs, compositions, thick-
nesses, and fasteners to be defined. It is addressed to teachers who want to structure a course on the 
subject, or even simply talk about composites. It is also addressed to students pursuing undergradu-
ate and postgraduate degrees and can help PhD students do an apprenticeship before moving on to 
specialized research.

This book does not focus on too detailed theoretical developments, which would not meet the 
requirements of the targeted audience. In industry, there is little time for the consultation of books, 
and the academic nature of initial training is often far from the daily concerns of the design office. 
I have therefore adapted this presentation by taking into account readers who are always in a hurry 
and who use the tools available to them or ones that they remember. The content of this book is 
nevertheless anchored on solid scientific basis and will allow potential users to derive maximum 
benefit from it.

Daniel Gay
May 2022
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Part I

Principles of Construction

This part of the book is important in terms of volume and content. First, it aims to succinctly present 
the following points, while remaining as clear as possible:

•	 Interest in the use of composite elements
•	 Products currently manufactured
•	 Manufacturing methods
•	 Presentation and definition of semi-finished products (fibers and reinforcements) with their 

characteristic properties

Second, it extends to the problems and solutions brought on when designing a composite compo-
nent, and particularly the concerns related to the resistance and deformation under loading, as well 
as the connections of the part with its surrounding.
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1 Composite Materials
Interest and Physical Properties

1.1 � WHAT IS A COMPOSITE MATERIAL?

1.1.1 � Broad Definition

As the term indicates, a composite material is different from the conventional macroscopically 
homogeneous material.

Currently, composite materials refer to materials containing strong fibers — continuous or 
noncontinuous — embedded in a weaker material or matrix. The matrix keeps the geometric 
arrangement of fibers and transmits to these fibers the load acting on the composite component.

The resulting composite material is capable of intermediate mechanical performance, that is, 
superior to those of the matrix, but different and often lower than those of the fibrous reinforcement. 
Generally, this material also presents some other properties that are specific.

Notes: Composite materials are not new. They have been used since antiquity. Wood, clay, and 
mud reinforced with straw have been everyday composites. Composites have also been used to opti-
mize the performance of some conventional weapons. For example,

•	 In the Mongolian bows, the compressed parts are made of horn, and the stretched parts are 
made of wood and cow tendons glued together.

•	 Damask sword or Japanese sabers have their blades made of steel and soft iron: the steel 
part is stratified like a flaky pastry, with orientation of defects and impurities in the long 
direction1 (see Figure 1.1), and then formed into a U shape into which the soft iron is 
placed. The sword then has good resistance for flexure and impact.

This period marks the beginning of the distinction between the common composites used univer-
sally and the high-performance composites.

1.1.2 � Main Features

Composite material, as defined, has the following features:

•	 Very heterogeneous.
•	 Very anisotropic. This notion of anisotropy will be illustrated in Section 3.1 and also in 

Chapter 9. Simply put, this means that the mechanical properties of the material depend on 
the direction of the loading.

DOI: 10.1201/9781003195788-2

FIGURE 1.1  Effect of orientation of impurities.

https://doi.org/10.1201/9781003195788-2
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1.2 � FIBERS AND MATRICES

The bonding between fibers and matrices is created during the manufacturing phase of the composite 
material. This has fundamental influence on the mechanical properties of the composite material.

1.2.1 �F ibers

1.2.1.1 � Definition
Fibers consist of several hundreds or thousands of filaments, each of them having a diameter of 
5–15 μm, allowing them to be processable on textile machines2; for example, in the case of glass 
fiber, two semi-finished fiber products are obtained as shown in Figure 1.2.

These fibers are marketed in the following forms:

•	 Short fibers, with lengths of the order of a fraction of a millimeter to a few centimeters. 
These are felts, mats, and short fibers used in injection molding.

•	 Long fibers, which are cut during the time of fabrication of the composite material, are 
used as is or woven. 

1.2.1.2 � Principal Fiber Materials
Principal fiber materials include

•	 Glass
•	 Aramid or Kevlar® (very light)
•	 Carbon (high modulus or high strength)
•	 Boron (high modulus or high strength)
•	 Silicon carbide (high temperature resistant)
•	 High-density polyethylene
•	 Natural fibers (flax, hemp, sisal, etc.), the use of which is increasing

In forming fiber reinforcement, the assembly of fibers to make fiber forms for the fabrication of 
composite material can take the following forms:

•	 Unidimensional: Unidirectional tows, yarns, or tapes
•	 Bidimensional: Woven or nonwoven fabrics (Non-crimp fabrics, felts, or mats)
•	 Tridimensional: Fabrics (sometimes called multidimensional fabrics) with fibers ori-

ented along several directions (>2)

FIGURE 1.2  Different fiber forms.
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Before the formation of the reinforcement, the fibers are subjected to a surface treatment or sizing to

•	 Decreasing the abrasion action of fibers when passing through the weaving machines
•	 Improving the fiber-matrix adhesion

Other types of reinforcements are also used as fillers: full or empty microspheres, powders3, and 
nanoreinforcements4.

1.2.1.3 � Processes for Obtaining Fibers
A few notes about the fabrication of fibers are as follows:

•	 Glass fiber: Continuous glass filaments are drawn by pulling the glass (silicon + sodium 
carbonate and calcium carbonate; > °T 1,000 C) through the small orifices of a heated plate 
made of platinum alloy.

•	 Kevlar fiber: This is a DuPont trademark (US). Aramid fibers, which are yellowish in 
color, are made of aromatic polyamides (PAs) obtained by synthesis at −10°C. They are 
spun and stretched to obtain a high modulus of elasticity along the fiber direction.

•	 Carbon fiber: Filaments of polyacrylonitrile or pitch (obtained from residues of the 
petroleum products) are oxidized at high temperatures (300°C) and then heated further to 
1,500°C in a nitrogen atmosphere. Only the black and bright filaments of hexagonal car-
bon chains remain, as shown in Figure 1.3. The high modulus of elasticity is obtained by 
stretching at high temperature. Figure 1.4 helps to become aware of the rapid development 
of the carbon fiber industry5.

•	 Boron fiber: Tungsten filament (diameter 12 μm) is used to catalyze the reaction between 
boron chloride and hydrogen at 1,200°C. The boron fibers obtained have a diameter of 
about 100 μm (the growth speed is about 1 μm/s).

•	 Silicon carbide: The principle of fabrication is analogous to that of boron fiber: chemical 
vapor deposition (1,200°C) of methyl trichlorosilane mixed with hydrogen.

The principal physical and mechanical properties of the fibers are indicated in Table 1.3 later in the 
chapter.  

FIGURE 1.3  Structure of carbon fiber.



6 Composite Materials

1.2.2 � Materials for Matrices

Many materials are used as matrix materials:

	 1.	Polymeric matrix:
	 a.	 Thermoplastic resins: Polypropylene [PP], polyphenylene sulfone [PPS], polyamide 

[PA], polyether ether ketone [PEEK], polyether ketone ketone [PEKK], etc.
	 b.	 Thermoset resins: Polyesters, phenolics, melamines, silicones, polyurethanes, and 

epoxies. Their principal physical properties are indicated in Table 1.4.
	 2.	Mineral matrix: Silicon carbide and carbon. They can be used at high temperatures (see 

Sections 3.7, 7.1.10, 7.4, and 7.5).
	 3.	Metallic matrix: Aluminum alloys and titanium alloys (see Sections 3.6 and 7.4).

1.3 � WHAT CAN BE MADE USING COMPOSITE MATERIALS?

The range of applications is very large. A few examples are listed here:

	 1.	Electrical, electronics:
	 a.	 Insulation for electrical construction
	 b.	 Supports for circuit breakers
	 c.	 Supports for printed circuits
	 d.	 Armors, boxes, and covers
	 e.	 Antennas, radomes
	 f.	 Tops of television towers
	 g.	 Cable tracks
	 h.	 Wind turbines
	 2.	Buildings and public works:
	 a.	 Housing cells
	 b.	 Chimneys
	 c.	 Concrete molds
	 d.	 Various covers (domes, windows, etc.)
	 e.	 Swimming pools
	 f.	 Facade panels
	 g.	 Profiles
	 h.	 Partitions, doors, furniture, and bathrooms

FIGURE 1.4  Annual demands for carbon fibers.
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	 3.	Road transport:
	 a.	 Body components
	 b.	 Complete body
	 c.	 Wheels, shields, and radiator grills
	 d.	 Transmission shafts
	 e.	 Suspension springs
	 f.	 Bottles for compressed gas
	 g.	 Chassis
	 h.	 Suspension arms
	 i.	 Casings
	 j.	 Cabins and seats
	 k.	 Highway tankers and isothermal trucks
	 l.	 Trailers
	 4.	Rail transport:
	 a.	 Fronts of locomotives
	 b.	 Wagons
	 c.	 Doors, seats, and interior panels
	 d.	 Ventilation housings
	 e.	 Structural parts
	 f.	 Bogies
	 5.	Maritime transport:
	 a.	 Hovercrafts
	 b.	 Rescue crafts
	 c.	 Patrol boats
	 d.	 Trawlers
	 e.	 Antimine ships
	 f.	 Racing sailboats
	 g.	 Pleasure boats
	 h.	 Canoes
	 6.	Cable transport:
	 a.	 Cable cars
	 b.	 Gondola lifts
	 7.	Air transport:
	 a.	 All-composite gliders
	 b.	 All-composite light aircraft and drones
	 c.	 Many aircraft components: vertical and horizontal tail plane, wing boxes, leading 

edges, winglets, flaps, center wing boxes, keel beams, fuselages, radomes, doors, air-
craft brake disks, etc.

	 d.	 Many helicopter components: blades, main rotors, tail rotors, transmission shafts, cab-
ins, tails, etc.

	 e.	 Aircraft engines: propellers, blades, fairings, fan housings, thrust reversers, etc.
	 8.	Space transport:
	 a.	 Bodies
	 b.	 Tanks
	 c.	 Nozzles
	 d.	 Heat shields for atmospheric reentry
	 9.	General engineering sector:
	 a.	 Gears
	 b.	 Bearings
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	 c.	 Housings and casings
	 d.	 Bodies of actuators
	 e.	 Robotic arms
	 f.	 Flywheels
	 g.	 Projectiles (shuttles) for looms
	 h.	 Pipes
	 i.	 Components of drawing tables
	 j.	 Compressed gas bottles
	 k.	 Tubes for offshore platforms
	 l.	 Radial-ply tires
	 10.	Sports and leisure:
	 a.	 Tennis and squash rackets
	 b.	 Fishing poles
	 c.	 Skis
	 d.	 Poles for pole vault
	 e.	 Windsurfing boards, sailboards, skateboards
	 f.	 Bows and arrows
	 g.	 Javelins
	 h.	 Protection helmets
	 i.	 Bicycles
	 j.	 Golf clubs
	 k.	 Oars and vessels for racing

1.4 � A TYPICAL EXAMPLE OF INTEREST

In the field of commercial air transport industry, the following may be placed in parallel: the major 
concerns of manufacturers and the main characteristic properties of the composite material parts. 
The concerns of the manufacturers are performance and saving. The characteristics of composite 
components include the following:

•	 The subsequent weight reduction leads to fuel saving, increase in payload, or increase in 
range that improves performances.

•	 The good fatigue resistance leads to enhanced life, which involves saving in the long-term 
cost of the product.

•	 The good corrosion resistance means fewer requirements for inspection, which results in 
saving on maintenance cost.

Moreover, taking into account the cost of the composite solution as compared with the conventional 
solution, one can state that composites fit the demand of aircraft manufacturers.

1.5 � SOME EXAMPLES OF CLASSICAL DESIGN REPLACED 
BY COMPOSITE SOLUTIONS

Table 1.1 shows a few significant cases illustrating the improvement on price and performance that 
can be obtained after the replacement of a conventional solution with a composite solution.
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1.6 � MAIN PHYSICAL PROPERTIES

Tables 1.2–1.5 take into account the properties of only individual components, reinforcements, or 
matrices.

The characteristics of composite materials resulting from the combination of reinforcement and 
matrix depend on

•	 The proportions of reinforcements and matrix (see Section 3.2)
•	 The form of the reinforcement (see Section 3.2)
•	 The fabrication process

These characteristics can be observed in Figure 1.5, which shows the tensile strength for differ-
ent fiber fractions and different forms of reinforcement for the case of glass/resin composite, and 
Figure 1.6, which gives an interesting view on the specific resistance of the major types of struc-
tural composites as a function of temperature. Here, the specific strength is defined as the tensile 
strength divided by the density: ( )σ ρrupture .

Other remarkable properties of these materials include the following:

•	 Composite materials do not yield: their elastic limits correspond to the rupture limit (see 
Section 5.4.5).

•	 Composite materials have high strength under fatigue loads (see Section 5.1).
•	 Composite materials age under the action of moisture6 and heat.
•	 Composite materials do not corrode, except in the case of contact aluminum with car-

bon fibers in which galvanic phenomenon creates rapid corrosion.
•	 Composite materials are not sensitive to the common chemicals used in engines: grease, 

oils, hydraulic liquids, paints and solvents, and petroleum. However, cleaners for paint 
attack the epoxy resins.

•	 Composite materials have medium- to low-level impact resistance (inferior to that of 
metallic materials).

•	 Composite materials have excellent fire resistance as compared with the light alloys with 
identical thicknesses. However, the smokes emitted from the combustion of certain matri-
ces can be toxic.

TABLE 1.1
Some Significant Cases

Application Previous Construction Composite Construction

65 m3 reservoir for chemicals Stainless steel + installation: Price = 1 Price = 0.53

Smoke stack for chemical plant Steel: Price = 1 Price = 0.51

Nitric acid vapor washer Stainless steel: Price = 1 Price = 0.33

Helicopter stabilizer Light alloys + steel: Mass = 16 kg; Price = 1 Carbon/epoxy: Mass = 9 kg; Price = 0.45

Support for helicopter hoist Welded steel: Mass = 16 kg; Price = 1 Carbon/epoxy: Mass = 11 kg; Price = 1.2

Helicopter motor hub Mass = 1; Price = 1 Carbon/Kevlar/epoxy: Mass = 0.8; Price = 0.4

X-Y table for fabrication of 
integrated circuits

Cast aluminum: Rate of fabrication = 30 
plates/h

Carbon/epoxy honeycomb sandwich: Rate of 
fabrication = 55 plates/h

Drum for drawing plotter Drawing speed = 15–30 cm/s Kevlar/epoxy, 40–80 cm/s

Head of welding robot Aluminum: Mass = 6 kg Carbon/epoxy: Mass = 3 kg

Projectile for loom Aluminum: Rate = 250 shots/min Carbon/epoxy: Rate = 350 shots/min

Aircraft floor Mass = 1; Price = 1 Carbon/Kevlar/epoxy: Mass = 0.8; Price = 1.7
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FIGURE 1.5  Tensile strength of glass/resin composites.

FIGURE 1.6  Specific strength of different composites.
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NOTES

	 1	 In folding a sheet of steel over itself 15 times, the final sheet is made of 215 = 32,768 layers.
	 2	 The fibers have to be as thin as possible because

•	 Their rupture strength decreases as their diameter increases.
•	 Very small fiber diameters make it possible to bend fibers until they reach radii of curvature 

on the order of half a millimeter. However, an exception is made for boron fibers (diameter in 
the order of 100 μm), which are formed around a tungsten filament (diameter = 12 μm). Their 
minimum radius of curvature is 4 mm. Then, except for particular cases, weaving is not possible.

	 3	 See Section 3.5.3.
	 4	 See Section 3.9.
	 5	 Non-pandemic forecasts: The drop in demand from the main industrial sectors (aerospace and defense, 

automotive, pipelines and tanks, and civil engineering) has temporarily led to a drop in demand for 
carbon fibers.

	 6	 The cured epoxy resin can absorb water by diffusion up to 6% of its mass; the fiber-reinforced epoxy 
composite can absorb up to 2%. See Section 10.6.



https://taylorandfrancis.com


2 Manufacturing Processes

The mixture of reinforcement/resin leads to a composite part at the end of the last stage of 
manufacturing that is the hardening of the matrix. After this phase, it is not possible anymore to 
modify the material. The designer should not have in mind to change it later, as in the way he would 
like to modify the structure of a metal alloy using heat treatment, for example.

In the case of polymer matrix composites, for example polyester resin, the latter has to be 
polymerized. During the solidification process, it changes from the liquid state to the solid state 
by copolymerization with a monomer mixed with the resin. The phenomenon leads to hardening. 
This can be done using either heat or a chemical accelerator. The following pages will describe the 
principal processes for the manufacturing of composite parts. Next, the recycling of composites is 
discussed as well as the waste treatment methods.

2.1 � MOLDING PROCESSES

Several processes use a tool that can be described as a mold and involve reinforcements of various 
types and geometries. The forming by molding processes varies depending on the nature of the 
part, the number of parts, and the cost. The impregnation of a reinforcement can be done before it 
is placed in the mold or afterwards, during the compaction phase. The nature of the resin also influ-
ences the course of the process. The material of the mold can be made of metal (steel, aluminum, 
invar), polymer, wood, or even plaster.

2.1.1 �C ontact Molding

Contact molding (see Figure 2.11) is an open molding process (there is only one mold, either male 
or female). The layers of fibers impregnated with resin and accelerator are placed on the mold. 
Compaction is done using a roller to squeeze out the air pockets. The duration for resin hardening 
varies, depending on the amount of accelerator and temperature, from a few minutes to a few hours. 
This way, parts of large dimensions can be produced at the rate of about 2–4 per day and per mold, 
depending on their complexity at lay-up stage.

•	 Note: Spray-up technique
This denotes the preceding process associated with short fibers. After application of the 
mold release agent and gel coat and curing of the latter, the short-fiber/resin mixture is pro-
jected onto the mold with a spray gun and compacted with a roller before polymerization. 
Depending on the part to be manufactured, one can combine plies such as mats and fabrics 
arranged manually and short fibers.

DOI: 10.1201/9781003195788-3

FIGURE 2.1  Contact molding.

https://doi.org/10.1201/9781003195788-3
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2.1.2 �C ompression Molding

2.1.2.1 � Process
With compression molding (see Figure 2.2), a countermold will close the mold after the impreg-
nated reinforcements have been placed in it. The whole assembly is placed in a press that can apply 
a pressure of 1–2 bar. The polymerization takes place either at ambient temperature or higher.

The process is good for medium-sized series: several dozen parts a day can be manufactured (up 
to 200 with heating, depending on their complexity at lay-up stage). This is used for automotive and 
aerospace secondary parts.

2.1.2.2 � Bladder Molding Process
The prepreg reinforcements are placed around an inflatable bladder and then put between mold and 
countermold. The bladder is then pressurized, and its expansion compacts the prepreg against the 
walls of the mold. Bladder evacuation after curing is not systematic.

2.1.2.3 � Forming by Stamping
Also called thermoforming, such a process (see Figure 2.3) is only applicable to thermoplastic com-
posites. One uses preformed plates that are heated, stamped, and then cooled down.

2.1.3 � Vacuum Molding Processes

2.1.3.1 � Vacuum Molding
This process of molding with vacuum is still called bag molding or depression molding. As in the 
case of contact molding described previously, an open mold on which the impregnated reinforce-
ments are placed is used for this process. Some cores for sandwich materials (see Chapter 4) can 
be placed in the mold. A sheet of soft plastic is used for sealing. It is bonded around the perimeter 
of the mold by means of seal putty. Vacuum is applied under the sheet of plastic (see Figure 2.4).

The part is then compacted due to the action of atmospheric pressure, and the air bubbles are 
eliminated. Porous felt absorbs excess resin. The whole material is polymerized in an oven.

FIGURE 2.2  Compression molding.

FIGURE 2.3  Stamp forming.
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2.1.3.2 � Autoclave Curing
Autoclave is used for high-performance composites. The curing is done under pressure (see Figure 2.5),  
until 7 bar in the case of carbon/epoxy to obtain better mechanical properties with temperature 
cycling (see Figure 3.30). This process has applications for aircraft structures, with the rate of a few 
parts per day (depending on their complexity at lay-up stage). Autoclave’s dimensions vary depend-
ing on the size of parts to be cured. They can be very important, for example, length up to 32 m with 
a diameter up to 6 m.

2.1.4 �I njection Processes

2.1.4.1 � Resin Transfer Molding (RTM)
In this resin injection based process (see Figure 2.6), the reinforcements (mats, fabrics, plies) are 
put in place as a dry preform between mold and countermold. The resin is injected. The clamping 
pressure creating the locking force limits the resin injection pressure.

•	 Medium series: The molding pressure is low. The process can be fast with reactive resin
•	 Small series: For structural parts (high fiber content, high injection pressure)

Good surface condition on all sides
Shapes limited by undercut geometries

FIGURE 2.4  Vacuum molding.

FIGURE 2.5  Autoclave curing.
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2.1.4.2 � Vacuum-Assisted RTM (VARTM)
This process has variants, also called Light RTM, or SCRIMP® 2. It involves a lower mold and an 
upper flexible bag (See Figure 2.7). There is therefore only one finished face on the mold side.

It is suitable for very large parts with high-volume contents of fibers (up to 70%) and cored parts 
with all cores except honeycomb (shipbuilding, aircraft, and wind turbine parts).

The process requires a careful development adapted to each part geometry for impregnation 
defects have very costly consequences (carefully placed ports for resin entering and vacuum extract).

•	 Note: Resin Film Infusion
A variant of this process consists in placing a dry preform on the lower mold between films 
of high viscosity resin. Under the effect of heat and vacuum, the resin infuses into the pre-
form. The resin content is then uniform.

2.1.4.3 � Injection Molding with Prepreg
The process of molding by injection of prepreg allows automation of the fabrication cycle (rate of 
production up to 300 pieces per day).

•	 Thermoset resins: Can be used to make components of auto body. The schematic of the 
process is shown in Figure 2.8.

•	 Thermoplastic resins: Can be used to make mechanical components with high tempera-
ture resistance, as shown in Figure 2.9.

FIGURE 2.6  Resin Transfer Molding (RTM).

FIGURE 2.7  Vacuum-Assisted Resin Transfer Molding (VARTM).
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2.1.4.4 � Reaction Injection Molding (RIM/S-RIM)
Molding by foam injection (see Figure 2.10) allows the processing of pieces of fairly large dimen-
sions made of polyurethane foam reinforced with glass fibers. These pieces remain stable over time, 
with good surface conditions, and have satisfactory mechanical and thermal properties.

With a dry preform previously placed in the mold, more resistant parts are obtained (Structural 
RIM or S-RIM). The production rate is about 1 min. However, polyurethane-type resins have lower 
mechanical properties than structural composites.

2.1.5 � Molding of Hollow Axisymmetric Components

•	 The process of centrifugal molding (see Figure 2.11) is used for the fabrication of tubes 
and pipes. It allows homogeneous distribution of resin with good surface finish, including 
the internal surface of the tube. The length of the tube depends on the length of the mold. 
The rate of production varies with the diameter and length of the tubes (up to 500 kg of 
composite per day).

FIGURE 2.8  Injection of premixed.

FIGURE 2.9  Injection of thermoplastic premixed.

FIGURE 2.10  Reaction Injection Molding (RIM).
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•	 The filament winding process as described in Figure 2.12 can be integrated into a continu-
ous chain of production and can fabricate tubes of long length. The rate of production can 
be up to 500 kg of composite per day. Such a process can be used to make various types 
of tubes, for example, tubes for transporting petroleum and cylindrical shells for missile, 
rocket, torpedo, and container.

For revolution pieces with any meridian curves, filament winding can be done on revolution mandrels 
with adapted geometries. The composite is cured and the mandrel is removed (see Figure 2.13).  
The fiber volume fraction is high (up to 85%). This process is used to fabricate components with 
high internal pressure, such as reservoirs and propulsion nozzles.

2.2 � OTHERS FORMING PROCESSES

2.2.1 �S heet Forming

The technique of composite sheet forming (see Figure 2.14) allows the production of plane sheets or 
corrugated sheets showing increased stiffness. This process needs significant investments.

FIGURE 2.11  Centrifugal molding.

FIGURE 2.12  Filament winding.

FIGURE 2.13  Filament winding on complex mandrel.
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2.2.2 �P ultrusion

The composite pultruded profile shown in Figure 2.15 is made by pultrusion through a shaped die. 
This process makes possible the fabrication of continuous open or closed profiles. The fiber content 
can be important for high mechanical properties (more than 60% by volume). The rate of production 
varies between 0.5 and 3 m/min, depending on the nature of the profile3.

2.2.3 �A dditive Manufacturing

2.2.3.1 � Principle
Additive manufacturing (also known as 3D printing technique) is a recent and rapidly evolving 
process. It starts with the digital model of the part and produces this part by depositing successive 
thin layers of material using a heated extrusion nozzle. It is thus possible to generate very complex 
geometries, which cannot be obtained by means of other methods mentioned.

The resins are thermoplastic (PEEK, PA…see Table 1.4) associated with short or continuous 
reinforcing fibers (carbon, glass, Kevlar).

2.2.3.2 � Types of Additive Machines
Additive manufacturing machines can deposit short fibers or long fibers:

•	 Short fibers (of the order of mm): They are then integrated into the resin before extrusion.
•	 Long fibers: They can form a tape impregnated during extrusion with up to

	 60% (Carbon).=Vf

Example: Machines with two extrusion nozzles: one for the current geometry of the part, with 
short fibers previously mixed with the resin, and the other with long fibers to adjust, in the most 
stressed areas the rigidity and the resistance of the part (see Figure 2.16). Markforged (US)4 and 
Desktop Metal (US) for small parts (print volume of 310 × 240 × 270 mm).

Example: Robotic 3D printing:
When the printing is done in successive layers on a plane table (x, y), strength of the finished 

part is lower in the z direction, which is a general property of conventional laminate materials. 

FIGURE 2.14  Sheet forming.

FIGURE 2.15  Pultrusion.
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Nevertheless, possibilities of 3D laying can be considerably increased when the laying nozzle is 
robotized, i.e., mounted on a robotic arm. One can then reinforce any directions in space for parts of 
complex geometries: Arevo (US): 6-axis robot, and swivel table. High-performance parts are up to 
1m3. The laying nozzle heats up with a laser and compacts the filament with a roller during deposit. 
Carbon/PEEK: 50%=Vf .

Example: Composite fibers coextrusion (see Figure 2.17). Carbon fiber is pre-impregnated with 
a thermosetting resin, and then extruded with a thermoplastic resin. Anisoprint (RU; LU) printing 
volume: 297 210 145 mm× × , fiber diameter 0.34 mm.

2.3 � AUTOMATED PREFORM MANUFACTURING

2.3.1 �N ecessity of Automation

Some composite parts require numerous unidirectional layers or fabric layers (tens to hundreds). For 
small- or medium-sized series, it becomes too risky and too costly to operate preforming manually:

•	 For following the form of a cutout template
•	 To respect the orientation specified by the design (see Chapters 5 and 15)
•	 To minimize waste of material

FIGURE 2.16  Rod cross section.

FIGURE 2.17  Composite fiber coextrusion.
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This explains the use of automated machines for cutting and draping prepreg layers, with the fol-
lowing characteristics:

•	 A programmable trajectory of ply layer following several axis of movement
•	 A rapid cutting tool, such as an orientable vibrating cutting knife or a laser beam with the 

diameter of about 0.2 mm and a cutting speed varying from 15 to 40 m/min, depending on 
the power of the laser and the thickness of the part

•	 A productivity increased by a factor of 10 (carbon/epoxy laminates).

2.3.2 �T ypes of Machines

2.3.2.1 � Fiber Placement Processes
There are two categories of fiber placement process depending on the characteristics of the lami-
nates and the surfaces of the parts considered:

•	 Automated Tape Laying (ATL)
•	 Automated Fiber Placement (AFP)

In both cases of ATL and AFP, the fibers are placed using an elastomer compaction roller. They are 
successively put under controlled tension, cut, heated, compacted (see Figures 2.18–2.20).

For prepreg carbon fibers, Table 2.1 shows the performance ranges available from manufacturers 
of laying machines5.

With ATL process, it is also possible to lay up fabrics and Non-crimp fabrics. For glass/resin, the 
tape widths can be much larger.

2.3.2.2 � Automated Tape Laying (ATL)
Examples:

•	 MAD Forest-Liné (FR), the draping is done in two steps by means of two distinct 
installations:
•	 A cutting machine that produces a roller to which the cut pieces are attached (cassettes)
•	 A depositing machine that uses the cassette of cut pieces to perform the draping

These two operations are shown schematically in Figure 2.18.
•	 Machines operating according to the principle illustrated in Figure 2.19.

TABLE 2.1
Performance Ranges of ATL and AFP Processes

Carbon Fibers
Tape Width 

mm
Slit-Tape  

(Tow) mm
Number of 

Tapes

Steering 
(Laying Radius) 

m

Laying 
Speed  
m/min

Weight 
per Hour 

kg/h

Automated Tape 
Laying (ATL)

60–75–150– 
300–406

1–2–4 60–150 10–20

150 150

Automated Fiber 
Placement (AFP)

2.5–3.2–6.35–
12.7

6–16–32 6–30–60 2–6

6.35 1.5
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For example, the 11-axis high-speed ATL machine with ultrasonic cutters MTORRESLAYUP® 
M.Torres (ES):

•	 Layer feed rate 15 to more than 60 m/min
•	 Tape width 75 mm up to 600 mm in multitape configuration
•	 Draping of large parts with low curvatures

2.3.2.3 � Automated Fiber Placement (AFP)
The tape of carbon fibers is replaced by tows obtained from bundles of pre-impregnated carbon 
fibers. Each tow is driven and cut independently. The independent control of the tows allows steered 
lay-up to be made on non-developable surfaces with different paths lengths for each tape (see  
Figure 2.20). A hybrid process is obtained between draping and filament winding: the possibilities 

FIGURE 2.18  Two steps draping.

FIGURE 2.19  Automated Tape Placement head.
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are thus extended to the production of laminated preforms with complex geometries: double curva-
tures, locally reinforced zones.

•	 Remarks:
•	 Quality of the laying

The quality of the path of the cut tows (start and end positions) depends on the lay-
ing speed. Productivity is reduced by at least half compared to that of the ATL process.

•	 Characteristics of AFP
The overlap of two ribbons is to be avoided. One admits a weak clearance (see 

Figure 2.21). It should be noted that the clearance between the tows increases when the 
laying radius decreases.

The tows can twist, come off, and get out of alignment.
If the laying radius is too small, one can observe the tow’s wrinkling. In practice and to avoid this 

phenomenon, one should respect a minimum ratio as shown in Figure 2.226.

FIGURE 2.20  Automated Fiber Placement (AFP).

FIGURE 2.21  AFP: Junction between two layers.

FIGURE 2.22  AFP: Influence of laying radius on steered tows.
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2.3.2.4 � Example: Robots and Software for AFP – Automatic 
Fiber Placement Coriolis Composites (FR)

The fiber placement process is implemented on standard polyarticulated robots commonly used 
in the automotive industry, combined with innovative fiber placement systems. The choice of 
robots rather than fixed machines allows benefiting of proven technology, readily available and 
relatively cheap.

The supply and fiber placement is obtained by means of a placement head of less than 50 kg asso-
ciated with a simple and effective guidance solution for the fibers on nearly 3 m in length from the 
creel, which is located at the foot of the robot up to the head. The head that places fibers is compact 
and lightweight and can operate with all types of molds with complex geometries (male, female of 
concavity up to 1 m radius, etc.). The programming of the eight-axis robot and of the actuators of the 
head is optimized in order to obtain response time and accuracy of placement suitable for produc-
tion rates of aircraft.

2.4 � PRACTICAL CONSIDERATIONS ON MANUFACTURING 
PROCESSES; ACRONYMS

Professionals use many abbreviations to describe the fabrication processes of composite products. 
They are detailed here with the reference to the paragraph to which the corresponding processes refers:

•	 Bladder molding: Section 2.1.2.2.
•	 BMC: Bulk molding compound. Prepreg with thermoset resin, short fibers (6–12 mm 

and 10%–30% per volume), mineral fillers. Implementation process: pressure: 5–10 MPa. 
Temperature: 120°C–150°C. See Sections 2.1.2.1 and 2.1.4.3.

•	 Centrifugation: Matrix: resins. Reinforcement: cut fibers, mat, fabrics; see Section 2.1.5.
•	 Compression molding: Matrix: resins. Reinforcement: fabrics or unidirectional layers; 

see Section 2.1.2.1.
•	 Contact molding: Matrix: resins. Reinforcement: mat, fabrics; see Section 2.1.1.
•	 Continuous fabrication processes: See Sections 2.1.5, 2.2.1, and 2.2.2.
•	 Filament winding: Matrix: resins. Reinforcement: continuous fibers. See Section 2.1.5.
•	 Pultrusion: Matrix: resins. Reinforcement: mat, fabrics, continuous fibers. See 

Section 2.2.2.
•	 R-RIM: Reinforced-reaction injection molding (there is expansion in the mold). Pressure: 

0.5 MPa. Temperature: 50°C–60°C. See Section 2.1.4.4.
•	 RTM: Resin transfer molding. The resin is injected in a closed mold. Matrix: thermoset-

ting resins. Reinforcements: dry preforms with cut fibers or fabrics. Pressure: in vacuum or 
with low pressure 0.1–0.3 MPa. See Section 2.1.4.1.

•	 RST: Reinforced stamped thermoplastics. Reinforcement content about 30% per volume. 
Pressure: 15–20 MPa. Initial temperature 200 C≈ ° . See Section 2.1.2.3.

•	 RTP: Reinforced thermoplastics. Matrices: thermoplastic resins. Reinforcements: cut fibers 
(content about 30% per volume). Pressure: 50–150 MPa. Temperature: 120°C–150°C. See 
Section 2.1.2.3.

•	 SMC: Sheet molding compound. Prepreg made of fiberglass with resin and mineral filler. 
Matrix: polyester resin. Reinforcement: mat (25–50 mm fiber length), unidirectional glass, 
with content about 30% per volume. Pressure: 5–10 MPa. Temperature: 120°C–150°C. See 
Section 2.1.2.1.

•	 Spray-up: Matrix: resins. Reinforcement: short fibers. See Section 2.1.1.
•	 S-RIM: Structural reaction injection molding (structural parts, particularly for automo-

biles). Liquid thermoset resins with two components of very high reactivity are injected, as 
in the R-RIM process. See Section 2.1.4.4.
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•	 TMC: Similar to SMC but with higher amount of glass fibers (a few millimeters in 
thickness).

•	 Vacuum molding, Autoclave molding: Matrix: resins. Reinforcement: fabrics or unidi-
rectional layers; additional pressure if using autoclave. See Section 2.1.3.

•	 VARTM: Vacuum-assisted RTM. Vacuum infusion of dry preforms that are compressed 
by atmospheric pressure, with thermosetting resins. See Section 2.1.4.2.

•	 ZMC: Matrices: resins. Reinforcement: staple fibers longer than in the BMC process. 
Pressure: 30–50 MPa. Temperature: 120°C–150°C.

•	 XMC: Similar to SMC but with specific orientation of the fibers.

The diagram in Figure 2.23 summarizes these different processes

2.5 � RECYCLING OF COMPOSITES

2.5.1 �R ecycling Issues

2.5.1.1 � The Problem of Waste
Industrial composites activity regularly shows significant growth, with an estimated market value7 
shown in Figure 2.24. Increasing in proportion is the total tonnage, about 18 10 t6×  in 2017 (see 
Section 8.1.1).

Considering the importance of this tonnage today, composites industry is faced with environ-
mental aspect and with the problem of waste. Regulations for the fate of waste are becoming more 
and more restrictive, with the risk of impacting the growth rate of composites, which, in some cases, 
can be abandoned in favor of materials more easily recyclable.

The volume of waste thus comprises two parts that are growing rapidly each year:

•	 Production waste
•	 End-of-life products

FIGURE 2.23  Classification of manufacturing processes.
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Example: 
Europe in 2015: Production waste: 50,000 tonnes

End-of-life products: 250,000 tonnes
Production waste is easier to treat because it is better identified and generally not associated with 

other materials.
For most of them, end-of-life products are difficult to identify and often associated with other 

materials including metals.

2.5.1.2 � Examples

•	 Aircrafts: A total of 80%–85% of the constituent elements are potentially recoverable 
(aluminum alloys, titanium, steel, composite materials). The recent aircrafts contain a lot 
of composites and the quantity of planes to be processed is increasing rapidly (12,000 civil 
transport aircrafts in the next 20 years). In fact, the current life span of a commercial air-
craft is of the order of 26 years versus 31 years previously. This is because of the consump-
tion gains of new aircraft generations.

•	 Wind turbines: Wind farms have an estimated lifespan of 20 years.
•	 Pleasure boats and yachts: The legislation is not precise for end-of-life boats.
•	 For sport and leisure equipment, wrecks are abandoned or placed in landfill.

The aim today is to place composites in a renewable economy, as part of the energy transition.
Currently, 20% of plastic and composite waste is still placed in landfills. However, since 2002, 

the traditional method of burying in “technical landfill centers” is only considered as a solution for 
so-called “ultimate” waste, i.e., that cannot be treated otherwise by technical way.

Ideally, composite recycling should be considered when designing products and subsequently 
when it comes to production. Progress is real and visible: in 2016, recycling exceeded landfill.

We recall the main types of products mentioned in this book:

•	 Polymer matrix composites
•	 Metal matrix composites
•	 Ceramic matrix composites

Composites with polymer matrices are in the majority with nearly 70% of the total tonnage. 
And they also correspond to the oldest products. In what follows, we will focus on the latter 
category.

Note: In polymer matrix composites, the share of high-performance composites is largely in the 
minority. To fix ideas, the tonnage of carbon fiber composites in 2016 was estimated at 100,000 t. 
On the other hand, the corresponding waste is of great value.

FIGURE 2.24  Global market estimated in 2024: $120 109× .
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2.5.1.3 � Specific Problems to Composites
As can be seen in this book, composite materials involve complex and diverse products and treat-
ments, for example:

•	 Nature of the polymer matrix: Thermosetting or thermoplastic with a variety of products 
(see Table 1.4), addition or not of fillers

•	 Nature of fibers: Short, long, of diverse materials (see Table 1.3), with various preforms, 
surface treated (sizing) to create a fiber-matrix bond that recycling aims to break

•	 Incorporation into used and end-of-life products of other materials: Core materials 
(see Table 1.5), metals, and inserts (see Section 4.4.3)

Notes: There is the problem of collecting used composite materials:

•	 We know how to collect production waste. On the other hand, it is difficult to recover obso-
lete material. Unless we put in place incentive measures yet to be defined.

•	 Recycled composites with glass and carbon fibers (thermoplastic and thermosetting com-
pounds) can be found in the following industries:
Automobile
Civil engineering
Home furnishings and design
Aeronautics
Sports and leisures

2.5.2 �R ecycling of Polymer Matrix Composites

2.5.2.1 � Main Processes
To recover composite waste, several methods are used:

•	 The thermal process:
•	 Incineration: Average calorific value of a thermosetting resin: 30,000 kJ/kg. Recovery 

of energy, clinker (in principle usable for road construction).
•	 Pyrolysis: Allows fiber recovery.

•	 The mechanical way:
•	 Conventional grinding to obtain a powder used as future reinforcement: damage to the 

fibers.
•	 Impact crushing to recover fairly long fibers after sieving.

•	 The chemical route: Recovering reinforcements, fillers, possibly elements of the matrix: 
these are complex and expensive processes.

•	 The biological method: For certain biodegradable composites (see Section 3.8).

These main processes are illustrated in Figure 2.25.

2.5.2.2 � Case of Carbon/Resin Composites
Carbon fibers are expensive. From a recycling point of view, they are therefore economically attrac-
tive. This is where the most significant R&D investments are found. In order to recover the fibers, 
the following routes are explored and illustrated in Figure 2.26:

•	 Pyrolysis of the part (400°C–750°C): The fibers are recovered, and the polymer matrix is 
recovered in the form of pyrolysis “coke”
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•	 Solvolysis (under temperature and pressure conditions) or acid catalysts to dilute a thermo-
setting matrix and recover fibers retaining their qualities

•	 Depolymerization of the resin to recover the initial resin monomer (under R&D)
•	 Vapothermolysis: Hot treatment with steam to recover almost intact carbon fibers (Alpha 

Recyclage Composites (FR))
•	 Thermoforming of plates with thermoplastic resins after preliminary grinding
•	 Development of thermoplastic resins from which the monomer can be recovered

NOTES

	 1	 On Figure 2.2, gel coat means a colored polyester resin to get a smooth surface of the required color.
	 2	 This acronym stands for “Seemann Composites Resin Infusion Molding Process”, Seemann Composites 

(US).
	 3	 For example, carbon/epoxy pultruded profiles, Epsilon Composites (FR).
	 4	 Code ISO 3166-1/alpha-2 for the representation of names of countries.
	 5	 Including the following manufacturers: Automated Dynamics (US), Cincinnati (US), Ingersol (US), 

M.Torres (ES), Forest-Liné (FR), and Coriolis (FR).
	 6	 According to Coriolis (FR).
	 7	 Pandemic not taken into consideration.

FIGURE 2.25  Main processing methods for polymer matrix composites waste.

FIGURE 2.26  Recycling of carbon/resin composites (CFRP).



3 Mechanical Properties 
of Reinforcement–
Matrix Associations

It is essential for the designer to know precisely and understand the geometric and mechanical 
characteristics of a mixture of reinforcement and matrix after curing, which is the basic structure of 
composite parts. The description of these features is the focus of this chapter.

3.1 � ISOTROPY AND ANISOTROPY

When studying the behavior of elastic bodies under mechanical loading (theory of elasticity), the 
following basic properties are highlighted, by means of considerations and tools that are not neces-
sarily complicated:

•	 An elastic body subject to stress deforms in a reversible manner
•	 At each point within the body, the principal planes are the planes onto which only normal 

stress acts
•	 The normal directions to these planes are called the principal stress directions
•	 Inside of the body, a small sphere of material surrounding a point becomes a small ellip-

soid after loading

The spatial position of the ellipsoid relative to the directions of principal stress enables to determine 
whether the material under study is isotropic or anisotropic. Figure 3.1 illustrates this phenomenon.

DOI: 10.1201/9781003195788-4

FIGURE 3.1  Schematic of deformation.

https://doi.org/10.1201/9781003195788-4
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An easy way to see the effects of anisotropy on the deformation of a sample consists in load-
ing a plate-sample of anisotropic material in its own plane. Figure 3.2 illustrates the deformations 
under load, respectively, of an isotropic and anisotropic plate. In the latter case, the oblique lines 
on Figure 3.2 represent the reinforcement fibers. It should be recalled that a longitudinal loading 
applied to the isotropic plate creates an extension in the longitudinal direction and a contraction 
in the transverse direction. As seen in Figure 3.2, the same loading applied to an anisotropic plate 
creates an angular distortion in addition to the classical longitudinal extension and transversal 
contraction. 

In the simple case of plane stress, as on the previous example, some elastic coefficients allow to 
link the stress components to the deformations that they induce. The corresponding relations are the 
so-called behavior relations, as written hereafter.

3.1.1 �I sotropic Materials

The following relations are valid for a material that is elastic and isotropic.
The stress–strain relation can be written (see Figure 3.3) in matrix form as1 
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We can note three elastic constants: ν,  , E G . There is a relation between them as

=
+ ν2(1 )

G
E

The earlier relation shows that a material isotropic and elastic can be characterized by only two 
independent elastic constants: E  and ν.

3.1.2 �A nisotropic Material

The matrix equation for the anisotropic material in Figure 3.4 is

FIGURE 3.2  Isotropic and anisotropic plate: comparison of deformation.
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FIGURE 3.3  Stress–strain behavior of isotropic material.

FIGURE 3.4  Stress–strain behavior of anisotropic material.



36 Composite Materials

ε
ε
γ



















=

−
ν

−
ν



























σ
σ
τ



















1
0

1
0

0 0
1

E E

E E

G

x

y

xy

x

yx

y

xy

x y

xy

x

y

xy

We can note an apparent asymmetry of the matrix of elastic coefficients earlier and five elastic 
constants:

•	 Two moduli of elasticity: Ex  and Ey

•	 Two Poisson coefficients: νyx  and νxy

•	 One shear modulus: Gxy

In fact this matrix is symmetric2, and there are only four independent elastic constants3: Ex , Ey, 
Gxy, and νyx  (or νxy). The fifth elastic constant can be obtained from the others using the symmetry 
relation.

ν = ν E

E
xy yx

x

y

 

3.2 � CHARACTERISTICS OF THE REINFORCEMENT–MATRIX MIXTURE

The term ply is commonly used to describe the semi-finished product reinforcement + resin, 
which presents as a quasi-2D thin layer4. This can be

•	 A layer of unidirectional fibers in a matrix
•	 A layer of woven fabric in a matrix
•	 A layer of mat in a matrix

These are examined in more detail in Sections 3.3–3.5.

3.2.1 �F iber Mass Fraction

Fiber mass fraction is defined as

= Mass of fibers

Total mass
M f

And the matrix mass fraction is such as

= Mass of matrix

Total mass
Mm

From which

= −1M Mm f
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3.2.2 �F iber Volume Fraction

Fiber volume fraction is defined as

= Volume of fiber

Total volume
Vf

As a result, the volume fraction of matrix is given as

= Volume of matrix

Total volume
Vm

From which5

= −1V Vm f

Note that mass fraction can be obtained from volume fraction and vice versa. If ρf  and ρm  are the 
specific mass of the fiber and matrix, respectively, we have

=
ρ

ρ
+

ρ
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ρ

ρ + ρ
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Depending on the method of fabrication, the common fiber volume fractions are as shown in 
Table 3.1.

3.2.3 � Mass Density of a Ply

The mass density of a ply can be calculated as

ρ = Total mass

Total volume

which can also be expanded as

ρ = +Mass of fiber

Total volume

Mass of matrix

Total volume

ρ = × ρ + × ρVolume of fiber

Total volume

Volume of matrix

Total volume
f m

TABLE 3.1
Common Fiber Volume Fractions in Different Processes

Molding Process Fiber Volume Fraction (%)

Contact molding 30

Compression molding 40

Filament winding 60–85

Vacuum molding 50–80
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or

ρ = ρ + ρV Vf f m m

3.2.4 �P ly Thickness

The ply thickness is defined starting from the weight per unit area of fiber or grammage written as 
0m f . The ply thickness, denoted as h, is then such that

( )× = = ×
× ρ

1 m Total volume Total volume
Fiber volume

2 0h
m f

f

or

=
× ρ
0h

m

V
f

f f

One can also express the thickness in terms of mass fraction of fibers rather than in terms of volume 
fraction:

=
ρ
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ρ
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Table 3.2 shows a few examples of ply thicknesses.

3.3 � UNIDIRECTIONAL PLY

3.3.1 �E lastic Modulus

The mechanical characteristics of the fiber/matrix mixture can be estimated from the character-
istics of each of the constituents. The literature provides a number of theoretical or semiempirical 
relations, the results of which do not always agree with the values derived from tests. One of the 
reasons is that the fibers themselves show a more or less pronounced anisotropy. Thus, for example, 
low values of the longitudinal modulus of elasticity in the transverse direction of both Kevlar and 
carbon fibers6 can be seen in Table 3.3. The glass fiber appears isotropic.

With definitions and writing conventions in the previous paragraph, we can retain the following 
expressions to characterize the unidirectional ply (reinforcement + matrix):

•	 Elastic modulus along the fiber direction, 


E
A fairly accurate value is given by7

TABLE 3.2
Ply Thicknesses of Some Common Composites

(%)M f h (mm)

E glass 34 0.125

R glass 68 0.175

Kevlar® 65 0.13

HR carbon 68 0.13
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

= +E E V E Vf f m m

or



( )= + −1E E V E Vf f m f

In practice, this modulus depends essentially on the longitudinal modulus of the fiber E f  
because E Em f  (for example, ( ) ≈ 6%resin glassE Em f ).

•	 Elastic modulus in the transverse direction to the fiber axis, Et

In the following equation, E ft  represents the elastic modulus of the fiber in the direction 
that is perpendicular to the fiber as indicated in Table 3.3:
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•	 Shear modulus, Gℓt: An order of magnitude of this modulus (difficult to estimate by cal-
culation) is given by the following expression in which 



Gf t  represents the shear modulus of 
the fiber as shown in Table 3.3:
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•	 Poisson coefficient, 


ν t: The Poisson coefficient represents the contraction in the trans-
verse direction t when a ply is subjected to tensile loading in the longitudinal direction ℓ 
(see Figure 3.5):



ν = ν + νV Vt f f m m

TABLE 3.3
Fiber Elastic Modulus

Glass E Kevlar Carbon HR Carbon HM

Fiber longitudinal modulus in ℓ direction, 


(MPa)E f 74,000 130,000 230,000 390,000

Fiber transverse modulus in t direction, (MPa)E ft 74,000 5,400 15,000 6,000

Fiber shear modulus, 


(MPa)Gf t
30,000 12,000 50,000 20,000

Fiber Poisson ratio, 


ν f t
0.25 0.4 0.3 0.35

Isotropic fiber Anisotropic fiber
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•	 Modulus along any direction: It is possible to evaluate elastic and shear modulus along 
any direction within the plane (ℓ, t)8. The longitudinal modulus along direction x, called 
Ex , is presented in the following equation where c = cos θ and s = sin θ (see Figure 3.6). It 
should be noted that this module decreases rapidly when x departs from the fiber direction 

(i.e. as θ increases): 

 
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FIGURE 3.5  Orientations in composite layers: (a) unidirectional ply and (b) unidirectional fabric.

FIGURE 3.6  Off-axis modulus.
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3.3.2 �U ltimate Strength of a Ply

The curves in Figure 3.7 show the significant difference in failure behavior between classical metal-
lic material and the unidirectional plies. Such difference can be summarized in the few points listed 
here:

•	 A lack of plastic deformation in the unidirectional ply: this is a disadvantage
•	 A high ultimate tensile stress for the unidirectional: this is an advantage
•	 An important elastic deformation of the unidirectional, which can constitute an advantage 

or a disadvantage depending on the applications: for example, this is an advantage for 
springs, bows, or poles

When the fibers break before the matrix during loading along the fiber direction, we obtain the fol-
lowing for the composite:



( )σ = σ + −








1rupt. rupt. V V

E

E
f f f

m

f

Or approximately,



σ ≈ σ ×rupt. rupt. Vf f

The ultimate strength along any direction9 is given by the following relation where (see Figure 3.8)



σ rupt. is the fracture strength in the direction of the fibers
σ rupt.t  is the fracture strength transverse to the direction of the fibers


τ rupt.t  is the shear strength in the plane (ℓ, t) of the ply

  

σ =

σ
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σ
+

τ
−
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With (see Figure 3.8) c = cos θ; s = sin θ.

FIGURE 3.7  Loading curves of (a) metal and (b) unidirectional composite.
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3.3.3 �E xamples

Table 3.4 gives the properties of the fiber/epoxy unidirectional ply at 60% fiber volume fraction10.
The compression strength along the fiber direction is smaller than the tensile strength along the 

same direction due to the microbuckling phenomenon of the fibers in the matrix (see Section 14.1.4 
and Figure 14.6).

3.4 � WOVEN PLY

3.4.1 �F orms of Woven Fabrics

The woven fabrics are formed by fibers arranged along two mutually perpendicular directions: one 
is called the warp direction (the length direction of the roll of woven fabric) and the other is called 
the weft direction. The fibers are woven together, which means that the weft yarns pass over and 
under certain warp yarns, following a predetermined pattern. The way in which the warp yarns and 
the weft yarns cross each other defines the type of weave of the fabric. The weaves in Figure 3.9 are 
in ascending order for their ability to drape complex surfaces (see Figures 3.10 and 14.3), for their 
strength, for their rigidity, and for their cost.

Figure 3.9a shows a plain weave fabric where each weft yarn passes alternatively over and 
under the successive warp yarns. Figure 3.9b shows a twill weave fabric. Here, a weft yarn floats 
over a warp yarn (1) and under the two that follow (2, 3); in the next pass, the shuttle of the loom 
passes under warp yarns 1 and 2 and over the third one. Referring to Figure 3.9b, we see how the 
shuttle shifts during subsequent passages. A twill or diagonal effect is then formed on the fabric 
face. This is the simplest twill that can be made, so-called 3-harness twill. Figure 3.9c shows a 
satin weave fabric: each weft yarn floats over four warp yarns before going under the fifth one. For 
this reason, it is called a 5-harness satin.

FIGURE 3.8  Off-axis rupture strength.
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For approximate values of the fabric elastic properties (about 15%), one can consider them to 
consist of two unidirectional plies crossing at 90° angle. The following notations can be used:

•	 e is the total layer thickness
•	 n1 is the number of warp yarns per meter
•	 n2 is the number of weft yarns per meter

k
n

n n( )=
+

1

1 2

•	 Vf is the volume fraction of fibers

We can deduce the thickness of the equivalent 
unidirectional plies (see Figure 3.11) as

( )= ×
+

= ×warp
1

1 2

e e
n

n n
k

TABLE 3.4
Properties of Fiber/Epoxy Unidirectional Plies

Glass Kevlar Carbon

Specific mass, ρ (kg/m3) 2,080 1,350 1,530

Longitudinal tensile strength 


σ tensile
rupture  (MPa) 1,250 1,410 1,270

Longitudinal compressive strength, 


σcompr
rupture

 (MPa) 600 280 1,130

Transverse tensile strength, σ tensile
rupturet  (MPa) 35 28 42

Transverse compressive strength, σcompr
rupturet  (MPa) 141 141 141

In-plane shear strength, 


τ (MPa)rupturet  63 45 63

Interlaminar shear strength, 


τ = τ(MPa) (MPa)rupture rupturez tz 80 60 90

Longitudinal elastic modulus, 


(MPa)E 45,000 85,000 134,000

Transverse elastic modulus, (MPa)Et 12,000 5,600 7,000

Shear modulus, 


(MPa)G t  4,500 2,100 4,200

Poisson ratio, 


ν t 0.3 0.34 0.25

Longitudinal coefficient of thermal expansion at 20°C, 
 ( )α ° −C 1 0.4–0.7 × 10−5 −0.4 × 10−5 −0.12 × 10−5

Transverse coefficient of thermal expansion at 20°C, ( )α ° −C 1
t

1.6–2.0 × 10−5 5.8 × 10−5 3.4 × 10−5

FIGURE 3.9  Forms of woven fabrics: (a) plain weave, (b) twill weave, and (c) satin weave.
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( )= ×
+

= − ×(1 )weft
2

1 2

e e
n

n n
k e

3.4.2 �E lastic Modulus of Fabric Layer

In order to obtain estimated values, the two layers of reinforcement can be taken into account either 
separately or together.

•	 Separately: The fabric layer is replaced by two unidirectional plies crossed at 90°, with 
the following thicknesses:

= × = − ×; (1 )warp wefte k e e k e

The average fiber volume fraction Vf  being known, then the mechanical properties 
 

,  , E E Gt t, and 


ν t of these plies can be determined (see Section 3.3.1). 

FIGURE 3.11  Notations for a fabric layer.

FIGURE 3.10  Ability of a fabric ply to drape complex surfaces.
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•	 Together: The fabric layer is replaced by a single anisotropic ply with thickness e. 
x-direction being the warp direction and y the weft direction (see Figure 3.9), we have then 
approximately11



≈ × + − ×(1 )E k E k Ex t



≈ − × + ×(1 )E k E k Ey t



=G Gxy t





ν ≈ ν

+ −





(1 )k k
E

E

xy
t

t

Notes
•	 The stiffness obtained with a woven fabric is less than what would be observed by super-

imposing two cross plies of unidirectionals. This is due to the curvature of the fibers dur-
ing the weaving operation (see Figure 3.12). This curvature makes the woven fabric more 
deformable than the two cross plies when subject to the same loading. (There exist fabrics 
that are of high modulus where the unidirectional layers are not connected with each 
other by weaving. Stitched fine threads of glass or polymer hold the unidirectional plies 
together.)

•	 The fabric ply shows an upper tensile strength and a lower compressive strength, as com-
pared with the corresponding strengths obtained when superposing two cross plies12.

3.4.3 �E xamples of Balanced Fabric/Epoxy

The fabric is said to be balanced when there are as many warp as weft yarns, made in the same 
material. Therefore, the warp and weft directions play equivalent roles with regard to thermome-
chanical characteristics. The corresponding plies are described in Table 3.5 with an epoxy resin 
matrix.

FIGURE 3.12  Cross section of a layer with fibers crossed at 90°.
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3.5 � MATS AND REINFORCED MATRICES

3.5.1 � Mats

Mats are made of cut fibers (fiber lengths between 5 and 10 cm) or of continuous fibers making a 
bidimensional layer. Mats are isotropic within their plane (x, y). They can therefore be characterized 
by two elastic constants only, as specified in Section 3.1.

If 


E and Et are the elastic moduli (longitudinal and transverse directions, respectively) of the 
unidirectional ply, which would have the same volume fraction Vf  of reinforcement as that of the 
mat ply, we have then

 ( )≈ + ≈
+ ν

ν ≈3

8

5

8
;

2 1
; 0.3mat mat

mat

mat
matE E E G

E
t

For example, mats with cut fibers made of glass/epoxy have the following characteristics:

Fiber volume fraction, ( )%Vf
28

Specific mass, ( )ρ kg m3 1,800

Elastic modulus, (MPa)E 14,000

Tensile fracture strength, σ (MPa)rupture
tensile 140

Heat capacity, ( )°J g Cc 1.15

Coefficient of thermal conductivity, ( )λ °W m C 0.25

Linear coefficient of thermal expansion, ( )α ° −C 1 2.2 × 10−5

TABLE 3.5
Properties of Balanced Fabric/Epoxy Composites

“E” Glass Kevlar Carbon

Fiber volume fraction, ( )%Vf
50 50 45

Specific mass, ( )ρ kg m3 1,900 1,330 1,450

Tensile strength along x or y: σ = σ (MPa)tensile tensile
rupture rupturex y

400 500 420

Compressive strength along x or y: (MPa)comp comp
rupture ruptureσ σ=x y

390 170 360

In-plane shear strength, τ (MPa)rupturexy 150 55

Elastic modulus, = (MPa)E Ex y  20,000 22,000 54,000

Shear modulus, (MPa)Gxy 2,850 4,000

Poisson coefficient, νxy 0.13 0.045

Coefficient of thermal expansion, ( )α = α ° −C 1
x y  −0.2 × 10−5 0.05 × 10−5

Elongation at break, (%)A 2.1 1.0
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3.5.2 �E xample: A Summary of Glass/Epoxy Layers

Figures 3.13 and 3.14 summarize the main features of the different types of plies (unidirectional, 
fabric, mat) when the fiber volume fraction Vf  varies.

3.5.3 � Microspherical Fillers

Microspherical fillers are reinforcements associated with polymer matrices (see Figure 3.15). 
These fillers are made of solid or hollow microballs of glass, carbon, or polystyrene with diameters 
between 10 and µ150 m.

•	 The filler volume fraction Vf  can reach up to 50%.
•	 The filler properties are such that E Ef m.

Defining

( )( )=
− ν

+ − ν
+ ν





 −











3 1 2

1 3
1

1 1
K

E V

V
m

m

m

m

f

f

The composite (matrix + filler) is isotropic, with the elastic constants E, G, and ν given by the fol-
lowing relations:

( )( )≈
+

≈
+ ν

+ − ν
− ν





 −




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
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FIGURE 3.13  Elastic modulus of glass/epoxy layers.
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FIGURE 3.14  Tensile strength of glass/epoxy layers.

FIGURE 3.15  Spherical fillers.
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3.5.4 �O ther Classical Reinforcements

One may also use reinforcements in the form of milled fibers, flakes (see Figure 3.16), or powders 
made of any of the following materials:

•	 Glass
•	 Mica (L ≈  µ100 m)
•	 Talc (L ≈  µ10 m)
•	 Graphite
•	 Some metals
•	 Alumina

Example: The mica flakes when embedded in a resin with fiber reinforcement adopt a geometric-
layered configuration as shown in Figure 3.17. It can then be observed the following impacts:

•	 First, an increase in the value of the resin’s modulus as13

= − +





× + = ×1
(1 )

wheremica mica
mica

micaE
Ln u

u
E V E V u

L

e

G

E

V

V
m m

m

m

 

In this, the average properties of mica are

= ρ =170,000 MPa and 2,800 kg mmica mica
3E

•	 Second, a delay in the microcracking of resin (see Figure 3.18). It is also noteworthy that 
this remarkable property occurs when, in the absence of classical macroscopic reinforce-
ments, the dimensions of the previously mentioned fillers decrease. We then get what is 
called nanocomposites. Their case will be examined in more detail in Section 3.9.

FIGURE 3.16  Form of flakes.

FIGURE 3.17  Mica flake arrangement.
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3.6 � METAL MATRIX COMPOSITES (MMC)

3.6.1 � Materials

The area of MMC generally concerns highly loaded parts involving high added value.
It includes, in development or in service, a number of products consisting of:

•	 For reinforcements: aramid, carbon, boron, and silicon carbide (SiC)
•	 For matrices: aluminum, magnesium, titanium, casting, copper alloys (see also Chapter 7)

Depending on the application, the reinforcements take the forms shown in Figure 3.19. 

3.6.2 �S ome Examples

3.6.2.1 � Aluminum-Reinforced Aramid (ARALL®) and 
Aluminum-Reinforced Glass (GLARE®)14

These composites consist of alternating layers of aluminum and glass/epoxy for GLARE (Glass 
Laminate Aluminum-Reinforced Epoxy) or Kevlar/epoxy for ARALL (ARamid ALuminum 
Laminate) (see Figure 3.20).

FIGURE 3.19  Reinforcement shapes

FIGURE 3.20  Advantages of GLARE.

FIGURE 3.18  Cross section (a) with and (b) without mica flakes.
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The key advantages are as in Figure 3.20, and particularly better impact damage tolerance 
because of:

	 a.	Better resistance to failure due to thin metallic layers
	 b.	Better resistance against the crack propagation from one layer to the other

Example: Table 3.6 gives some mechanical properties for “GLARE3-4/3-0.4”, i.e., with four 
aluminum layers (each 0.4 mm thick) and three glass/epoxy layers (each ° × + ° × =0 0.125 mm 90 0.125 mm 0.25 mm

° × + ° × =0 0.125 mm 90 0.125 mm 0.25 mm thick).

TABLE 3.6
Mechanical Properties of GLARE3-4/3-0.4

Specific mass, ρ kg m3 2,480

Longitudinal tensile strength, σ = σtens. tens.
rupt. rupt.x y

MPa 690 (yielding 365)

Longitudinal compressive strength, σ = σcompr. compr.
rupt. rupt.x y

MPa 270

Longitudinal elastic modulus, =E Ex y  MPa 58,000

Transverse elastic modulus, Ez MPa 13,000

Shear modulus, Gxy MPa 12,200

Poisson ratio ν = νxy yx 0,22

FIGURE 3.21  Layers of ARALL and GLARE.
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3.6.2.2 � Short Silicon Carbide Fibers (Whiskers)/Aluminum
This is called an incompatible composite because of the large differences between the thermome-
chanical properties of the constituents. This leads to high stress concentrations as well as debonding 
between the fibers and the matrix. These types of composites are interesting for high-temperature 
applications. In Figure 3.22, the diameter of the whisker is about 20 μm and the slenderness ratio 
( / ) 5φ ≈L . The fiber volume fraction is about ≈ 30%Vf .

3.6.2.3 � Boron/Aluminum
Unidirectionals in Table 3.7 have ≈ 50%Vf  boron fibers. These types of composites are used in 
aerospace applications (see Chapter 7). The manufacturing technology to obtain these materials 

FIGURE 3.22  SiC whisker.

TABLE 3.7
Properties of Unidirectional Plies Made of Boron Fibers

Boron/Epoxy Boron/Aluminum

Specific mass, ( )ρ kg m3 1,950 2,650

Longitudinal tensile strength, 


σ tens.
rupture (MPa) 1,400 1,400

Longitudinal compressive strength, σcompr.
rupturet  (MPa) 2,600 3,000

Transverse tensile strength, σ tens.
rupturet  (MPa) 80 120

Longitudinal elastic modulus, 


(MPa)E 210,000 220,000

Transverse elastic modulus, (MPa)Et 12,000 140,000

Shear modulus, 


(MPa)G t  7,500

Longitudinal coefficient of thermal expansion at 20°C, 
 ( )α ° −C 1 0.5 × 10−5 0.65 × 10−5
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is summarized in Figure 3.23. Such composites allow high operating temperatures, in the order of 
300°C for service temperature, while preserving significant mechanical properties (see Table 1.3 
for the properties of boron).  

3.6.2.4 � Unidirectional Fibers/Aluminum Matrix
Table 3.8 shows the characteristics of some unidirectional reinforcements associated with an alumi-
num matrix A96061 (6061).

3.7 � CERAMIC MATRIX COMPOSITES (CMCs)

3.7.1 �C MCs: An Area of Growing Interest

3.7.1.1 � Significant Industrial Importance
For these composite materials, the following diagram shows the areas of activity concerned as well 
as their relative economic importance (total 2018: $ 8E9):

FIGURE 3.23  Boron/aluminum composite.

TABLE 3.8
Properties of Unidirectional Plies with Aluminum Matrix

HR Carbon Alumina Silicon Carbide

Fiber volume fraction, (%)Vf  50 50 50

Specific mass, ρ (kg/m3) 2,300 3,100 2,700

Longitudinal tensile strength, 


σ (MPa)tens.
rupture

800 550 1,400

Longitudinal compressive strength, 


σ (MPa)compr.
rupture

600 3,100 3,000

Longitudinal elastic modulus, 


(MPa)E  200,000 190,000 140,000
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Ceramic Matrix Composites, or CMCs, are intended to be used at high temperature 
(1,000°C–1,200°C; the research development is carried out in the 1,400°C). The reinforcement and 
the matrix are ceramic type.

3.7.2 �F ibers

3.7.2.1 � Materials
Developments of CMCs as well as the widening of the application area have been strongly favored 
by the emerging of long fibers on the market.

This has made it possible to greatly improve:

•	 Toughness and breaking strength
•	 Elongation at break
•	 Geometric stability
•	 Thermal shock resistance

The following materials lead to ceramic fibers:

•	 (C): Carbon
•	 (SiC): Silicon carbide
•	 (Ox): Aluminum oxide or alumina (Al2O3); mixed crystals of alumina and silicon oxide or 

silica (SiO2) called “mullite” (3Al2O3, 2SiO2)

3.7.2.2 � Reinforcements
Ceramic fibers consist of 500 and up to 300,000 monofilaments.

Some can be weaved with standard textile machines to produce conventional reinforcements: 
weaving in two or three dimensions or more (see Section 3.6.5.2), braiding, winding.

•	 Fibers that can be weaved include carbon fiber, silicon carbide (SiC), and polyborosila-
zane (SiBN3C), in rovings from 500 to 12,000 monofilaments of diameter − µ6 15 m. The 
following table shows an example:

These fibers allow obtention of 2D layers, satin for example, or of 3D reinforcements, 
but also of layers obtained by winding and then stacked to obtain unidirectional layers or 
bidirectional, or even multidirectional.

•	 Fibers that cannot be weaved include alumina monocrystalline fiber and silicon carbide 
fiber (SiC) deposited on a tungsten core, the diameter of which is greater than 100 μm. 
These fibers are exclusively implemented by winding to get layers that are then stacked as 
described earlier for weavable fibers.

3.7.3 � Matrices

3.7.3.1 � Materials
Matrices include carbon (C), silicon carbide (SiC), silicon nitride, alumina, mullite (Ox), and glass-
ceramic. Thus, the classification of CMCs is as follows:

C/C, C/SiC, SiC/SiC, Ox/Ox.

Reinforcement Diameter Temperature
Elastic 

Modulus E
Longitudinal Tensile 

Strength σ rupture
tens.

φ µ( m) °C MPa MPa

Polyborosilazane fiber (SiBN3C) 8–15 1,800 200,000 2,000
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One can see their fast industrial development on diagram below15.

3.7.3.2 � Fatigue Resistance
This association of two fragile materials leads paradoxically to a composite material having an 
apparent ductility thanks to long fibers insertion, by a phenomenon similar to that described in 
Section 5.4.5 (see Figure 5.30) where the disembedding of the fiber from the matrix prevents the 
crack propagation. Simply substitute the resin with a fragile ceramic matrix. The fibers resist in a 
cracked matrix. The disembedding is achieved here by the presence of a third component, or inter-
phase between fiber and matrix, that plays the role of mechanical fuse. It consists in fiber sizing or 
in porosities at the interface.

As a result, there is thus a fatigue resistance as can be seen on the following example:

Note: When the cracks develop in the part, only the fibers resist. As a result, the stiffness of the 
part decreases.

3.7.4 �P roduction Processes

The process to manufacture ceramic composite parts generally follows three stages:

	 a.	Production of a preform: The fibers are processed on textile machines (see Section 3.6.2).
	 b.	Infiltration of the future matrix:

•	 Polymer infiltration (Liquid Polymer Infiltration and Pyrolysis or LPIP): Five to eight 
cycles of infiltration and pyrolysis are required to fill the porosities because the pyroly-
sis takes place with a decrease in the volume of the polymer. Example: C/SiC obtained 
by infiltration of liquid polymer (LPI).

•	 Gas mixture for Chemical Vapor Deposition (CVD): Pore closure is more successful 
than in the polymer infiltration case due to better gas circulation in the porous matrix.

•	 Chemical reaction between a matrix already in place (powder, liquid) and another 
material (gas, liquid) ensuring a low final porosity. Example: SiC-silicon nitride.

•	 Moderate-temperature sintering (1,000°C–1,200°C): Liquid charged with oxide 
ceramic powder impregnates the oxide fiber preform (CMC Ox/Ox). The heat welds 
the grains together without damaging the fibers. Example: mullite.

•	 Electrophoresis: The preform constitutes an electrode in a liquid medium. The electrically 
charged ceramic particles fill the voids in the preform: a process still in the R&D phase.

	 c.	Finishing of the part.

Elongation Number of Loading Cycles

SiC/SiC × 80%maxA > ×8 106
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3.7.5 �T hermomechanical Properties

3.7.5.1 � Laminates
Table 3.9 gives some characteristics of composites developed with the previous reinforcements and 
matrices. The fiber volume fraction is close to Vf = 40%, with a density of approximately 2,500 kg/m3. 
It should be pointed out that this density is 8,000 kg/m3 for superalloys.

3.7.5.2 � Multidimensional Fabrics
When using CMCs in thermal environments with strong temperature gradients, one has to replace 
conventional multilayer laminates within which the plies would separate, with n-dimensional rein-
forcements with > 2n : multilayer weaving, 4D weaving (see Figures 3.24 and 3.25), needling, and 
braiding. 

•	 Example: A Four-Dimensional Architecture of Carbon Reinforcement16

TABLE 3.9
CMC Laminates

Laminate [(0°/90°)n]s Temperature 
Elastic  

Modulus E 
Longitudinal Tensile  

Strength σ rupture
tens.  

Elongation  
at Break 

°C MPa MPa A (%)

2D C/SiC 20 90,000 350 0.9

1,000 100,000 350 0.9

1,400 100,000 350  

2D SiC/SiC 20 230,000 200 0.3

1,000 200,000 200 0.4

1,400 170,000 150 0.5

2D SiC/glass-ceramic  
(lithium aluminosilicate)

20  270  

600  270  

800  270  

FIGURE 3.24  Orthogonal 3D reinforcement for C/C.
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The reinforcement is assembled according to preset directions in space as seen in 
Figure 3.25. The fiber volume fraction is on the order of 30%. The matrix comes to fill 
the voids between the fibers17. The key advantages of these types of composites are as 
follows:
•	 The additional connection (compared to bidimensional plies) increases the damage 

tolerance versus impact (resistance to delamination)
•	 Mechanical resistance is maintained – and even improved – at high temperatures (up 

to 3,000°C for carbon–carbon) 
•	 The coefficient of thermal expansion remains low
•	 These types of composites are thermal shock resistant
•	 The thermal conductivity of carbon–carbon is high
•	 The density is low
•	 The radio electrical waves travel easily through the silica/silica composites

•	 Example: Three-Dimensional Carbon/Carbon Components
Table 3.10 gives the characteristics of two composites made of tridimensional carbon/car-
bon. The mechanical properties are the same following any direction denoted as ℓ on the 
figure in Table 3.10. Therefore, the composite is referred as transversely isotropic18.

3.7.5.3 � Ranges for Mechanical Properties
In Table 3.11, the wide range of variation for characteristics is due to the variety of reinforcements, 
their spatial arrangement, the matrix preparation, and the type of bonding between reinforcement 
and matrix (see above).

3.7.6 �A pplication Domains of CMCs

3.7.6.1 � Recall
CMCs have many areas of application as shown in the diagram in Section 3.7.1.1.

Their growing importance and industrial development appear to be driven by the following ben-
efits compared to previously used materials:

•	 A reduction in mass due to the lightening of parts
•	 More structural efficiency
•	 Increased service life

The uses of CMCs are summarized below. Some, which are pointed out, are detailed in later 
chapters.

FIGURE 3.25  Four-dimensional architecture.
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3.7.6.2 � Aerospace and Defense
Parts having to withstand high temperatures with abrasive environment and vibratory stresses are 
as follows: braking systems (see Section 7.1.10), engine and gas turbine parts, and stator and rotor 
blades (see Section 7.4).

3.7.6.3 � Space Applications
Launcher and missile nozzles, ailerons, heat shield system parts (see Section 7.5).

3.7.6.4 � Automobile
Pistons, bearings, coatings for exhaust pipes, clutch disks for Formula 1, and brake disks for Formula 
1 and for sports cars (see Section 8.2).

TABLE 3.10
Properties of 3D Carbon/Carbon

Aerolor® 41a Sepcarb® 4b

Specific mass, ρ kg m3 1,700–2,000 1,500–2,000

Longitudinal tensile strength, 


σ tens.
rupture

MPa 40–100 95 and increasing,  
up to 2,000°C

Longitudinal compressive strength, 


σcompr.
rupture

MPa 80–200 65

Tensile strength in the z direction, σ tens.
rupturez MPa >10 3

Compressive strength in the z direction, σcompr.
rupturez MPa 80–200 120

Shear strength in (ℓ, z) plane, 


τ rupturez MPa 20–40 10

Longitudinal elastic modulus, 


E MPa 30,000 16,000

Elastic modulus, Ez MPa 5,000

Shear modulus, 


G z  MPa 2,200

Shear modulus, 


G  MPa 5,700

Poisson ratio, 


νz  0.17

Poisson ratio, 


ν  0.035

Thermal expansion coefficient, 


α  °C−1

At 1,000°C 0.7 × 10–6 3 × 10–6

At 2,500°C 3 × 10–6 4 × 10–6

Thermal expansion coefficient, α z  °C−1

At 1,000°C 6 × 10–6 7 × 10–6

At 2,500°C 6 × 10–6 9 × 10–6

Coefficient of thermal conductivity, λ W/m °C 300

a Aerolor® is a product of Mersen Group, the former Carbone Lorraine Company (FR).
b Product of former European Propulsion Company, today Safran Group (FR).
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3.7.6.5 � Other Uses
•	 In burners, ovens, hot gas pipes, heat exchangers.
•	 For the nuclear industry: SiC/SiC coatings for reactors (three-dimensional reinforcement 

with crystalline SiC fibers, stable at high temperatures).
•	 For steam plants pumps (water at 160°C, 20 bars): axial and radial bearings. The pumped 

liquid is used as a lubricant.
•	 For machining: cutting tools.

3.8 � BIOCOMPOSITE MATERIALS

3.8.1 �N atural Plant Fibers

3.8.1.1 � Natural Fibers
These are derived from plants and from animals and have long been woven, knitted, or braided to 
make textiles. They were used also in the past for the reinforcement of matrices (cob for building, 
cotton/phenolic, hemp/phenolic for technical parts).

Today, because of the significance of the environmental impacts, the development of composite 
reinforced with natural fibers is rapidly emerging.

The vegetable fibers take the form of bundles of tens of elementary fibers (20–50) bonded with 
tacky substances. The degumming of these bundles is necessary to release basic fibers. These fibers are 
composed largely of cellulose fibrils. The fibrils follow helical curves around the axis of the fiber, with 
a helix angle of a few degrees called the microfibrillar angle. The cellulose has an almost crystalline 
structure. Its longitudinal modulus of elasticity is 135,000 MPa, compared with that of the “R” glass 
(86,000 MPa). It thus appears possible to obtain mechanical performances comparable to these of glass.

3.8.1.2 � Pros
•	 They are biodegradable
•	 They are neutral with respect to emissions of carbon dioxide
•	 They have a low energy cost (however, fiber processing requires a lot of water, and it is a 

polluting industry)
•	 They are light, and many of them have interesting values of specific modules combined 

with excellent damping and shock-resistant properties
•	 Some, such as flax and hemp, are native plants. This ensures the supply and offers a signifi-

cant and valuable perspective for agricultural industry

TABLE 3.11
Range of Mechanical and Thermal Properties

C/C C/Sic SiC/SiC Ox/Ox

Fiber volume fraction (%)Vf 40–60 10–70 40–60 30–50

Porosity volume fraction (%)Vp 8–23 1–20 10–15 10–40

Density ( )ρ kg m3 1,400–1,700 1,800–2,800 2,300–2,900 2,100–2,800

Modulus of elasticity (GPa)E 10–480 30–150 70–270 50–210

Tensile strength σ (MPa)rupture
tens. 14–1,100 80–540 150–360 70–280

Elongation ( )%A 0.1–0.8 0.5–1.1 0.1–0.7 0.12–0.4

Coefficient of thermal expansion ( )α ° −C 1 0.6–8.4 0–7 2.8–5.2 2–7.5

Coefficient of thermal conductivity ( )λ °W m C 10–70 10–130 6–20 1–4

Limit temperature for use ( )°CmaxT 2,000–2,100 1,350–2,100 1,100–1,600 1,000–1,100
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3.8.1.3 � Cons
The use of natural fibers requires prerequisite solutions for the following problems:

•	 While conventional fibers have well-controlled reproducible characteristics, the quality of 
natural fibers depends on the environment in which they are produced: the season, where 
they were planted and harvested, characteristics of the soil on which they have grown, or 
location from which they originate in the plant (peripheral part or internal part of the stem, 
leaf, etc.). All these cause the disadvantage of a dispersion of characteristics: varying diam-
eter along fibers, various lengths and degrees of polymerization, and shape defects caused 
or amplified by the handling and implementation.

•	 Natural fibers are hydrophilic. The possibility of moisture absorption for composites rein-
forced by these fibers is thus large (up to 8% or 10%), accompanied by a degradation of the 
fiber leading to a reduction in performances of the material over time.

•	 Natural fibers are not resistant to high temperatures. They lose their stiffness to 160°C and 
degrade at a temperature of approximately 200°C. Applications with thermoplastic matri-
ces thus exclude the use of high-performance types such as PEEK resins (see Section 1.6).

•	 The tensile strength is not very high. They can be used for rigid parts rather than resistant.
•	 The risk of microbial contamination must be taken into account.

3.8.1.4 � Examples
•	 Flax fibers

They are taken from the plant on the outskirts of the stem. After selection, cleaning, and 
separation, the fiber looks generally like a six-sided polygonal cylinder with faces remark-
ably smooth. It is composed of a hemicellulose matrix, of lignin, with a reinforcement of 
cellulose fibrils in crystalline form ≈( 70%)Vf  that are oriented at a microfibrillar angle 
about 10° with the axis of the fiber.

•	 Hemp fibers
The growing (cultivation) of the hemp requires neither pesticides nor herbicides. The average 
fiber yield is about 250 kg/ha. The fiber, composed of a bundle of a few tens of elementary 
fibers, is located on the outer periphery of the stem to ensure structural stiffness of the latter.

Table 3.12 shows the characteristics of some natural fibers used as reinforcements. The significant 
variations for a same type of fibers should be noted, due to the reported parameters earlier in com-
bination with the specific treatment received.

Note: Failure values on industrial rovings are much lower than in Table 3.8. For example, a fail-
ure value to the tune of 60 MPa for the flax (up to 85 MPa on rovings) and 35 MPa for hemp.

3.8.2 �N atural Vegetable Fiber–Reinforced Composites

3.8.2.1 � Mechanical Properties
The mechanical properties of this type of composite depend on the volume fraction of fibers, ori-
entation of these fibers, and quality of bonding between fiber and matrix. It so happens that the 
cellulose is scarcely compatible with the polymer matrices. For technical fibers, therefore, a prior 
surface treatment is a clear need in view of improving the fiber–matrix linkage:

•	 For flax fibers: combination with polyester and epoxy resins
•	 For hemp fibers: combination with polyurethane and polyvinyl chloride (PVC) resins

The flax and hemp can be used as technical fibers in the form of unidirectional, woven reinforce-
ment, mat (nonwoven), and short fibers (compound).
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•	 Example: Characteristics of a Pultruded Unidirectional Flax/Polyester

3.8.2.2 � Biodegradable Matrices
After manufacturing, it becomes impossible for a composite to dissociate reinforcement and matrix. 
So for a complete recycling, the use of natural fibers as part of a composite respectful of the environ-
ment must be associated with a biodegradable matrix, that is to say a biopolymer.

Some examples of biopolymers (biodegradable resins) today are as follows:

•	 Biopolyethylene high density (HDPE)
•	 Biodegradable polyester: polycaprolactone (PCL)
•	 Biodegradable polyester: polylactic acid (PLA)
•	 Thermoplastic starch derived: Mater-bi®

Example: Biodegradable Composite Hemp/Resin
Table 3.13 shows the mechanical characteristics of the resins given earlier, pure and reinforced 

by short hemp fibers.

3.8.3 � Manufacturing Processes19

3.8.3.1 � With Thermosetting Resins
•	 Contact molding (polyester)
•	 SMC (flax/polyester)
•	 Compression molding (cotton/polyester)
•	 Filament winding (jute/polyester)
•	 Pultrusion (jute/vinylester)
•	 RTM (hemp/phenolic resin)

 

Fiber Volume 
Fraction, 

(%)Vf  
Density, 

( )ρ kg m3

Tensile Longitudinal 
Elastic Modulus,  

E (MPa)

Coefficient of 
Thermal Conductivity, 

( )λ °W m C

Flax/unsaturated 
polyester resin

60 1,400 35,000 0.3

TABLE 3.13
Mechanical Characteristics of Biodegradable Composite Hemp/Resin

Biodegradable Composite Tensile Longitudinal Elastic Modulus Tensile Strength

Volume Fraction of Hemp  
(Short Fibers)

= 0%Vf   
(Pure Resin)  

E (MPa)

= 30%Vf   
Multiplication  

Factor

= 0%Vf   
(Pure Resin)  
σrupture (MPa)

= 30%Vf   
Multiplication  

Factor

Resin

HDPE 750 ×2.8 22 ×1.13

Biodegradable polyester: PCL 375 ×5.7 17 ×1.43

Biodegradable polyester: PLA 3,250 ×2.3 70 ×1.06

Thermoplastic starch derived: Mater-bi® 225 ×7.7 12 ×1.83
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3.8.3.2 � With Thermoplastic Resins
•	 Injection molding (hemp/acrylonitrile-butadiene-styrene “ABS” resin)
•	 Pultrusion (flax/PP resin), TRE (flax/PE resin)
•	 Extrusion (hemp/PVC resin)
•	 Examples

•	 Nonwoven mats (50% of hemp fiber + 50% of polymer fiber): They are made up by the 
needling of nonwoven laps and are then thermoformed

•	 Compounds reinforced with hemp fiber (30% of hemp fibers + 70% of polymer): They 
are used in injection molding

There are numerous applications in the areas of building, infrastructure, furniture, navigation, 
sports and recreation, and especially in the automotive industry (see Chapter 8).

3.9 � NANOCOMPOSITE MATERIALS

These terms refer to composite materials with polymer matrices for the most; they are mechani-
cally more resistant than the matrix but offer other significant benefits in terms of resistance to fire, 
electrical, optical, and surface properties.

3.9.1 �N anoreinforcement

A material is called nanocomposite when at least one of the dimensions of the reinforcement is less 
than 100 nm: it is then called nanoreinforcement.

3.9.1.1 � Nanoreinforcement Shapes
Figure 3.26 illustrates the typical geometrical shapes of nanoreinforcements.

Using the term nanocomposite material to describe any addition of adjuvants in a polymer 
should be avoided, although some may be of nanosize. In fact, in a nanocomposite, the association 
matrix + nanoreinforcement is specific: the interest is to make the best of atoms of the nanoparticles.

For example, consider a compact spherical cluster of atoms, of radius r, as described in Figure 3.27. 
The surface/volume ratio of this cluster is

π




 π

=4
4

3

3 /
2

3

r

r
r

FIGURE 3.26  Geometrical shapes of nanoreinforcements: (a) grain (nanoparticle), (b) tube (nanowire or 
nanofiber), and (c) lamellae or layer (nanoplatelet).
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We see therefore that this ratio increases when the cluster size decreases, which means that an increas-
ing number of atoms of the cluster are exposed to the external environment. Thus, when the size of the 
cluster is of the order of the nanometer, the number of cluster atoms exposed exceeds 90%.

It then comes to take full advantage of the connection of this available atom surface with a 
matrix, polymer, for example. We can see in Figure 3.28 that the quality of this bonding is char-
acterized by a degree of dispersion of the nanoreinforcements. When this dispersion becomes 
complete, the interactions at the atomic level become more complex than for the interfaces matrix-
reinforcement of conventional composites. Such a mechanism can significantly improve some of 
the properties of the created products.

Although we are most interested in structural applications of nanocomposite materials, we will 
also consider the other types of applications, important and diverse.  

3.9.1.2 � Properties of Nanoreinforcements
•	 Grains or nanoparticles

They are often of spherical shape (solid or hollow spheres) of a few nanometers to 100 nm 
in diameter.

FIGURE 3.27  Spherical cluster of atoms.

FIGURE 3.28  Dispersion of nanoreinforcement.
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The use of such particles is not recent. As old nanoparticles can be considered silica, 
carbon black, and nanocalcium carbonate, which is classical mineral filler in many appli-
cations, where it is often associated with PVC matrix. This allows to increase the modulus 
of elasticity, the flexural strength, and to strengthen the dimensional stability. The chemi-
cal compounds available today leading to nanoparticles are numerous (about 150) and are 
involved in a broad variety of applications. As seen before concerning the advantages of 
exposition of the nanoparticle atoms to the external environment, it is of interest to be able 
to define an outer mean surface area of nanoparticles expressed in m2/g. To evaluate 
such a surface, one of the techniques consists of measuring a specific surface area referred 
as B.E.T.20 Some of these measurement values are given in Table 3.14. 

•	 Lamellae or nanosheet or nanoplatelet
•	 Silicates: They include nanosheets of clay, nanosheets of mica (aluminum silicate, 

potassium silicate) having the form of lamellae of a few nanometers in thickness, with a 
ratio in both others directions greater than 25. For example, the most used is the mont-
morillonite, a lamellar aluminosilicate characterized by nanometer-sized thickness.

•	 Graphene: Consisting of carbon atoms, it is the unique case of 2D crystal. Its atoms are 
arranged in hexagons like a honeycomb and form a planar molecule of the thickness 
of a single carbon atom, that is, 0.1 nm. As an example, when sheets are stacked one 
on top of the other, we obtain the graphite of a pencil lead. Figure 3.29 shows a gra-
phene sheet. The available processing methods provide stacks of sheets, for example, 

FIGURE 3.29  Graphene sheet.

TABLE 3.14
Some Values of B.E.T.-Specific Surface Area

Nanoparticle B.E.T.-Specific Surface Area (m2/g) Average Grain Size (nm)

Carbon black 24

Carbon particles 60–100 45

Titanium silicate 95 20

Titanium dioxide 50–250 6–30

Alumina silicate 215

Alumina 20–70 7–13

Tin–silver alloy 5 <150

Calcium carbonate >25 80–100
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from two to several tens of sheets. It is worth noting that the absence of defects on the 
sheet of the crystal makes the latter the most resistant of all materials, as can be seen 
in Table 3.15. 

•	 Nanotubes, nanowires, nanofibers
•	 Nanotubes: They include carbon, alumina, clay, and tungsten disulfide. The presence 

of carbon nanotubes improves
•	 The electrical and thermal conductivity
•	 The mechanical properties
•	 The thermal withstand and the fire resistance

Figure 3.30 shows the structure of a single-wall carbon nanotube.
•	 Nanowires: Carbide silicon, silicon nitride, and carbon
•	 Nanofibers: Polyester, silicon with diameter <100 mm and slenderness (length- 

to-diameter ratio)  φ >/ 100, and fibrous clays

A few geometrical characteristics of nanofibers can be found in the following:

Table 3.16 compares the mechanical and thermal properties of carbon nanotubes to other types 
of reinforcements already cited in Section 1.6.

3.9.2 �N anocomposite Material

Nanocomposite materials with polymeric matrices (thermoplastics, thermosets, and elastomers) 
are reinforced by small amounts of nanoparticles (less than 5% by mass) having a high shape 

Diameter  
(nm)

Length  
(μm)

B.E.T.-Specific Surface  
Area (m2/g)

Aluminum nanofiber 10 160  

Single-wall carbon nanotube 1–2 1–1,000 1,000

Multiwall carbon nanotube 8–50 1–1,000  

High-strength carbon fiber (HR) (see Section 1.6) 7,000   

TABLE 3.15
Some Mechanical Properties of Nanosheets

B.E.T.-Specific 
Surface Area 

(m2/g)

Longitudinal Modulus 
of Elasticity (in the 

Plane of Sheet), E (MPa)

Shear Modulus 
(in the Plane of 
Sheet), G (MPa)

Poisson 
Ratio, 

ν

Tensile 
Strength, 

σ (MPa)rupture

Elongation 
at Break, 

(%)A

Aluminosilicate 
(montmorillonite)

800      

Graphene sheet 2,600 1,000,000 40,000 0.16 130,000 20

Stack of graphene 
sheets (<5)

640 500,000   100,000  

FIGURE 3.30  Carbon nanotube.
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factor  >( / ) 300h . The optimum interaction between polymer matrix and nanoparticles may 
result in an increase of mechanical properties similar to what one would observe with a mass 
content M f  ten times higher with conventional fillers such as talc or mica, as shown in Table 3.17.

TABLE 3.16
Comparative Mechanical and Thermal Properties of Carbon Nanotubes

Density, 

( )ρ kg m3

Longitudinal 
Modulus of 

Elasticity, E (MPa)

Poisson 
Ratio, 

ν

Tensile 
Strength, 

σ (MPa)rupture

Elongation 
at Break, 

(%)A

Coefficient of 
Thermal Conductivity 

20°C, ( )λ °W m C

Single-wall carbon 
nanotube

1,300–2,000 1,000,000 0.25 100,000 10 2,000

Multiwall carbon 
nanotube

700,000 100,000 2,000

High-strength 
carbon fiber (HR)

1,750 230,000 0.3 3,200 1.3 200

High-modulus 
carbon fiber 
(HM)

1,800 390,000 0.35 2,500 0.6 200

Glass (R) 2,500 86,000 0.2 3,200 4 1

Glass (E) 2,600 74,000 0.25 2,500 3.5 1

Kevlar® 49 1,450 130,000 0.4 2,900 2.3

Steels 7,800 205,000 0.3 400–1,600 1.8–10

Copper 8,800 125,000 0.3 200–500  380

TABLE 3.17
Comparative Mechanical Properties of Nanocomposites

 

Volume Fraction of 
Nanoreinforcement, 

(%)Vf

Mass Fraction of 
Nanoreinforcement, 

(%)M f

Increase in 
Longitudinal 
Modulus of 

Elasticity, (%)E

Increase in 
Tensile 

Strength, 
σ (%)rupt.

Increase in 
Elongation 
at Break 

( (%)) (%)A

Nanosheets 
aluminosilicate/
polyamide matrix

2–5 70 (at 23°C);  
220 (at 120°C)

40 (at 23°C); 
20 (at 120°C)

Nanosheets 
aluminosilicate/
polypropylene matrix

2.5
6

60
80

Nanosheets 
aluminosilicate/poly 
(methyl) methacrylate 
matrix

2.5
5

40
38

0
0

Nanosheets 
aluminosilicate/
polyethylene matrix

3 14 0 35

Carbon nanotubes/
epoxy matrix

4
0.1

100
3

50
14

Nanosheets graphene/
epoxy matrix

0.1 30 40
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Today, the polymer matrix nanocomposites are the most common because their manufacturing 
processes are under better control. A few examples of applications in use or in development are 
shown hereafter.

3.9.3 � Mechanical Applications

3.9.3.1 � Improvement in Mechanical Properties
These include stiffness, mechanical strength, abrasion resistance, and impact strength.

•	 Since a long time ago, the gum of the tires is strengthened by the addition of black carbon 
and for more than 15 years by the addition of nanoparticles of silica SiO2, about 2 kg per 
tire: what is known as green tire.

•	 Aircraft parts (secondary structure).
Example: The fighter aircraft F-35 Lightning II/Lockheed Martin (US) uses wing 

tips of epoxy resin reinforced by carbon nanotubes (price divided by 10 compared to that 
of the original carbon fiber reinforcement).

•	 Electric conductors are made of extra-reinforced materials for nondestructive coils, allow-
ing the production of high-pulsed magnetic fields close to 100 Tesla and of long dura-
tion. The Lorentz forces on electric conductors generate mechanical stresses, able to lead 
to yielding or even to rupture of the coils. Nanocomposite conductors made of niobium 
nanofilaments with copper matrix have a high mechanical resistance, high electrical con-
ductivity, and a very good deformability: σ = 1,900 MParupture  at 77°K for an electrical con-
ductor of 5 mm2 section that contains 30% of niobium distributed in the form of ×52 106 
of 140 nm diameter fibers. This strength value reveals a significant difference compared to 
the results of the law of mixtures (see Section 3.3.2), which is due to the nanosize of fibers.

•	 Aeronautical-panels-reinforced carbon: In addition to the enhancement of mechanical 
properties such as the improvement of impact resistance, the dispersion of carbon nano-
tubes in a polymer matrix allows that a low current applied heats the nanotubes. This is 
allowing the use of a thermographic camera to detect a defect.

•	 The introduction of carbon nanotubes in an adhesive provides monitoring of conduction in 
the nanocomposite material. To do this, the principle of percolation is involved. The mate-
rial is defined statistically as a system consisting of a network of a large number of objects 
that can be linked together. The conductance is either possible or impossible depending on 
the number of objects and connections: There is a precise transition threshold (or percola-
tion threshold) between those two regimes.

•	 To detect excessive deformation of wind turbine blades, sensors located in sensitive regions 
use the same resin as that of the blade, with addition of carbon nanotubes. The continuity 
of the deformable network of nanotubes provides a conductance sensitive to deformation, 
analog of a piezoresistive property.

•	 Improvement of the mechanical resistance of bonded joints is achieved by dispersing 
nanoparticles of alumina in epoxy resins.

•	 Improvement of the mechanical resistance of ceramics is obtained by dispersion of nanore-
inforcements: they become stronger and more ductile than traditional ceramics.

3.9.3.2 � Further Examples of Nonmechanical Applications
•	 As noted earlier, one may improve the electrical conductivity of a matrix. Insertion of 

carbon nanotubes can render it conductive. Another example of its application is as follows:
•	 Electrostatic paint: dissipation of static electricity of some equipment

•	 Improvement of coating properties using dispersion of carbon nanotubes:
•	 Coatings absorbing radar waves (stealth technology)
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•	 Improvement of chemical properties: Dye affinity
•	 Improvement of thermal properties such as thermal conductivity, heat resistance, or 

fire resistance (fireproof quality): in case of fire, the introduction of nanosheets of clay in 
a polymer matrix decreases the rate of heat release and reduces the speed of propagation 
of the fire

•	 Improved barrier properties: Ability to retain some molecules (liquids or gases) by add-
ing small amounts of clay in the starting material:
•	 Reduction in the permeability of film coating for food packaging
•	 Coating of tennis balls

•	 Improvement of optical properties such as light absorption capacity, fluorescent emis-
sion, and transparency: nanoparticle introduction provides nanocomposite polymer/min-
eral fillers, which are transparent to visible light. This eliminates the light scattering and 
can also bring new properties to the thus achieved transparent material:
•	 The inclusion of clay in thermoplastic films increases their transparency
•	 Luminescent nanoparticles are used in the production of certain types of screen
•	 Metallic pigments added in paints or in pottery (is quite well known from ancient times)

•	 Improvement of the UV resistance: nanoparticles of titanium and zinc oxides are used as 
anti-UV additives because they have a large absorption range of the UV spectrum without 
affecting the transparency from the polymer matrix

•	 Titanium dioxide is also used for the manufacture of self-cleaning surfaces

3.9.4 � Manufacturing of Nanocomposite Materials

While manufacturing a nanocomposite material, it is essential to ensure a homogeneous distribu-
tion of the nanoparticles in the material, that is, to avoid particles to congregate in clusters, which 
would result in loss of all the expected properties. Manufacturing techniques vary depending on the 
nature of the matrix (polymer, ceramic, metal) and on that of nanoreinforcements. The following 
can thus be found:

•	 Direct mixture of nanoreinforcements with the starting material that has been melted in 
advance (ex situ manufacturing)

•	 The incorporation of nanoparticles in a matrix that has been priorly dissolved in a solvent
•	 Direct growth of the nanoreinforcements within the matrix by chemical reactions (in situ 

manufacturing)

For polymeric matrices, the manufacturing processes require action at the level of the polymer/
nanoparticle interfaces to ensure the dispersion of nanoparticles: grafting of compounds onto 
the surface of the nanoparticles; introduction of ions, so-called organophilic; and introduction of 
graft polymers. Nanocomposites with polymer matrices are marketed as semi-finished products 
called nanocomposite compounds. They can be formed as classical composite compounds (see 
Chapter 2). The parts are obtained by injection, extrusion, and blow molding.

Note: Toxicity of nanocomposite materials
The nanometric size of reinforcements provides them the ability to

•	 Reach the deep ramifications of the respiratory tract (see Figure 3.31)
•	 Cross biological barriers, such as cell membranes
•	 Increase the reactivity of some usually inert materials, which can thus become chemically 

active

Numerous studies are underway in order to assess relevant physicochemical factors (chemical, size, 
surface, shape, potential contaminants, etc.) and control the risks. 
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3.10 � TESTS

The relations cited on the previous sections in order to evaluate elastic moduli and Poisson coef-
ficients of composites allow obtaining only an order of magnitude for these mechanical properties. 
Some of these relations are not quite reliable, particularly for the shear modulus. Also, these proper-
ties are very sensitive to the fabrication conditions. It is therefore essential for the design office to 
have access to the results provided by the suppliers concerning the reinforcements and the matrices 
or even better to the results obtained after carrying out laboratory tests on coupon specimens. They 
provide the moduli, Poisson ratios, and strength values. The field of composite testing is vast and 
obeys many standards: tensile test, bending test, shear test, shock test… Only three examples are 
cited below for illustrative purposes.

Examples:

•	 Tensile test
The tensile test (ASTM D3039, NF T51-034) on the specimen in Figure 3.32, instru-

mented with electrical strain gauges, allows the measurement of the strength and the elon-
gation at break.

FIGURE 3.31  Sizes of particles.

FIGURE 3.32  Tensile test.



71Mechanical Properties

•	 Delamination test
The test (NF T57-104) is performed with a specimen having a low slenderness, that is, a 

short beam, working in bending (see Figure 3.33). The breakage is caused by delamination 
under the effect of bending stresses and particularly of interlaminar shear stresses. One can 
thus obtain the interlaminar shear strength21.   

•	 Control of fiber volume fraction
Further testing is very useful for the manufacture of high performance composites. This 

is the case in particular for the control of fiber volume content in the matrix. Indeed, during 
the phase of polymerization under pressure of a fiber/resin composite (see Chapter 2), the 
resin flows in an absorbent fabric in varying amounts depending on the adopted working 
pressure cycle compared to the temperature cycle over time. The fiber volume fraction Vf  
varies accordingly, as well as the dimensional characteristics of the part (thickness). To 
avoid these leaks of resin, one is brought to assess by means of testing the optimum point 
in time for pressurization of the installation. This is done by measuring the evolution over 
time of the bending stiffness of a sample (see Figure 3.34).

NOTES

	 1	 In these equations, x yε ε,  , and xyγ  are also the small strains (two normal strains and a distortion) that 
are obtained in a classical manner from the displacements ux and uy as ( )ε = ∂ ∂u xx x ; u yy y( )ε = ∂ ∂ ; 

u y u xxy x y( )γ = ∂ ∂ + ∂ ∂ .
	 2	 To obtain more development about this point, refer to Section 9.2 and Application 19.2 “Poisson 

Coefficient of a Unidirectional Layer”.
	 3	 Refer to Section 13.2.

FIGURE 3.33  Short beam shear test.

FIGURE 3.34  Stiffness evolution during curing.
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	 4	 This conditioning is available as is on the market. It is called prepreg. It is also the case of the SMC. In 
addition to this type of conditioning, nonpreformed mixtures of short fibers and resin can also be found. 
They are called premix or BMC. See Section 2.3.

	 5	 In fact, the reinforcement/matrix mixture also includes a small volume of voids not occupied by the 
matrix, characterizing a certain porosity of the composite. It would thus be more logical to write 
V V Vm f p+ + = 1, in which Vp denotes the porosity volume fraction, with Vp 1 (see Application 19.11 
“Determination of Fiber Volume Fraction by Pyrolysis”).

	 6	 This is due to the stretching of the carbon and Kevlar fibers during fabrication. This orients the chains 
of molecules.

	 7	 Chapter 10 details the calculation leading to these estimations of the moduli E E Gt t 

,  ,  , tν .
	 8	 The calculation of these moduli is shown in detail in Chapter 11.
	 9	 Detailed calculation is shown in Section 14.3.
	 10	 The values assigned in Table 3.4 can vary significantly depending on the manufacturing process.
	 11	 For the calculation of these characteristics, see Section 12.1.2 and also Application 20.12 “Sailboat Hull 

in Glass/Polyester”.
	 12	 Compare, for example, the tensile and compressive strengths in Table 3.6. Compare these values also on 

Tables 5.1, 5.6, and 5.11 of Section 5.4 by selecting proportions of 50% at 0° and 50% at 90°.
	 13	 For more details, see Bibliography: Riley V.R./1990.
	 14	 AkzoNobel/DELFT University (NL), Fokker Aerostructures (NL), Structural Laminates Company® 

(US), Alcoa (US).
	 15	 Noninclusion of pandemic in this diagram.
	 16	 Product of Safran Group (FR).
	 17	 See Section 2.2.4.
	 18	 This notion is shown in detail in Section 13.2.
	 19	 For the meaning of acronyms, see Section 2.4.1 and Figure 2.23.
	 20	 B.E.T. is the acronym of Brunauer-Emmett-Teller surface characterization (1938).
	 21	 This is by using a simplified formula whose precision is insufficient in view of the complexity of the 

actual state of stresses due to the presence of concentrated forces that are closely spaced. For interlami-
nar shear stresses, see Chapter 18.



4 Sandwich Structures

The sandwich structures occupy an important place in the manufacture of composite parts. They 
appear in almost all application areas. Historically, these were the first composite structures both 
lightened and efficient1. In most cases, they must be designed for a specific purpose. However, 
some types of sandwich materials are commercially available in the form of semifinished products. 
In this chapter, emphasis is given on the identification of key properties and the precautions for use 
of sandwich materials.

4.1 � WHAT IS A SANDWICH STRUCTURE?

A sandwich structure results from the assembly by bonding – or welding – of two thin facings or 
skins on a lighter core that maintains a predetermined spacing between the two skins (see Figure 4.1).

4.1.1 �T heir Properties Are Surprising

Particularly, noticeable are the following:

•	 A very light weight. As a comparison, the mass per unit area of the dome of Saint Peter’s 
Basilica in Rome (45-m diameter) is 2,600 kg/m2, whereas the mass per surface area of a 
similar dome made of sandwich steel/polyurethane foam (Hanover) is only 33 kg/m2.

•	 A very high flexural rigidity due to the distance between the surface skins, which 
increases the flexural moment of inertia.

•	 Excellent thermal insulation properties.

DOI: 10.1201/9781003195788-5

 However, be careful:
•	 properties (no acoustic insulation).
•	 Some categories of cores have low fire resistance.
•	 The risk of buckling by core crushing is to be verified by appropriate sizing methods.

FIGURE 4.1  Sandwich structure: 10 100≤ ≤e ec p .

https://doi.org/10.1201/9781003195788-5
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4.1.2 �C onstituent Materials

The skin materials can be from very diverse nature, while the core materials must be selected as light 
as possible. Figure 4.2 mentions some pairs of compatible materials to build a sandwich structure.

Assembly of the skins and the core is achieved by bonding with adhesives or directly with the 
resin impregnating the fibers of the skins. In some exceptional cases, the skins are welded on the 
core. The bonding quality is of course fundamental to obtain the best performance and durability 
of the sandwich part. In general,

	 0.025 mm adhesive thickness 0.2 mm≤ ≤

4.2 � SIMPLIFIED FLEXURE

4.2.1 �S tress

In Figure 4.3, we highlight in a simplified manner the main stresses that arise when a sandwich 
beam is subject to bending2. The beam is clamped at its left end and subjected to a transverse load 
T at its right end. We isolate an elementary slice dx of the sandwich beam and we magnify the 
deformation. Thus, we can observe on any cross section a shear stress resultant T and a moment 
resultant M according to the classical notations of strength of materials.

The shear force T is the result of a shear stress distribution τ. The bending moment M is the result 
of a normal stress distribution σ.

In order to evaluate σ and τ, the following simplifications can be suggested:

•	 The normal stress σ is assumed to occur only in the skins and is uniform across the skin 
thickness due to the thinness of the latter.

 Be careful: Polyester resins attack polystyrene foams.

FIGURE 4.2  Constituents of sandwich materials.
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•	 The shear stress τ is assumed to occur in the core only and is uniform across the core 
thickness3.

We obtain, therefrom, immediately the approximative expressions shown in Figure 4.4 for σ and τ 
regarding a thin-skinned sandwich beam of unit width.

4.2.2 �D isplacements

4.2.2.1 � Contributions of Bending Moment M and Shear Force T
Figure 4.5 illustrates a sandwich beam subjected to bending. Here, the deflection ∆ is the consequence of

•	 The deformation due to the normal stress σ
•	 The deformation created by the shear stress τ

FIGURE 4.3  Flexure representation.

FIGURE 4.4  Stress in sandwich structure.

FIGURE 4.5  Sandwich beam under flexure.
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To evaluate the deflection ∆ we can, among other methods4, use the Castigliano theorem:

Where the following notations5 are used for a beam of unit width
M is the bending moment
T is the shear force
Ep is the modulus of elasticity of the skins material
Gc is the shear modulus of the core material

	 1
2

;
1

2 1

2( )
( )≈ × ×

+
=

+ ×
EI E e

e e k

GS G e e
p p

c p

c c p

4.2.2.2 � Example: A Cantilever Sandwich Structure
The cantilever sandwich structure in Figure 4.6 is treated as a sandwich beam hereafter.

Elastic energy is as follows:
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FIGURE 4.6  Cantilever beam.
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where

	 475 10 N m ; 650 10 (N)2 2 2( )= × × = ×EI
GS

k

The end displacement ∆ can be written as

	
W
F

∂
∂

∆ =

Then, for an applied load of 1 N,

	 0.7 10 mm/N 1.54 10 mm/N2

flexure

2

shear

∆ = × + ×− −
� �� �� � �� ��

Note: The share of displacement ∆ due to shear appears much higher than that due to bending, 
whereas in the case of classical homogeneous beams, the shear displacement is very small and 
usually ignored. Thus, this is a specific property of sandwich structures. This notable difference in 
behavior has a considerable influence over the estimate of the bending deflections as well as on the 
stability as mentioned later.

4.3 � SOME SPECIAL FEATURES OF SANDWICH STRUCTURES

4.3.1 �C omparison of Mass for the Same Flexural Rigidity 〈EI〉

Figure 4.7 compares the mass of different sandwich structures for the same value of the flexural 
stiffness EI . According to the note in Section 4.2.2.2, remember that this term only partly reflects 
the deformability under bending.

4.3.2 �D eterioration by Buckling of Sandwich Structures

The compression resistance of all or part of a sandwich structure is limited by the so-called criti-
cal values of the applied load, above which the deformations become large and uncontrollable.  
This phenomenon is called buckling of the structure (see Figure 4.8). Depending on the type of 
loading, one can distinguish different types of buckling, which can be global or local.

FIGURE 4.7 
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4.3.2.1 � Global Buckling
Following the geometry of the deformed shape, the critical buckling load criticalF  is given6 by

	 critical

2

2 2
= π

+ π

F K
EI
EI

GS
kK

4.3.2.2 � Local Buckling of the Skins
The skins are subject to buckling due to the low stiffness of the core. Depending on the type of 
loading, one can find the following modes of deformation:

•	 As shown in Figure 4.9, the critical compression stress in the skins is given in the following 
equation, where νc is the Poisson coefficient of the core (c identifies the core and p identifies 
the skins):

	 with 3 12 3 1cr
2 1/3 2 2 1/3{ }( ) ( ) ( )σ = × × = − ν + ν

−
a E E ap c c c

•	 As shown in Figure 4.10, the critical load criticalF  shown causes local damage by local 
buckling of a skin.

FIGURE 4.8  Buckling of sandwich structure.

FIGURE 4.9  Local buckling of skins.

FIGURE 4.10  Damage by local buckling.
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4.3.3 �O ther Types of Damage

•	 Local punching: This is the punching of the core material at the location of the load appli-
cation (see the following figure).

•	 Compression failure: It should be pointed out in this case that the weak compression 
strength of Kevlar fibers7 leads to a compression breaking strength about two times 
less than for sandwich panels with analogous skins made from glass fibers (see the 
following figure).

4.4 � MANUFACTURING AND DESIGN PROBLEMS

4.4.1 �E xample of Core Material: Honeycomb

These widely available core materials are made up of hexagonal cells regularly spaced like that of 
a honeycomb of hive (by chance, some went as far as to adopt the same color!); hence, the name 
honeycomb. Such geometry is the result of a relatively simple manufacturing principle: thin sheets 
or foils are partially glued and stacked. Then, they undergo an expansion as shown in Figure 4.11.

The honeycomb material can be metal (light alloy, steel) or nonmetal (carton impregnated with 
phenolic resin, polyamide sheets, or impregnated glass fabrics):

•	 Nonmetallic honeycombs are corrosion proof and are good thermal insulators.
•	 Metallic honeycombs are less expensive and more resistant but heavier than nonmetallic 

honeycombs.

Table 4.1 shows the mechanical and geometrical characteristics of a few current honeycombs, using 
the notations of Figure 4.11.

FIGURE 4.11  Honeycomb.
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4.4.2 �S haping Processes

4.4.2.1 � Machining
The machining of honeycomb-shaped panels is done with a diamond disk (peripheral speed in the 
order of 30 m/s). The honeycomb is held on the machine table by an aluminum sheet to which it is 
bonded. The aluminum sheet is kept on the table by a vacuum (see Figure 4.12).

4.4.2.2 � Deformation
To achieve the deformation of the honeycomb, it is important to keep it firmly in place, because the 
natural deformation behavior is complex. For example, a honeycomb panel under cylindrical bend-
ing shows two reverse curvatures as illustrated in Figure 4.138.

4.4.2.3 � Some Other Considerations

•	 The shaping process is facilitated by the overexpansion ability of the honeycomb, which 
changes the shape of the hexagonal cells as shown in Figure 4.14.

•	 For the limitations of the curved shape, see Figure 4.15, where R is the radius of the curve 
and e is the thickness of the sheet that constitutes the honeycomb.

•	 The schematic for the processing of a structural part of sandwich honeycomb is as in 
Figure 4.16.

•	 For moderate loadings (e.g., interior walls or bulkheads), it is possible to bend a sandwich 
panel following the schematic in Figure 4.17.

4.4.3 �I nserts and Attachment Fittings

Their role is to transfer loads locally introduced to the overall structure. Depending on their 
level, it is convenient to distribute them over one or several inserts, as indicated in Figure 4.189.  

TABLE 4.1
Properties of Some Honeycombs

Bonded Sheets of 
Polyamide: Nomex®a

Light Alloy 
AA5154A (5154A)

Light Alloy 
A92024 (2024)

Inscribed circle diameter, D (mm) 5 4 6

Thickness, e (mm) 0.08 0.05 0.04

Specific mass (kg/m3) 64 80 46

Shear strength, (MPa)ruptureτxz 2.5 3.2 1.5

Shear modulus, 
(MPa) 1.5 ( / )mat≈ × ×G G e Dxz

70 520 280

Shear strength, (MPa)ruptureτyz 1.1 2 0.9

Shear modulus, (MPa)Gyz 35 250 140

Compression strength, (MPa)ruptureσ z 3.8 4.4 2

a	 Nomex® is a product of Du Pont de Nemours (US).

FIGURE 4.12  Machining of honeycomb.
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FIGURE 4.13  Deformation of honeycomb.

FIGURE 4.14  Overexpansion of honeycomb.

FIGURE 4.15  Curvature of honeycomb.

FIGURE 4.16  Processing of a sandwich structural part.
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The filling resin of epoxy type, shown in Figure 4.18, can be made lighter by incorporation of 
phenolic microspheres with resulting density for the lightened resin of 700–900 kg/m3 and crush 
strength ≈35 MPa (see Figure 4.19).

4.4.4 �R epair of Laminated Facings

For sandwich materials of the type honeycombs/laminates, the repair of local damages is relatively 
easy. It involves the patch-type repair of the laminate. Depending on the care taken, and the speed 
in the execution, the configuration of the repaired area appears as in Figure 4.20.

FIGURE 4.17  Bending a sandwich panel.

FIGURE 4.18  Inserts and attachment fittings.

FIGURE 4.19  Some links for sandwich structures.
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4.5 � NONDESTRUCTIVE INSPECTION

4.5.1 � Main Nondestructive Inspection Methods

Apart from using the classical methods for controlling the surface defects (e.g., dye penetrant test), 
which allow the identification of external delaminations of laminated facings, the following tech-
niques allow the detection and identification of internal defects as a result of fabrication process or 
due to damage in service. These defects take commonly the following form:

•	 Imperfect bonding
•	 Delaminations
•	 Inclusions (foreign objects or voids)

The main Nondestructive Inspection methods are illustrated in Figure 4.21.

4.5.2 �A coustic Emission Testing

When a composite structure (e.g., a reservoir under pressure) is subjected to loading, various micro-
cracks occur within the piece. Microcracking in the resin, fiber fracture, and disbond between fiber 
and matrix can occur even within the admissible loading range. These ruptures create acoustic 
waves that propagate to the surface of the piece. They can be detected and analyzed using acoustic 
emission (AE) sensors (see Figure 4.22).

The number of peaks as well as the duration and the amplitude of the signal can be used to indi-
cate the integrity of the piece. In addition, the accumulated number of peaks may be used to predict 
the fracture of the piece (see the change in slope of the curve in Figure 4.23).

FIGURE 4.20  Repair of a sandwich panel.
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(Continued)

FIGURE 4.21  Main nondestructive testing methods.
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FIGURE 4.21 (CONTINUED)  Main nondestructive testing methods.

FIGURE 4.22  Acoustic emission (AE) testing.
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NOTES

	 1	 See Section 7.1.
	 2	 For a more detailed study concerning the bending of this type of structure, see Chapter 16 and Section 

18.7.2. See also Applications 20.1, 21.5, and 21.11.
	 3	 See Section 18.7.2 and Applications 20.1, and 21.5, for more accurate estimates of the stress distribution.
	 4	 See Equation 16.16, which leads to consider this type of beam as a classical homogeneous beam. This 

enables to use the conventional notions of the strength of materials.
	 5	 See Application 20.1 or Chapter 16.
	 6	 See Application 21.4.
	 7	 See Table 3.4.
	 8	 This phenomenon is due to the Poisson effect, particularly noticeable here (see Section 12.1.4).
	 9	 See Sections 6.2.4 and 6.3.

FIGURE 4.23  Plotting of AE events.



5 Conception
Design and Drawing

A different approach: As every mechanical component, a composite part has to fulfill the product 
specification. Beyond that, the composite design approach has to extend over a wider range than for 
a component made of predetermined classic material. In fact, the following applies:

•	 For isotropic materials, the conventional approach of the designer consists of the selection 
of an existing material and then of the sizing of the part thus constituted.

•	 For a composite part, the designer builds the material according to the needs defined by 
the functional requirements. The designer defines the following:
•	 Reinforcement
•	 Matrix
•	 Forming process

Then follow, being the object of this chapter:

•	 The definition of the architecture of the part, that is, the arrangement of plies
•	 The pre-sizing and drawings

5.1 � DRAWING A COMPOSITE PART

5.1.1 �S pecific Properties

The following properties must always remain present in the mind of the designer:

•	 Fiber orientation enables the optimization of the mechanical behavior along a specific 
direction

•	 The material is elastic up to rupture. It cannot relax following a local yielding as it would 
be the case with a classical metallic material

•	 Fatigue resistance is excellent

Note: A very good fatigue resistance.
Specific fatigue strength is defined as the ratio (σ/ρ), σ being the loading stress and ρ the density. 

For composite materials, this specific strength is three times higher than that of aluminum alloy 
and two times higher than that of high-strength steels and titanium alloys. This results from the fact 
that fatigue strength is equal to 90% of the static tensile strength for a composite instead of 35% for 
aluminum alloys or 50% for steels and titanium alloys (see Figure 5.1)1.

•	 Coefficients of thermal expansion are not the same as that for metals (attention should be 
paid when joining metal to composite)

•	 Complex forms can be achieved by molding
•	 It is possible to reduce the number of parts and limit the machining
•	 The classical techniques must be adapted for the assemblies and fittings containing com-

posite parts and must take into account their induced problems: local weakening, bearing, 
fatigue, and thermal stresses

DOI: 10.1201/9781003195788-6

https://doi.org/10.1201/9781003195788-6
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5.1.2 �G uide Values of Pre-sizing

5.1.2.1 � Material Characteristics
Material characteristics, which are compared in Figure 5.2, allow appreciating the potential benefit 
of a composite at the preliminary project stage.

FIGURE 5.1  Comparison of fatigue behavior between (a) aluminum and (b) composite.

FIGURE 5.2  Comparison of characteristics of different materials: (a) density (kg/m3), (b) tensile fracture 
strength (MPa), (c) modulus of elasticity (MPa), and (d) price per unit mass.
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The graph in Figure 5.3 allows comparing the main specific properties of the fibers that 
constitute the plies, namely, the specific modulus and the specific strength whose definitions are 
shown. The reference to density makes it possible to bear in mind the performance–lightness 
correlation.

5.1.2.2 � Design Factors
The design factors are defined to take care of uncertainties on

•	 The magnitude of mechanical characteristics of reinforcement and matrix
•	 The stress concentrations
•	 The imperfection of the hypotheses for calculation
•	 The fabrication process and the associated quality control level
•	 The aging of materials

The orders of magnitude of the design factors commonly used are as follows:

5.2 � LAMINATE

The laminates result in the superimposition of several layers, or plies, or sheets, made of unidirec-
tional layers or fabrics or mats, with for each ply its own orientation. This is the result of the drap-
ing or lay-up operation.

FIGURE 5.3  Specific characteristics of different fibers.

High-Volume Composites

Static loading Short duration 2

Long duration 4

Intermittent loading over long term 4

Cyclic loading 5

Impact loading 10

High-Performance Composites 1.3–1.8
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5.2.1 �U nidirectional Layers and Fabrics

5.2.1.1 � Unidirectional Layer
Unidirectional layer in its original packing is shown in Figure 5.4.

The advantages of unidirectional layers are the following:

•	 After curing, they provide a high stiffness along the fiber direction.
•	 They allow the lay-up of long lengths: continuity of loads transmission is thus ensured.
•	 There is less offcuts.

The disadvantages of unidirectional layers are as follows:

•	 The lay-up sequence may be long, depending on its complexity.
•	 The lay-up cannot follow shapes with tight curves (risk of wrinkles)2.

Example: Carbon/epoxy unidirectionals with a width of 300–1,000 mm, pre-impregnated with 
resin; usable over several months when stored at cold temperature (−18°C)

5.2.1.2 � Fabrics
Fabrics are in the form of rolls, dry or pre-impregnated with resin (Figure 5.5).

The advantages of fabrics are

•	 Reduced lay-up time
•	 Possibility of manufacturing complex shapes using the deformability of the fabric
•	 Possibility to combine different types of fibers in the same fabric

The disadvantages of fabrics are

•	 Lower modulus and strength than for unidirectionals
•	 Larger amount of waste material after cutting
•	 Need of connections when manufacturing large parts

5.2.2 �C orrect Ply Orientation

One of the fundamental advantages of laminates is their ability to adapt and control the orientation 
of fibers, so that the material can best resist to the loadings. It is therefore important to know how 
the plies contribute to the laminate resistance, taking into account their relative orientation with 
respect to the loading direction.

FIGURE 5.4  Unidirectional layer.
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Note: A reminder about Mohr’s circle
With the conventions as follows,

We obtain, for example, for the stress state illustrated below, the corresponding Mohr’s circle:

Figures 5.6–5.9 show the favorable situations and those that should be avoided. In Figure 5.7, 
Mohr’s circle for stresses shows that the 45° fibers support the compression 1σ = −τ (τ being the 
shear stress arithmetic value), while the resin supports the tension 2σ = τ, with low fracture limit. 
The fibers in Figure 5.8 support the tension 1σ = τ, whereas the resin supports the compression 

2σ = −τ. In Figure 5.9, the fiber orientations are 45° and −45°. Taking into account the previous 
remarks, the 45° fibers can support the tension 1σ = τ, whereas the −45° fibers can support the 
compression 2σ = −τ. As a result, the resin is less loaded than previously.

5.2.3 �T he Quadrangle Symmetric (Quad) Laminate

5.2.3.1 � Standard Orientations
In accordance with working modes of plies described in the previous paragraph, the most frequently 
used orientations are as in Figure 5.10. The so-called 0° direction corresponds to either the direc-
tion of main loading, or a preferential direction of the concerned part, or one axis of the chosen 
coordinates system.

FIGURE 5.5  Fabric layer.
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FIGURE 5.6  Effect of ply orientation.

FIGURE 5.7  Bad design.

FIGURE 5.8  Poor design.
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Note: The cases of more general orientations of the /[ ]±Φ ±Ψ  type are the subject of a specific 
study (see Chapter 15).

5.2.3.2 � Laminate Middle Plane
This is the term used to define the plane that separates the laminate thickness into two half 
thicknesses. In Figure 5.11, the middle plane, or Mid-plane, is the (x, y) plane. In this plane, the 
z-coordinate value is z = 0.

5.2.3.3 � Description of the Stacking Order: Drawing Code
The description of the stacking of plies is done by beginning with the lowest ply on the side z < 0 
and then moving toward the uppermost ply of the side z > 0. In so doing, each ply is noted by its 
orientation:

•	 The successive plies are separated by a slash “/”
•	 The grouping of too many plies of the same orientation must be avoided3.  However, when 

this occurs, an index number is used to indicate the number of these identical plies

FIGURE 5.9  Good design.

FIGURE 5.10  Standard orientations of a Quadrangle symmetric laminate.
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5.2.3.4 � Mid-plane Symmetry
A laminate has the Mid-plane symmetry property, or the mirror symmetry property, or is sym-
metric, when the stacking of plies on both sides starting from the middle plane is the same.

•	 Example:

•	 Example:

FIGURE 5.11  Quadrangle symmetric laminate and its middle plane (x, y).
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Note: Why the need for Mid-plane symmetry
During the manufacturing of a laminate, the successive impregnated plies are stacked at ambient 

temperature. Then they are placed within an autoclave for curing. At the high curing temperature, 
the thermal expansion of the whole laminate takes place without bending or warping. However, 
during cooling, while the resin is polymerized, the plies have a trend to contract differently depend-
ing on the fiber direction or the direction perpendicular to it (transverse direction). The occurrence 
of thermally related residual stresses follows from this. When Mid-plane symmetry is carried out, 
it leads to the Mid-plane symmetry of these stresses and thus prevents the overall structure to be 
deformed as, for example, the twisting or warping shown in Figure 5.12.

5.2.3.5 � Specific Case of Balanced Fabrics
Some laminates are made partially or totally of layers of balanced fabric. The designer then needs 
to describe the drawing of the composition of the laminate.

•	 Example:

The laminate shown above is made up of three layers of balanced fabric. A woven fabric layer is 
equivalent to two unidirectional layers crossed at 90°, and due to the weaving, we can consider that the 
layer also has Mid-plane symmetry. Thus, this laminate is considered to have Mid-plane symmetry.

Note: If this hypothesis is well established for a plain weave or a taffeta (see Section 3.4.1), 
and even for a twill fabric, it becomes less and less accurate when the weave harness number is 
increasing (for the plain weave, two-harness; for twill fabric, three-harness; for satin, four-harness, 
five-harness, etc.). If we suppose that this number is indefinitely growing, the woven fabric becomes 
then the superimposition of two unidirectional layers crossed at 90°. It does not have any more the 
Mid-plane symmetry4. 

FIGURE 5.12  Effect of laminate lay-up on deformation.
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As indicated in Section 3.4.2, we can consider the resulting laminate in two different ways5:

	 a.	Each layer of the fabric is replaced by two identical plies crossed at 90°, each with thick-
ness equal to half the thickness е of the fabric layer and each with known elastic proper-
ties. This representation is convenient for the determination of the elastic properties of the 
laminate. The equivalencies are shown in Figure 5.13.

	 b.	Each layer of the fabric is replaced by one anisotropic ply with thickness e for which one 
knows the elastic properties and failure strengths. This representation is useful for the deter-
mination of the failure stress of the laminate. Such an equivalency is shown in Figure 5.14.

5.2.3.6 � Technical Minimum

•	 Typically, a minimum amount of plies from 5% to 10% must be used for each direction, 
namely, 0°, 90°, +45°, and −45°.

•	 The minimum thickness of a laminate should be of the order of one millimeter6, for exam-
ple, eight unidirectional layers or three to four layers of balanced fabric of carbon/epoxy.

5.2.4 �A rrangement of Plies

5.2.4.1 � Proportion and Number of Plies
The proportion and number of plies along each of the directions (0°, 90°, +45°, −45°) must take into 
account the mechanical loading on the laminate in the area. A common case consists in the loading 
of the laminate in its own plane. This is called an In-plane loading7. In such case, the mechani-
cal loading can take the form of overall plane stress components ,σ σx y, and τxy in Figure 5.15a or 
In-plane stress resultants ,  ,N Nx y  and Txy  in Figure 5.15b. Each stress resultant is the product of the 
overall stress value by the thickness h of the laminate.

Generally, the designer has to decide the arrangement of plies following three objectives:

•	 Support the loading without deterioration of the laminate (even incomplete)
•	 Limit the deformation of the loaded part
•	 Minimize the material weight involved

FIGURE 5.13  Laminate with balanced fabrics; representation 1.
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All these criteria do not work in a same direction. For example, searching for minimum thickness 
may not be compatible with high rigidity. Searching for high rigidity may not be compatible with 
minimum weight. We will see in Section 5.4 guide values for proportions that help to define a 
laminate with minimum thickness allowing withstanding without damage the specified mechani-
cal loading.

Once a laminate is defined (number of layers and orientations), the designer must respect to the 
extent possible the following arrangements:

•	 When the predominant In-plane resultant is oriented along the 0° direction: 90° plies 
draped on the laminate external surface, then 45° and −45° plies, then 0° plies

•	 No more than four consecutive plies along the same direction

It should be done without forgetting the technological minimum indicated in Section 5.2.3.6.

5.2.4.2 � Example of Pictorial Representation
In Figure 5.16, the symbols indicating the composition of the laminate are shown on top view. 
The plies drop-offs must be designed in order to obtain a gradual change in thickness (no more than 
two plies for each 6 mm length increment).

5.2.4.3 � Case of Sandwich Structure
The description of the sandwich material is done as in Figure 5.17.

FIGURE 5.14  Laminate with balanced fabrics; representation 2.

FIGURE 5.15  Stresses and stress resultants: (a) overall stress components and (b) In-plane stress resultants.
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5.3 � FAILURE OF LAMINATES

5.3.1 �D amages

It should be pointed out that further details about the different phenomena characterizing damage 
of composite parts are provided in Chapter 14, Section 14.1.

5.3.1.1 � Types of Failure
Figure 5.18 shows schematically different types of failure leading to damage of a laminate8.

When the loads exceed critical levels, the main modes of damage for the laminate are illustrated 
in Figure 5.19 (see also Figure 14.5).

FIGURE 5.16  Pictorial representation.

FIGURE 5.17  Description of a sandwich material.

FIGURE 5.18  Different types of failure.
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5.3.1.2 � Note: Classical Maximum Stress Criterion Shows Its Limits
Figure 5.20 shows a unidirectional laminate loaded successively in two different manners. In the 
two cases, the maximum normal stress has the same value denoted as σ. In the loading case (a), the 
unidirectional specimen will rupture when

	 rupture alongσ > σ


This is a maximum stress criterion.
In loading case (b), the maximum normal stress occurs in a direction that is different from that 

of the fibers (one can obtain this by tracing Mohr’s circle as discussed previously). Then the failure 
strength will decrease as we have seen in Section 3.3.2. It is weaker than that of case (a). The unidi-
rectional laminate therefore fails when

	 rupture alongσ < σ


This phenomenon is more evident if the unidirectional laminate is loaded in a direction transverse 
to the fibers t. In this case, the laminate failure strength is that of the matrix, which is much less 
than that of the fibers.

Thus, taking into consideration the evolution of the failure strength with the loading direction, 
the designer cannot use a simple maximum stress criterion as for the classical metallic materials.

FIGURE 5.19  Modes of damage.

FIGURE 5.20  The strong influence of orientation.
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5.3.2 �F requently Used Criterion: Tsai-Hill Failure Criterion9

5.3.2.1 � Tsai-Hill Number
This criterion shall apply successively to each ply of the laminate, i.e., for each one of the four orienta-
tions (0°, 90°, +45°, −45°) that have been considered (Quadrangle symmetric laminates). As already 
discussed in Chapter 3, the axes of a unidirectional ply are denoted as ℓ for the direction along the 
fibers and t for the transverse direction. The stress components are denoted as σ



 in the fiber direction, 
σ t  in the direction transverse to the fibers, and τ

t for the shear stress in plane (ℓ, t) (see Figure 5.21).
The Tsai-Hill number is the number α such that

	 2
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2

2 2

2
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− σ σ
σ

+ τ
τ






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•	 If α < 1, no ply failure occurs.
•	 If α ≥ 1, failure occurs in the ply under consideration. Generally, this deterioration is due 

to the resin failure10.

The mechanical properties (modulus of elasticity and failure strength) of a broken ply become 
almost negligible, except for those along the fiber direction11.

5.3.2.2 � Notes
•	 Caution: The failure strength ruptureσ  (called also allowable value) does not have the 

same value in tension and in compression (see, e.g., Section 3.3.3). It is therefore neces-
sary to put at each denominator (except for shear) of the previous Tsai-Hill expression 
the allowable value corresponding to the type of loading (traction or compression) that 
appears in the numerator.

•	 Using this criterion, when the failure of one of the plies of the laminate occurs (more pre-
cisely the failure of the plies along one of the four orientations), this does not necessarily 
lead to the failure of the whole laminate. In most cases, the degraded laminate continues to 
withstand the applied stress resultants. In increasing these stress resultants, the recalculation 
criterion can show in which ply orientations can a new rupture occur. This may lead – or 
not – to complete rupture of the laminate. If complete rupture does not occur, the allowable 
stress resultants12 can still be increased. In this way, a design factor can be applied on the ini-
tial critical loading, reflecting the gap between the first-ply rupture and the ultimate rupture.

•	 As a consequence of the previous remark, it appears possible to allow a laminate to remain 
in service even if it is partially degraded. It is up to the designer to decide whether the par-
tially degraded laminate is appropriate – or not – for the considered application.

•	 A parallel somewhat crude can be made with the working areas of classical metallic alloys 
as represented in Figure 5.22.

FIGURE 5.21  Ply stresses.
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5.3.2.3 � How to Determine the Stress Components σ


, σ t , and τ
t in Each Ply

Consider, for example, the laminate shown in Figure 5.23 consisting of identical plies and on which 
we know, beside the mechanical properties of the basic ply:

•	 The proportions (percentages) of plies in each of the directions 0°, 90°, +45°, and −45°
•	 The values of the overall stresses applied, here, for example, σ x and τxy

We can consider this loading case as consisting of the superposition of two simple loading cases:
First σ x only, and then τxy only. For each of these elementary load cases, we look for the stress 

values of σ


, σ t , and τ
t in each ply. Manual calculation is usually far too long13. It should be replaced 

by computerized calculation.
The resulting tables that provide these stress values can be found in Appendix A for carbon/

epoxy plies with 60% fiber volume fraction.
Then, always for each ply, the stress values σ



 due to each of the simple loadings σ x and τxy are 
added together. We obtain in the same way the stress value σ t , then, respectively, the stress value 
τ
t. We are then able to calculate the Tsai-Hill number to verify the integrity of each of the plies. 

Application 19.6 shows an example with the aim of determining the thickness of a laminate subject 
to such a type of combined loading.

5.4 � PRE-SIZING OF THE QUADRANGLE SYMMETRIC LAMINATE

5.4.1 � Modulus of Elasticity; Deformation of the Laminate

5.4.1.1 � Varying Proportions of Plies
For varying proportions of plies in the directions 0°, 90°, +45°, and −45°, the charts that follow 
allow the determination of the deformation of a Quadrangle symmetric laminated plate subject to 
the applied overall stress components. For this, we have used a stress–strain relation similar to that 
described in Section 3.1 for an anisotropic plate, which is repeated below:

FIGURE 5.22  Stress–strain curves. Comparison of behavior until failure.

FIGURE 5.23  Overall stresses on the laminate.
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,  ,  , νE E Gx y xy xy, and νyx  are the moduli of elasticity and Poisson ratios of the laminate,14 εx and 
εy are normal strains, and γ xy is the angular distortion in plane (x, y).

5.4.1.2 � Example of Using Tables
What are the elastic moduli and thermal expansion coefficients of a glass/epoxy laminate (Vf  = 60%)  
with the following ply configuration?

Answer: Chart 5.14 indicates the following values for this laminate:

	 33,100 MPa=Ex

	 17,190 MPa This value is obtained by permuting the proportions of 0 and 90( )= ° °Ey

	 0.34ν =xy

	 0.17ν =yx

Chart 5.15 shows 6,980 MPa=Gxy .

When the overall stress values are known, we then obtain the strains , ε εx y, and γ xy using the matrix 
relation mentioned above.

Regarding coefficients of thermal expansion, Chart 5.14 shows 0.64 10 5α = × −
x  and 

1.21 10 5α = × −
y  by permuting the proportions of 0° and 90°.

5.4.2 �C ase of Simple Loading

The laminate is subjected to only one single overall stress: σ x or σ y or τxy. For a particular set of 
proportions in the four directions, we would like to know the order of magnitude of the stress that 
can cause a first-ply failure in this laminate.
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•	 Example:

•	 Example:

Charts 5.1–5.15 indicate these maximum stress values as well as the elastic characteristics 
and the coefficients of thermal expansion for quadrangle symmetric laminates with the following 
characteristics:

•	 Materials: Carbon, Kevlar®, and glass/epoxy with 60%=Vf  fiber volume fraction.
•	 All the plies are of same nature (same unidirectional, same thickness).
•	 The laminate is balanced (same number of 45° and −45°plies). The Mid-plane symmetry 

is performed.
•	 The percentages of plies along the four directions (0°, 90°, +45°, −45°) are adjustable in 

steps of 10%.

Note: The following tables are established from the properties of unidirectionals shown in Table 3.4 
(see Chapter 3). Not all reinforcements marketed can be detailed in this book; thus, concerning the 
carbon/resin plies, one can find about 15 marketed plies (thermosetting or thermoplastic resin) with 
volume contents of fibers varying from 60% to 70%. To use these other marketed reinforcements, 
a free dedicated utility can be easily downloaded. This is the LAM SEARCH tool. It was created 
within the association THINK COMPOSITES whose objective is to promote composite materials 
in industry and education. The LAM SEARCH tool is fully open and available free to interested 
parties, manufacturers, and academics. For references about this tool, see Section 15.8.4.

Calculation of maximum overall stress values maxσ x , maxσ y , and maxτxy  is done based on the Tsai-Hill 
failure criterion15.

•	 Example:
Which maximum tensile stress along the 0° direction can be applied to a Kevlar/epoxy 

laminate containing 60% fiber volume with the orientation distribution as shown in the 
figure below?
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Answer: Chart 5.6 indicates the maximum stress in the 0° direction (or x). For the 
percentages given, we read 308 MPatension

maxσ =x .

CHART 5.1  Carbon/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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•	 Example:
Which maximum overall compression stress along the 90° direction (or y) can be 

applied to a carbon/epoxy laminate containing 60% fiber volume fraction with the orienta-
tion distribution as shown in the following figure?

CHART 5.2  Carbon/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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Answer: Chart 5.2 shows the maximum stress in the 90° direction. Starting from the 
immediately adjacent composition (10%|60%|15%|15%), we have

	 13% 67% 10% |10% 10% 60% 15% |15% 744 max ( ) ( )σ = σ = σ + ∆σ = + ∆σy

CHART 5.3  Carbon/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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Denoting as 0°p  and 90°p  the proportions of plies along the 0° and 90° directions, respec-
tively, we have

	 0
0

90
90∆σ = ∂σ

∂
× ∆ + ∂σ

∂
× ∆°

°
°

°

p
p

p
p

CHART 5.4  Carbon/epoxy laminate: Vf  = 60%, ply thickness = 0.13 mm.
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And we obtain by linear interpolation

	 (747 744)
3

10
(846 744)

7
10

72 MPa∆σ = − × + − × =

Therefore,

	 744 72 816 MPa maxσ = + =y

CHART 5.5  Carbon/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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Note: The charts that provide the maximum overall stresses are not usable for the laminates made of 
balanced fabrics. In fact, the compression strength value of a layer of balanced fabric is significantly 
lower than what is obtained when one superimposes two unidirectional plies crossed at 0° and 90° 
in equal quantities in these two directions16.

CHART 5.6  Kevlar/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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5.4.3 �C omplex Loading Case: Approximative Proportions According to Orientations

5.4.3.1 � When the Normal and Shear Loads Are Applied Simultaneously
When the normal and tangential (shear) loads are applied simultaneously onto the Quad laminate, the 
previous tables are not valid because they were established for the cases of simple stress states. However, 
one can still use them to make a first estimate of ply proportions following the four orientations17.

CHART 5.7  Kevlar/epoxy laminate: Vf  = 60%, ply thickness = 0.13 mm.
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The principle is as follows: consider the case of complex loading and replacing the stress compo-
nents with the In-plane resultants , N Nx y, and Txy, which were defined in Section 5.2.4. Generally, 
these stress resultants constitute the initial numerical data that results from some previous studies. 
The design department thus knows them. In view of this, each one of the three stress resultants 
should be associated with an appropriate orientation of the plies following the advice in Section 5.2.2.

Using this hypothesis, the normal stress resultant Nx is assumed to be supported by the 0° plies 
(or along x) and thus requires a global thickness ex for these plies such that

CHART 5.8  Kevlar/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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 rupture

=
σ


e
N

x
x

where ruptureσ


 is the ultimate stress for a unidirectional ply, in the fiber direction (or along x). In the 
same manner, Ny is supposed to be supported by the 90° plies (or along y) and requires a global 
thickness for these plies of

CHART 5.9  Kevlar/epoxy laminate: Vf  = 60%, ply thickness = 0.13 mm.
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 rupture

=
σ


e
N

y
y

Finally, the shear resultant Txy  is assumed to be supported by the ±45° plies and requires a global 
thickness for these plies of

	
rupture

=
τ

e
T

xy
xy

where ruptureτ  is the maximum shear stress that a ±45° laminate can support.

CHART 5.10  Kevlar/epoxy laminate: Vf = 60%, ply thickness = 
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Therefore, we can retain for the complete laminate the proportions indicated below.

CHART 5.11  Glass/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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5.4.3.2 � Example
We would like to determine the composition of a laminate made up of unidirectional plies of carbon/
epoxy ( 60%=Vf ) to support the In-plane stress resultants:

	 800 N/mm; 900 N/mm; 340 N/mm= − = − = −N N Tx y xy

CHART 5.12  Glass/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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The compression strength ruptureσ


 is 1,130 MPa (see Section 3.3.3 or Chart 5.1 for 100% of  
0° plies). Then

	
800

1,130
0.71 mm;

900
1,130

0.8 mm= = = =e ex y

The optimum shear strength ruptureτ  is given in Chart 5.3 for 100% of ±45° plies; then

CHART 5.13  Glass/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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	 397 MParuptureτ =

From which

	
340
397

0.86 mm= =exy

We obtain for the proportions

	

at 0 0.3 

at 90 0.34 

at 45 0.36

° ⇒
+ +

=

° ⇒
+ +

=

± ° ⇒
+ +

=

e

e e e

e

e e e

e

e e e

x

x y xy

y

x y xy

xy

x y xy

And we can then retain for the composition of the laminate the following approximate values:

5.4.3.3 � Note
Thicknesses , e ex y, and exy as evaluated above only serve to determine the proportions. After that, 
they should not be kept. This because in fact each orientation really supports a part of each stress 
resultant. For example, the 0° plies cover the major part of stress resultant Nx, but they also support 
a part of stress resultant Ny and a part of stress resultant Txy , thus resulting to a more unfavorable 
situation for each orientation as compared with what has been assumed previously. The minimum 
required for the laminate thickness will in fact be larger than the previous result ( )+ +e e ex y xy ,  
which therefore appears to be dangerously optimistic. The practical determination of the minimum 
thickness of the laminate comes from the Tsai-Hill failure criterion, as indicated at the end of 
Section 5.3.2 and explained in details in Application 19.6. In this way, with the same stress resul-
tants and proportions as in the previous example, one finds a minimum thickness of 2.64 mm 
(see Application 19.6, in Chapter 19), whereas the previous sum ( )+ +e e ex y xy  gave a thickness of 
2.37 mm, 10% lower than the required minimum thickness (2.64 mm).

5.4.4 �C omplex Loading Case: Optimum Composition of a Laminate

5.4.4.1 � Optimum Laminate
Estimation of the proportions in the previous paragraph does not generally lead to an optimum 
laminate, that is, a laminate with the smallest thickness among all laminates of different composi-
tions that can support a given set of In-plane stress resultants , N Nx y, and Txy .

Charts 5.16–5.19, calculated on the base of Tsai-Hill criterion,18 give the optimum compositions 
of laminates made of carbon/epoxy unidirectional that can support various sets of In-plane resul-
tants , N Nx y, and Txy . The indicated compositions (percentages) correspond to laminates that are 
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able to support the specified flux resultants while in the same time keeping a minimum thickness. 
This thickness value can be read in millimeters within the circles. It relates to an arithmetic sum of 
the In-plane resultants equal to 100 N/mm.

Also shown in the charts are the following:

•	 The direction along which the first damage will occur (first-ply failure).
•	 The multiplication factor for the In-plane resultants in order to go from first-ply failure to 

ultimate fracture of the laminate.

CHART 5.14  Glass/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm
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•	 The two compositions (a) and (b) that are closest to the optimum composition, obtained by 
varying from the indicated composition along the direction of the arrows. First, in order to 
define composition (a), the increasing or decreasing arrows (solid line) denote the increase 
or decrease of 5% as compared to proportions marked. Next, to define composition (b), the 
increasing or decreasing dotted arrows denote the increase or decrease of 5% as compared 
to proportions marked.

CHART 5.15  Glass/epoxy laminate: Vf = 60%, ply thickness = 0.13 mm.
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5.4.4.2 � Example
Given the stress resultants:

	 720 N/mm;  0; 80 N/mm= = =N N Tx y xy

We first deduce the values of the reduced flux resultants:

	
720

720 80
0.9; 0;

80
720 80

0.1=
+

= = =
+

=N N Tx y xy

CHART 5.16  Optimum composition of a carbon/epoxy laminate.
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We then use Chart 5.16 (all stress resultants are positive), where we note, corresponding to these 
values of reduced stress resultants, the following pictogram:

CHART 5.17  Optimum composition of a carbon/epoxy laminate.
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This can be interpreted in the following way:

•	 Optimal composition of the laminate:
•	 70% of 0° plies (along x-direction)
•	 10% of 90° plies
•	 10% of plies at 45°, 10% of plies at −45°

The critical thickness of the laminate is 0.156 mm when the arithmetic sum of the 
three stress resultants is equal to 100 N/mm. For this thickness, the first-ply failure occurs 
in the 90° plies. However, one can continue to load this laminate until reaching 1.33 times 
the critical load. At this point, there is complete rupture of the laminate.

CHART 5.18  Optimum composition of a carbon/epoxy laminate.
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Returning to our example, the arithmetic sum of the stress resultants is equal to:

	 720 80 800 N/mm 8 100 N/mm+ = = ×

Then, the thickness of the laminate has to be more than

	 8 0.156 1.25 mm× =

And the complete failure of the laminate will occur if the loading is multiplied by a factor 
of 1.33, that is, for

	 1.33 720 957 N/mm; 0;   1.33 80 106 N/mm= × = = = × =N N Tx y xy

CHART 5.19  Optimum composition of a carbon/epoxy laminate.
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•	 Neighboring compositions: The second smallest thickness in the vicinity is obtained by 
modifying the indicated composition in the direction specified by the arrows in solid line, as

We then obtain (not shown on the chart) a thickness of 0.160 mm (increase of 2.5% relative to the 
previous value) and a multiplication factor to reach the ultimate loading equal to 1.35.

Continuing in the direction of increasing thickness, the third smallest thickness in the immedi-
ate vicinity is obtained by modifying the indicated composition in the direction specified by the 
dotted arrows, as

We then obtain a thickness (not shown on the chart) of 0.165 mm (increase of 6%) and a multipli-
cation factor of 1.3 for the ultimate load.

5.4.4.3 � Example
Given the stress resultants

	 600 N/mm; 300 N/mm; 100 N/mm= = − =N N Tx y xy

the corresponding reduced stress resultants are

	 0.6; 0.3; 0.1 N/mm= = − =N N Tx y xy
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We obtain from Chart 5.18
where the critical thickness is 10 × 0.152 = 1.52 mm (since the arithmetic sum of the stress resul-

tants is 1,000 N/mm or 10 × 100 N/mm).

•	 These are the 90° plies that fail first
•	 Complete rupture of the laminate occurs when

	

1.29 600 774 N/mm

1.29 300 387 N/mm

1.29 100 129 N/mm

= × =

= × − = −

= × =

N

N

N

x

y

xy

•	 The closest critical thicknesses (in increasing order) are obtained with the following suc-

cessive compositions:

5.4.4.4 � Notes
•	 A few loading cases can lead to several distinct optimum compositions, but with identical 

thicknesses. For example, the reduced stress resultants

	 0.5; 0= = =N N Tx y xy
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This represents a case of isotropic loading, Mohr’s circle being reduced to one point as 
illustrated below.

Chart 5.16 indicates
We obtain in this case a unique critical thickness of 0.161 mm (corresponding to a 

sum 100 N/mm+ =N Nx y ) whatever the proportion p19. The isotropic composition 
25% / 25% / 25% / 25%[ ] in the directions 0°, 90°, +45°, and −45° might appear intuitive. 

In fact, it can be replaced by various periodic compositions20.
•	 In some loading cases, one finds from the table only arrows in a solid line. For example, for 

the following reduced stress resultants

	 0.3; 0; 0.7= = =N N Tx y xy

We find from Chart 5.16 the following figure:
The three neighboring optimum compositions in increasing order are
(Thicknesses of 0.255 and 0.262 mm are not indicated on the chart.) The third compo-

sition, characterized by an increase in thickness of (0.262–0.252 mm), or 6%, leads to an 
increase in modulus of elasticity in the x (0°) direction by 36% (see Section 5.4.2, Chart 5.4).

We should finally note that in the majority of cases, the optimum compositions indi-
cated in Charts 5.16–5.19 are not easy to postulate basing on intuition21.

5.4.5 �N otes for Practical Use Concerning Laminates

5.4.5.1 � Specific Aspects for the Design of Laminates
•	 Fabrics can be shaped on double-curved surfaces22 by pushing back in the warp and weft 

directions (possibility of shrinkage up to 30%).
•	 The radii of the mold must not be too small. This applies in particular to the inner radius 

Ri as shown in Figure 5.24a. The graph in Figure 5.24b provides an overview of minimum 
values required for the inner and outer radii.

•	 The thickness of a polymerized ply is only of 0.8–0.85 times that of the ply before polym-
erization. Thus, when dimensioning the final thicknesses, one has to take into account a 
margin of uncertainty of the order of 15%.

•	 When the surface of the part is too large to be covered by an only sheet of unidirectional 
taken from the roll, precautions should be taken when cutting out the different elements 
drawn from the roll. One can see in Figure 5.25 a few lay-up examples.
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•	 The unidirectional sheets cannot have sharp bends in the fiber direction. The schematic 
in Figure 5.26 shows the design features to achieve sudden curvature changes along the 
lay-up direction.

5.4.5.2 � Delaminations
When some plies making up the laminate separate from each other, it is said that there is delamina-
tion. Many causes accowunt for this type of damage:

FIGURE 5.24  Minimum required for inner and outer radii of mold.

FIGURE 5.25  Disposition of cut elements from unidirectional roll.

FIGURE 5.26  Laying in a corner.
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	 (a)	� An impact that does not leave apparent traces on the surface but may lead to internal 
delaminations

Carbon/epoxy laminates are susceptible of such localized delamination, resulting, for example, 
from the fall of a dense object (tool) on the surface coating. Subsequently, the compressive strength 
of the part is affected by the damage. Indeed, not only damages to some plies but also delamination 
of interfaces between plies occur, as shown in the following example. Then, in addition, the risk of a 
local buckling due to compression occurs, which can spread. This phenomenon has to be carefully 
monitored in aircraft construction and leads to sizing criteria based not on a maximum compression 
stress but on a maximum compression strain23. In practice, the latter is evaluated in microstrain ( )µε ,  
that is, 106ε × , where ε is the small classic strain already seen. For such applications involving car-
bon/epoxy parts, the maximum allowable compression strain is linked to a codified intensity for a 
tool impact and is somewhat above 3,000 με in terms of absolute value.

Accordingly, one can clearly see here that with unidirectional sheets, the most loaded plies 
should not be draped on the upper or lower laminate surface24.

Example: Impact of a projectile on a layered plate 0 / 90 / 0 
° ° °
n n n

•	 Order of magnitude of impact:

FIGURE 5.27  (a) Impact on a n n n0 / 90 / 0 
° ° °  laminate. (b) Sewing stitch on a laminate. (c) Laminated 

bracket loaded.
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•	 Mass: several kilograms; speed: several m/s
The damage in the impacted area is shown in Figure 5.27a.

•	 An improvement: the stitch of the laminate. In view of reducing the impact damage, the 
delamination can be prevented by carrying out sewing stitches (Figure 5.27b) on
•	 Prepregs
•	 Dry preforms before injection molding25

	 (b)	� A mode of loading that leads to the disbond of the plies (tensile load on the interface) as 
shown in Figure 5.27c

	 (c)	� Shear stresses on the interfaces between the different plies, which occur very close to the 
edges of the laminates and that may be illustrated as follows, taking a three-ply laminate 
as an example:

	 1.	 Consider the three plies in Figure 5.28a, uncoupled. Under the effect of loading (the 
figure at the right-hand side), they deform independently, and therefore, they do not 
coincide anymore when they are surperimposed.

	 2.	 Now the plies have built a balanced laminate. Under the same type of loading, they 
deform together, without showing any difference, as shown in Figure 5.28b.

FIGURE 5.28  (a) Three plies considered separately. (b) Three plies bound together. (c) Stresses at free edge.
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	 3.	 That means that interlaminar stress components occur on the bonded faces. It can be 
shown that these stress components are located very near the edges of the laminate, as 
illustrated in Figure 5.28c.

	 (d)	� A complex state of stress at the interface, caused for example by a local buckling  
(see Figure 5.29)

Practical as well as theoretical studies of these interlaminar stress components are very difficult, 
and the phenomenon is still imperfectly controlled.

5.4.5.3 � Why Is Fatigue Resistance So Good?

•	 Paradox: Glass is a very brittle material (no plastic deformation). Similarly, a resin is 
also often an almost brittle material that does not yield (e.g., epoxy). Nonetheless, the 
reinforcement/matrix association formed by these two materials opposes to the propaga-
tion of cracks and makes the resultant composite remarkably fatigue-resistant compared 
to a metallic alloy.

•	 Explanation: When the crack initiates, for example in the unidirectional layer shown 
schematically in Figure 5.30 in the form of alternating of fibers and resin, the initial stress con-
centration at crack tip causes a degradation of the resin as pictured. Accordingly, there is a dis-
bond of fibers from the matrix. Therefore, fibers benefit from a stress relaxation. Thus, there is 
no stress concentration comparable to what happens in a homogeneous material.

5.4.5.4 � Laminated Tubes
Laminated tubes can be obtained by winding of threads, unidirectional tapes, or fabrics. As the 
first approximation26, the strain and stress values in flexure and in torsion can be estimated from the 
relations in Figure 5.31 in which the following applies:

FIGURE 5.29  Delamination due to buckling at interface.

FIGURE 5.30  Crack effects in unidirectional.
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•	 Ex and Gxy are the moduli of elasticity in the tangent plane (x, y).
•	 I and 0I  are, respectively, the quadratic moment of inertia and polar moment of inertia of 

the cross section of the tube (ring section), with 20 = ×I I.
•	 Y is the coordinate of a point in the cross section (in the underformed position) in the  

(X, Y, Z) coordinates.
•	 r is the average radius of the tube.

NOTES

	 1	 See Section 5.4.4.
	 2	 See Section 2.3.
	 3	 This is to limit the interlaminar shear stress (see Section 5.4.5 and Chapter 18). This precaution applies also 

to the fabrics (e.g., no more than four consecutive fabric layers of carbon/epoxy along the same direction).
	 4	 This property can be observed for example on a unique ply of five-harness satin of carbon/epoxy: after 

curing in an autoclave, it deforms (double curvature shape) after demolding. See Application 20.17 
“Thermoelastic Behavior of a Balanced Fabric Ply”.

	 5	 See also Applications 20.9 and 20.10.
	 6	 Apart from space applications, where thicknesses are very small. Then the skins of sandwich plates are 

laminates that do not necessarily have individually a Mid-plane symmetry. In such cases, these are the 
sandwich plates themselves which exhibit overall symmetry with respect to their Mid-plane.

	 7	 The laminate can also work in bending. This is studied in Chapters 12, 15, and 18.
	 8	 See also Chapter 14.
	 9	 For more details concerning failure criteria, see Chapter 14.
	 10	 See Section 14.1.
	 11	 See Section 14.5.
	 12	 See Application 20.7 “First Ply Failure of a Laminate; Ultimate Strength”.
	 13	 The procedure for this calculation is described in Section 12.1.3.

FIGURE 5.31  Composite tube relations.
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	 14	 Recall (Sections 3.1 and 3.2) that 
E E

xy

x

yx

y

ν = ν
.

	 15	 For calculation steps, see Application 20.2 “Procedure for a Laminate Calculation Program”.
	 16	 Also see Note in Section 3.4.2.
	 17	 Caution: What follows applies to the determination of proportions, but not of thicknesses.
	 18	 See Section 5.3.2.
	 19	 See Application 20.8 “Optimum Laminate for Isotropic Plane Stress”.
	 20	 See Section 5.4.2, Chart 5.4.
	 21	 See Application 19.6.
	 22	 See Figures 3.10 and 14.3. This is much more difficult for the plain weave fabric than for the satins, due 

to the mode of weaving (see Section 3.4.1).
	 23	 The Strain Failure Criterion is detailed in Section 14.4.
	 24	 As already noted in Section 5.2.4.1.
	 25	 See Sections 2.1.4 and 2.3.1.
	 26	 For a complete study of flexure and torsion of composite beams with any cross-sectional shapes, 

see Chapters 16 and 17. Relations in Figure 5.31 are used in Applications 19.4, 19.13, 19.15, and 21.1.
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Fastening and Joining

We saw in Chapter 5 how to design the regular, or typical, or smooth area of a laminate so to sustain 
overall loads. Even more critical for the designer of a composite part is the careful design of the 
attachments and joints of the parts between them. Here, we look at the assembly solutions involving 
riveting, bolting, and bonding for

•	 A composite part and another composite part between them
•	 A composite part and a metallic part between them

6.1 � RIVETING AND BOLTING

6.1.1 �L ocal Loss of Strength

6.1.1.1 � Knockdown Factor
In any mechanical component, the presence of holes generates stress concentration factors. 
Especially in composite parts, holes (molded-in holes or drilled holes) induce local reduction of the 
failure strength in comparison to the same location but without holes. The knockdown factor is in 
the range of

•	 40%–60% in tension
•	 15%–50% in compression, depending on whether the hole is filled by a fastening pin, or 

is free

Example: Figure 6.1 illustrates the degradation process before failure of a glass/epoxy laminate 
containing a free hole, under uniaxial stress.

6.1.1.2 � Causes of Hole Degradation
•	 Stress concentration factors: The balance of stress shown in Figure 6.2 demonstrates the 

increase in stress concentration in the case of a laminate. Considering a slight torquing 
force provided by the rivet, usually neglected for composite laminate cases, the stresses 
shown in these figures are such that

	 ′σ > σ

In an area where

	 local rupture laminate ruptureσ < σ

With an order of magnitude for the maximum stress ′σM  in the laminate,

	 1 2′σ = ′σ × + − ν
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Ex  and Ey are the elastic moduli in the 0° and 90° directions, respectively
Gxy is the shear modulus
νxy is the Poisson ratio

In addition to this local stress increase, one should point out local phenomena called edge 
effects, giving rise to stress gradients near the walls of the hole, In-plane and out of plane 
of the laminate (see Section 14.1.3 and Figure 14.3).

•	 Rupture or misalignment of fibers: Rupture of fibers occurs during the cutting process 
of the hole. Another cause of hole degradation is the misalignment of fibers if the hole is 
made before polymerization: Figure 6.3 illustrates the correlation between the weakened 
zones consecutive to rupture of fibers and the overstressed zones.

•	 Bearing stress: This term designates the contact pressure between the rivet shank or the 
bolt shaft and the wall of the hole. When this pressure is excessive, it leads to spalling and 
delamination of the laminate1.

FIGURE 6.1  Progression of damage from (a) to (d) in a laminate with an open hole when load increases.

FIGURE 6.2  Stress concentrations.
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6.1.2 � Main Failure Modes in Bolted Joints of Composite Materials

These are demonstrated in Figure 6.4.

6.1.3 �S izing of the Joint

6.1.3.1 � Recommended Values

•	 Pitch, edge distance, and thickness (see Figure 6.5).
•	 Orientation of plies: Recommendation for percentages of plies near the holes (see Figure 6.6).
•	 Condition for no bearing damage: In Figure 6.7, F and T designate the normal load and 

the shear load, respectively, acting on the connected parts, on a width of one pitch value.

FIGURE 6.3  Weakened zones due to the presence of holes.

FIGURE 6.4  Main failure modes in bolted joints.
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The equivalent bearing pressure, which leads to the crushing of the wall of the hole of diameter 
φ, is / ( )φ ×F e . It must remain smaller than a given ultimate bearing strength as

	
carbon : 500 MPa

glass : 300 MPa

bearing strength bearing strength

bearing strength

φ ×
≤ σ σ =

σ =

F

e

6.1.3.2 � Evaluation of Magnified Stress Values
The principle of calculation consists in increasing the stress values that are given by elementary 
considerations, by means of empirical coefficients of magnification2:

•	 Due to the presence of the hole
•	 Due to the pressure of contact or bearing on the wall of the hole (rivet, bolt)

FIGURE 6.5  Recommended pitch, edge distance, and thickness.

FIGURE 6.6  Recommended proportions.

FIGURE 6.7  Normal and shear loads on assembly.
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With the notations of Figure 6.7, we have

	

1
0.2

tension, 0.6

compression, 0.8

1
0.7

increased

increased

σ =
α

+
φ ×







α =

α =

τ = ×

F

S

F

e

T

S

Then checking should be carried out in order to ensure that these stress levels are compatible with 
the allowable values, that is, that they do not lead to the failure of the ply, by using the method of 
verification of nonfailure described in Section 5.3.2.

6.1.4 �R iveting

The special features and recommendations for riveting the composite parts can be presented as follows:

•	 Do not hit the rivets, due to the poor impact resistance of the laminates.
•	 Beware of possible rupture of laminate under the rivet head (pull-through failure) due 

to small laminate thickness.
•	 The galvanic compatibility of the rivet with the laminates to be assembled shall be 

ensured. For example, as a rule, never use aluminum rivets through a carbon laminate.
•	 Riveting used along with bonding of the surfaces to be assembled provides a gain in the 

mechanical resistance on the order of 20%–30%. On the other hand, the disassembly of the 
joint becomes impossible, and the weight is increased.

Some characteristics of rivets for composites are shown in Figure 6.8.

FIGURE 6.8  Different types of riveting.
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6.1.5 � Bolting

6.1.5.1 � Example of Bolted Joint
Let us look at a practical example that requires a bolted joint (simple case)3. Consider a sandwich 
panel fixed on a base support and subjected to simple loading represented by a shear load and a 
bending moment (see Figure 6.9).

A bolt fastening is envisaged. As shown in the schematics of Figure 6.10, even if the bolt is not 
tightened, it is in principle able to act to equilibrate the bending moment. However, the action of the 
shear load will work to separate the sandwich skins.

It is the torquing of the bolt that will allow contact pressure distribution between the base sup-
port and the skins. The sum of forces accruing from this contact pressure acting on the sandwich 
panel will balance out the overall shear resultant, while removing any risk of separation of skins 
(see Figure 6.11).

FIGURE 6.9  Fastening a panel using bolted joint.

FIGURE 6.10  Local behavior without bolt torquing.

FIGURE 6.11  Advantage of tightening torque.
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6.1.5.2 � Tightening of the Bolt
The tightening of the bolt is therefore mandatory.

•	 However, the laminated skins are fragile and cannot admit high contact pressures under 
the bolt head and under the nut: there is a need for local metallic devices, allowing a 
distributed pressure on a larger surface as shown in Figure 6.12.

•	 The bolting plus bonding of the surfaces provides a gain in mechanical resistance of 20%–
30%. On the other hand, the joint cannot be disassembled and is increased in weight.

6.2 � BONDING

Let us mention briefly that this common joining technique is based upon the adhesion by molecular 
attraction between two parts (the substrates to be bonded) and an adhesive that must be able to trans-
fer loads. We can list the following as main advantages of this fastening technique:

•	 Distribution of stresses throughout a large surface
•	 Possibility to optimize the geometry and dimensions of bonding area
•	 Lightweight of the mechanical connection
•	 Insulation and sealing properties of adhesive

6.2.1 �A dhesives Used

The adhesives used include

•	 Epoxies
•	 Polyesters
•	 Polyurethanes
•	 Methacrylates

In all cases, the curing process is shown schematically in Figure 6.13.
The current adhesives are resistant simultaneously to

•	 High temperatures (>180°C)
•	 Moisture
•	 Many chemical agents

FIGURE 6.12  Some configurations for bolted joints.
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The parts that have to be connected must be surface treated. This involves three steps:

•	 Degreasing
•	 Surface pickling
•	 Protection of the pickled surface

The case of metal/laminate bonding: Due to differences in physical properties of the constituents, 
the adhesive should compensate the differences between

•	 Thermal expansions
•	 Deformation under stress

The schematic in Figure 6.14 indicates in a strongly exaggerated manner the deformed configura-
tion of an adhesively bonded double-lap joint. This demonstrates the role of adhesive in the gradual 
transmission of the load from the center part to the external components4.

Failure of an adhesively bonded joint can occur from different manners, as indicated in Figure 6.15.

6.2.2 �G eometry of the Bonded Joints

As far as possible, adhesively bonded joint geometries should allow to meet the following specifications:

•	 The adhesive layer must be loaded in shear in its own plane
•	 A state of tensile stress in the adhesive layer should be avoided

FIGURE 6.13  Curing process of adhesive.

FIGURE 6.14  Deformation of a double-lap bonded joint.

FIGURE 6.15  Failure modes in a bonded joint.
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Consequently, transmission of load will be made in more or less favorable conditions depending 
on the joint geometry, as shown in Figure 6.16. A double-lap bonded joint comprising panels with 
tapered thicknesses is shown in Figure 6.17.

Transmission of torque is shown in Figure 6.18.

FIGURE 6.16  Some designs for bonded joints.

FIGURE 6.17  Double-lap tapered joint.

FIGURE 6.18  Design for torque transmission (see Section 20.1).
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6.2.3 �S izing of the Bonding Surface Area

6.2.3.1 � Strength of Adhesive
The strength of adhesive is characterized by its allowable shear strength ruptureτ . This strength varies 
with the curing process of bonding (cold bonding or hot bonding). For epoxy adhesive, the following 
values can be cited:

•	 For cold bonding, (Araldite®) adhesive thickness = 0.2 mm:

	
10 MPa at 20 C

3 MPa at 80 C

rupture

rupture

τ = °

τ = °

•	 For hot bonding, polymerization temperature is between 120°C and 180°C:

	 15 30 Mpa from 20 C to 100 Cruptureτ = − ° °

The diagram in Figure 6.19 shows, for example, a typical polymerization cycle for an epoxy adhesive.

6.2.3.2 � Design
•	 Denoting by ec the thickness of the adhesive layer, the typical values are

	 0.1 mm 0.3 mm≤ ≤ec

When the adhesive joint is especially thick, the adhesive should be filled with glass powder 
or with cut fibers.

•	 Scarf joint: This design of joint (see Figure 6.20) allows obtaining a sufficient bonding 
surface, with limited tensile stress

•	 Parallel joint: As illustrated in Section 6.2.2, there is bending of bonded parts. The geo-
metrical configurations are varied (see Figure 6.21)

6.2.3.3 � Stress in Bonded Areas
By focusing on a bonded area, the loading on bonded joint appears as shown in the right-hand side 
of Figure 6.22 (the bonded joint width is assumed to be unitary).

The state of stress in the adhesive (Figure 6.22) consists mainly in

•	 A shear stress τ
•	 A normal stress, so-called peel stress σ

FIGURE 6.19  Curing cycle of epoxy adhesive.
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These stress distributions show maximum values σM  and τM  very close to the edges along the 
longitudinal direction ℓ of the adhesive. These maxima can be approached by superimposition of 
the partial maxima created by each of the resultants , N T , and M f , respectively, by means of the 
procedure described hereafter:

	 a.	By writing,

	 ; ;
12

;
12

1
1 1

2
2 2

1
1 1

3 2
2 2

3α = α = β = β =G

E e e

G

E e e

E

E e e

E

E e e
c

c

c

c

c

c

c

c

Expressions in which
Ec is the elastic modulus of the adhesive
Gc is the shear modulus of adhesive

1E  and 2E  are the elastic moduli of the bonded parts 1 and 2 in the horizontal direction ℓ 
of the adhesive

, 1 2e e , and ec are thicknesses as shown in Figure 6.22

FIGURE 6.20  Scarf joint.

FIGURE 6.21  Configurations of parallel joint.

FIGURE 6.22  Stresses in adhesive.



144 Composite Materials

	 b.	Then we obtain
•	 Maximum shear stress values as illustrated in Figure 6.23
•	 Maximum peel stress values as shown in Figure 6.24.

Notes:

•	 The stress resultants , N T , and M f  are evaluated per unitary width of the bonded joint.
•	 When several resultant forces and moments exist together, the total maximum shear stress 

is obtained by superimposition of the maxima of shear stress values and the maximum peel 
stress by superimposition of the maxima of peel stress values.

•	 When the lower part is also subject to resultant force and moment, the previous estimate 
can be used, through permuting indices 1 and 2 and through changing the sign of the 
second member.

•	 The range of validity for these approximate formulas5 is as follows:

	 0.6 and 21

2

1

2

≤ α
α

β
β

≤

FIGURE 6.23  Maximum shear stress.

FIGURE 6.24  Maximum peel stress.
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	 91 2
2( )α + α × ≥

	 4 61 2
4 4( )β + β × ≥ ×

6.2.3.4 � Example of Single-Lap Adhesive Joint
For the single-lap adhesive joint below, and with the notations used previously,

	
;

2

;

1 2= = × + +





τ = τ + τ σ = σ( ) ( )( )

N F M F
e e

ef c

M M M M MN M f M f

This is relevant only if , ,1 2 1α α β , and 2β  remain in the range of validity indicated above.

6.2.4 �C ase of Bonded Joint with Cylindrical Geometry

6.2.4.1 � Bonded Circular Flange
The maximum shear stress value and the condition of nondamage are given in Figure 6.25.

6.2.4.2 � Tubes Fitted and Bonded into One Another
The maximum shear stress value and the condition of nondamage are given in Figure 6.26. For differ-
ent thicknesses and different materials to be assembled, see Application 21.1 “Cylindrical Bonding”.

6.2.5 �E xamples of Bonding

6.2.5.1 � Laminates
•	 In a laminate, orientation of plies that are in contact with the adhesive joint influences 

strongly the failure by fiber–resin decohesion. This can be easily understood through 
Figure 6.27.

FIGURE 6.25  Bonded circular flange.
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•	 Figure 6.28 shows how to achieve stepped thickness on the titanium side with intentionally 
nonsymmetrical design of the steps, with the aim of limiting the stress concentration in 
internal angles6.

•	 Sandwiches (see Figure 6.29): The bonding at the borders of sandwich panels must be done 
in a simple manner (especially for the preparation of the core) and with the best possible 
contact for the bonded parts, similar to the cases shown in Figure 6.30.

6.3 � INSERTS

In composite parts, it is sometimes necessary to use local reinforcement parts, or inserts, which may 
be used to fasten the concerned composite part to the surrounding structure or to attach equipment. 
The inserts carry the fastening devices and spread the loads introduced by the fasteners into the 
composite part.

FIGURE 6.26  Tube fitted and bonded into one another.

FIGURE 6.27  Importance of ply orientation in bonded laminates.

FIGURE 6.28  An example of laminate bonding.
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6.3.1 �C ase of Sandwich Parts

Metallic inserts into sandwich parts are frequently designed according to the schematics in Figure 6.31.

6.3.2 �C ase of Parts under Uniaxial Loads

•	 Tensile load: See Figure 6.32. See also Figure 7.49 “Composite propeller blade”, 
Figure 8.24 “Riser tube”, and Application 19.3 “Helicopter blade”.

•	 Compression load: See Figure 6.33.
•	 Tension–compression load: See Figure 6.34.

Arrangements that allow the increase of the bonded surfaces are shown in Figure 6.35.

FIGURE 6.29  Bonding of sandwich panels.

FIGURE 6.30  Borders of sandwich panels.

FIGURE 6.31  Inserts in sandwich construction.
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NOTES

	 1	 Nevertheless, an open hole reduces the mechanical capability of a laminate in a greater proportion 
than does a filled hole. The reason is that the presence of a fastening pin helps to maintain the shape 
of the hole and thus limits the deformation under load.

	 2	 When the aging of the part must be taken into account, an additional 10% factor must be applied on 
top of the others. Another approach consists of applying rather a knockdown factor on the allowable 
stress values or on strains.

	 3	 A more complete case of panel fastening is examined in Application 19.6 “Wing Tip made of 
Carbon/Epoxy”.

	 4	 See Application 21.2 “Double Lap Bonded Joint”.
	 5	 For more details, see Bibliography: Bigwood D.A. and Grocombe A.D.
	 6	 See also Application 19.6 “Wing Tip Made of Carbon/Epoxy”.

FIGURE 6.32  Composite parts under tensile load.

FIGURE 6.33  Composite part under compression.

FIGURE 6.34  Tension–compression load.

FIGURE 6.35  Devices to increase the bonded area.



7 Composite Materials and 
Aerospace Construction

A brief history shows that lightness and mechanical robustness requirements have early led aircraft 
manufacturers to move toward composite solutions:

•	 In 1938, the fighter aircraft Morane 406 (FR) had sandwich panels made of plywood core 
and light alloy skins.

•	 In 1943, the fighter aircraft Spitfire Supermarine (GB) was fitted with composite wing 
spars and some composite fuselage parts made of hemp fiber and phenolic resin.

•	 Glass/resin has been used since 1950. Combined with honeycombs, this composite enabled 
the manufacture of fairings with complex shapes.

•	 Boron/epoxy was introduced around 1960, with moderate development since that time.
•	 Carbon/epoxy structural parts were fitted on aircraft from the 1970s.
•	 Kevlar®/epoxy has been used since 1972.

The experience shows that the use of composites allows weight reduction from 10% to 30% com-
pared to a metallic design with equal performance, together with a cost reduction of 10%–20%.

7.1 � AIRCRAFT

7.1.1 �C omposite Components in Aircraft

Aircraft construction today uses a wide variety of composite components. They are listed hereafter, 
depending on the more or less important role they play in the aircraft integrity:

•	 Primary structure components (integrity is vital for the aircraft)
•	 Wing panel, wing tip, and wing box
•	 Vertical stabilizer (fin box), horizontal stabilizer (empennage box)
•	 Center wing box
•	 Keel beam
•	 Fuselage sections
•	 Pressure bulkhead

•	 Flight controls
•	 Ailerons
•	 Rudder, elevators
•	 Wing flaps
•	 Spoilers
•	 Winglets

•	 Fairings
•	 Belly fairing
•	 Flap track fairings
•	 Leading edge flap (slat)
•	 Trailing edge flap
•	 Wing fairings Karmans and pylon fairings

DOI: 10.1201/9781003195788-8
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•	 Engine nacelle and thrust reversers
•	 Doors, cargo doors
•	 Landing gear doors
•	 Radomes
•	 Tail cones

•	 Interior design
•	 Floors
•	 Cabin lining panels
•	 Doors

7.1.2 �A llocation of Composites Depending on Their Nature

Qualities and defects of composites and corresponding applications can be listed as follows.

7.1.2.1 � Glass/Epoxy, Kevlar/Epoxy
•	 Pros

•	 High static failure strength1

•	 High elastic allowable deformation
•	 Very good fatigue strength

•	 Cons
•	 Maximum operating temperature around 80°C
•	 Nonconducting material
•	 Higher areal weight compared to carbon/epoxy

These were used in fairings, cargo doors, landing gear doors, Karmans, radomes, and leading 
edge flaps. In most areas, glass and Kevlar have now been replaced by carbon on recent aircraft 
development.

7.1.2.2 � Carbon/Epoxy
•	 Pros

•	 High static failure strength2

•	 Very good fatigue strength
•	 Very good heat and electricity conductor
•	 High operating temperature (limited by the resin around 120°C)
•	 No dilatation
•	 Lower areal weight than glass/epoxy

•	 Cons
•	 More delicate fabrication (prone to manufacturing defects)
•	 Resistance after impact: two or three times less than glass/epoxy
•	 Material prone to lightning strike

This is used in wing box, wing tip, vertical and horizontal stabilizers, fuselage, center wing box, 
ailerons, spoilers, flaps, traps, struts, floors, and pressure bulkhead.

7.1.2.3 � Boron/Epoxy
•	 Pros

•	 High static failure strength
•	 High stiffness
•	 Very good compatibility with epoxy resins
•	 Good fatigue resistance
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•	 Cons
•	 Higher areal weight than the previous composites3

•	 Delicate implementing and handling
•	 High cost

This was used for vertical and horizontal stabilizer boxes.

7.1.2.4 � Honeycombs
•	 Pros

•	 Low specific mass
•	 High specific modulus and specific strength
•	 Very good fatigue resistance

•	 Cons
•	 Prone to corrosion
•	 Difficult to detect defects

Honeycombs are used to create the core of structural sandwich parts.

7.1.3 �F ew Comments

The construction using only glass fiber is increasingly neglected in comparison with a combination 
of Kevlar and carbon fiber for weight-saving reasons:

•	 If maximum strength is needed, it is then recommended to use Kevlar.
•	 If maximum rigidity is wished, it is then recommended to use carbon.
•	 Kevlar fibers possess excellent vibration damping properties.
•	 Because of bird impacts, hail impact, or impact from other particles (sand, dirt), the designer 

usually avoids the use of composites without metallic protection on the leading edges4.

Carbon/epoxy composite is a good electrical conductor but prone to lightning strike, with the fol-
lowing consequences:

•	 Damages at the point of impact: delamination, burning of resin
•	 Risk of flash event in fasteners inside fuel tanks (bolt heads or nuts)
•	 Need of mass bonding network for the electrical circuits situated under the composite 

element

In order to prevent this,

•	 Placement of a thin metallic mesh or glass fabric in conjunction with a very thin sheet of 
extended copper foil (20 μm)

•	 Spray of a protective aluminum coating (aluminum flame spray)

Temperature is an important parameter limiting the possible use of epoxy resins. Some carbon 
parts are made from bismaleimide resins, in particular for space industry. Bismaleimides are ther-
moset resins that soften5 at temperatures higher than 350°C instead of 210°C for epoxies. Another 
means consists in using a high-performance thermoplastic resin such as PEEK6 that softens at 
380°C. Laminates made of carbon/PEEK are more expensive than products made of carbon/epoxy. 
However, they present good performance at higher operating temperatures (continuously at 130°C 
and periodically at 160°C) with the following additional advantages:
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•	 Superior impact resistance
•	 Negligible moisture absorption
•	 Very low smoke generation in the case of fire

7.1.4 �S pecific Aspects of Structural Strength

•	 It is necessary to apply to aeronautical composite parts and subassemblies the principle of 
fail-safe design, which consists in predicting the first failure mode (e.g., delamination) and 
designing in such a manner that this does not lead to the complete collapse of the compo-
nent during the period between inspections. 

•	 Composite parts are more easily repairable than metallic ones. Repair methods are analo-
gous for laminates made of unidirectionals or fabrics7.

•	 As a result of the drastic reduction of the number of rivets compared to a conventional 
metallic design, smoother surfaces are obtained, leading to improved aerodynamic 
performance.

•	 The environmental aggressions and fatigue cycles do not lead to significant deterioration 
of the composite parts. Shown in Figure 7.1 are two typical fatigue cycles for an aircraft 
structure.

•	 The crash-safety airworthiness requirement is more difficult to fulfill with structures 
100% made of composite materials. Indeed, the energy cannot be absorbed by plastic 
deformation on the composite parts, because of the lack of plasticity of the latter. When 
well engineered, some metallic internal structures remain in place in order to continue 
providing plastic deformations required for crash-safety purpose.

•	 In cabin interiors, phenolic resins are mostly used for their good fire resistance, with low 
smoke emission. For the same reason, Kevlar fiber was replaced by a combination of glass/
carbon (lighter than glass alone and less expensive than carbon alone).

•	 It is possible to take advantage of the laminate anisotropy for the control of dynamic and 
aeroelastic behavior of the wing structures.

7.1.5 �L arge Transport Aircraft

7.1.5.1 � Example
The following examples give an idea of increasing trend in the use of composites in the main types 
of large commercial aircraft.

•	 Examples: Aerospatiale (FR), Airbus (EU), and Boeing (US) (Figure 7.2).

FIGURE 7.1  Typical fatigue cycles on an aircraft structure: (a) cyclic temperature and (b) cyclic loading.
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7.1.5.2 � How to Determine the Benefits
•	 The principle: The benefits can be explained by cascading consequences as illustrated in 

Figure 7.3.  
•	 Practicality: In fact, the introduction of composites in aircraft is limited to certain struc-

ture areas. It is done case by case and in a progressive manner during the life of the aircraft 
(improvement operation). This is accomplished after taking into consideration a number 
of factors.

•	 Notion of exchange rate: It is the cost of every kilogram that can be trimmed from the 
classical metallic design by substituting a mostly composite design. It can vary depending 
on the considered part. This cost is balanced out by the payload gain as described here.

•	 Notion of payload gain: It is the gain in terms of number of passengers, of increasing 
freight, or of fuel cost. For example, for a large commercial aircraft, the following applies:

FIGURE 7.2  Evolution of mass of composites in civil transport aircraft.

FIGURE 7.3  Cascading effect in mass reduction.



154 Composite Materials

•	 A 150-ton aircraft, with 250 passengers, comprises a 60-ton structure. A progressive 
introduction of 1,600 kg of high-performance composite materials leads to a gain of 16 
additional passengers along with their luggage.

•	 A mass reduction of 1 kg leads to decrease fuel consumption around 0.12 m3 per year.

Note: Why the mass saving (average about 20%) is not more spectacular?
Consider the example of a rudder. The mass balance of a composite rudder can be presented as 

follows:

•	 Carbon/epoxy skins: 30% of total mass
•	 Honeycombs, adhesives: 35% of total mass
•	 Attachment fittings: 25% of total mass
•	 Reinforcement of carbon/epoxy: increasing of thickness localized at the fastening systems, 

oversizing of carbon/epoxy
•	 Consideration of the aging and of thermal fatigue of carbon/epoxy: oversizing of facings 

(the stresses are magnified about 10% for a subsonic aircraft and about 13% for a super-
sonic aircraft)

Accordingly, the saving in terms of total weight compared to a conventional light alloy solution is 
only about 15%.

7.1.5.3 � Example: Civil Transport Aircraft A380–800, Airbus (EU) (Figure 7.4)
This has the following characteristics:

•	 Maximum takeoff weight (MTOW): 560 tons
•	 Maximum weight empty: 240 tons
•	 Percentage of composites: 25% of the structural mass (mass of carbon/epoxy, 40 tons)
•	 Some other specifications: length, 72.7 m; wingspan, 79.6 m; height, 24 m; payload, 55 tons 

(555 passengers) transported over a distance of 14,800 km

Among the main innovations in the use of composites are:

•	 The center wing box: this structural assembly is 7 m long, 7.9 m wide, 3 m high, and 11 tons 
heavy. It connects the wings to the fuselage. It is the main mechanical load-carrying area 
of the aircraft. The box consists of 50% by weight of carbon/epoxy (intermediate modulus 

FIGURE 7.4  Composites in an Airbus A-380.
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fiber) and of 50% of light alloy. The thickness of carbon skins reaches 44 mm in some loca-
tions. Mass gain is 1.5 tons compared to a metal solution.

•	 The upper fuselage with the use of MMC (metal matrix composite) panels (see Section 
7.1.9.3 and Figures 7.32 and 7.33).

7.1.5.4 � Example: Civil Transport Aircraft B 787–800, Boeing (US) (Figure 7.5)
The percentage of composites is 50% of the mass of the structure compared to 14% for titanium, 7% 
for steel, and 20% for aluminum (various others 9%). This aircraft is featured by a very important 
technological leap, with the merging of research and development and of industrial stage. The 
percentage of composites does more than double compared to previously existing aircraft of the 
same importance. In addition to the composite parts already produced in other large civil aircraft, 
we should note the introduction of:

•	 The wing boxes (carbon/epoxy)
•	 The fuselage (fiber placement using placement heads on rotating mandrel, with local rein-

forcements around openings such as windows, doors, and fastenings)
•	 Some other characteristics that follow: length, 56 m; wingspan, 51 m; and 217 passengers 

over a range of 15,700 km

7.1.5.5 � Example: Civil Transport Aircraft A350–900, Airbus (EU) (Figure 7.6)
•	 Some characteristics include the following:

•	 Length, 67 m; wingspan, 64.75 m; height, 17.1 m; fuselage diameter, 5.96 m; and 
MTOW, 268 tons

•	 315 passengers; cruising speed, Mach 0.85; range, 15,000 km; and ceiling, 13,000 m

The composites reach 53% of the mass of the primary structure compared to 14% for titanium, 6% 
for steel, and 19% for aluminum or aluminum–lithium alloys (various others 8%).

•	 Center fuselage
•	 Center wing box (see Figure 7.7): width 6 m × length 5.5 m × height 1.9 m; weight 5 

tons. It is made of parts assembled with up to 50% by weight of carbon/epoxy and with 
thicknesses up to about 20 mm.

FIGURE 7.5  Composites in a Boeing B-787.
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•	 Closing ventral beam called keel beam by aircraft manufacturers. This 16.5 × 4.3 m 
subassembly with a mass of 1,200 kg consists of 70% by weight of carbon/epoxy. It 
closes the fuselage in the hollowed out area of the main landing gear bay, thus ensuring 
the structural continuity of the fuselage. This significant substructure drives 700 tons 
of compression load.

On the two aforementioned components is fixed the central cylindrical part of the fuse-
lage or central fuselage. It is made of carbon/epoxy, 32 m length. The wing box is bolted 
on the center wing box at the wing root joint.

•	 Typical fuselage
The front fuselage and the rear fuselage are obtained each from a framework formed 

by the fuselage frames and by transverse junctional beams (which stabilize the shape of 
the fuselage and support the floor). This framework is covered by four panels in the form 
of stiffened cylindrical carbon/epoxy shells. The surface area of these panels may exceed 
90 m2. Their thickness varies (from less than 2 mm to more than 5 mm) in order to provide 
proper resistance to local loads in their relevant areas. Such a mechanical optimization 
leads to a reduced mass. In addition, in view of polymerization, this solution requires a 
smaller autoclave than for monolithic fuselage section. Furthermore, in case of fabrication 

FIGURE 7.6  Composites in an Airbus A-350.

FIGURE 7.7  Center wing box of Airbus A-350.
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defect or damage, the loss is limited to a single panel. These stiffened panels are fixed on 
carbon/epoxy common frames of varying thicknesses, by means of carbon/PEEK con-
necting parts or attachment fittings. Heavily loaded frames are made of titanium. The 
transverse junction beams are metallic (aluminum–lithium).

•	 Wings (see Figure 7.6)
The composite design allows removal of the wing center spar. This gets a wing box 

made up of lower and upper skins and of front and rear spars. This box is entirely in 
carbon/epoxy, stiff, and without differential thermal expansion. The lower stiffened skin, 
slightly larger than the upper one, is 32 m long and 6 m wide at the wing root, constituting 
the largest one-piece part of carbon/epoxy of civil aviation. The rear spar, 30 m long in 
three sections assembled, has a mass of 750 kg and a thickness at the wing root ranging 
from 25 to 30 mm. The front spar is 32 m long, with a mass of 900 kg.

7.1.6 �R egional Aircraft and Business Jets

7.1.6.1 � Example: Regional Aircraft ATR 72–600, ATR (EU-IT)
See Figure 7.8.

Equipped with powerful engines, this aircraft operates on shorter runways and maximizes the 
payload. It is worth noting that the turboprop engines emit less CO2 than turbojets for equal capacity.

MTOW, 22.5 tons
Cruising speed, 565 km/h
Autonomy, 1,600 km with 74 passengers (payload: 7,500 kg)
Two propellers (diameter 3.93 m) with six composite blades, Hamilton Sundstrand (US)–

Ratier Figeac (FR) (see Section 7.3.)
Introduction of fuselage composite panels in carbon/epoxy.
Aircraft Interior: Wall panels for windows and ceiling, luggage bins, cabin bulkheads, toilets, 

galleys, and trolleys made of glass–carbon/phenolic resin/Nomex® honeycomb. The decoration is 
done by a polyvinyl fluoride film (PVF) Tedlar®.

7.1.6.2 � Example: Business Aircraft Falcon 10X, Dassault Aviation (FR)
See Figure 7.9.

MTOW: 43 tons
Maximum cruising speed of Mach 0.925.

FIGURE 7.8  Composites in regional aircraft ATR 72.
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13,900-km Range
Cabin: 2.03 (height) × 2.77 × 16.4 m
Note: The use of carbon fiber in aircraft cabins and cockpits is growing rapidly. And besides the 

weight reduction, customers are now using its esthetic features to create a high-end look.

7.1.6.3 � Example: Cargo Aircraft WK2 and Suborbital Space Plane 
SST2, Scaled Composites (US)-Virgin Group (GB)

The cargo aircraft or “Mothership” VMS Eve White Knight 2 (WK2) carries the space plane 
VSS Unity SpaceShip2 (SST2) (see Figure 7.10) up to an altitude of 15 km. The space plane is then 
dropped and, powered by a rocket engine, leads six passengers and two pilots up to an altitude of 
110 km. Then, it descends in free fall and lands in gliding.

These two aircraft are entirely in carbon/epoxy (except for engines and landing gear) to reduce 
as much as possible the structure weight (see Figure 7.11).

FIGURE 7.9  Business aircraft Falcon 10X.

FIGURE 7.10  Operating principle of suborbital space plane.
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•	 Some features of WK2 carrier aircraft include the following:
Wingspan, 42.7 m, making it the largest all-carbon aircraft currently. The wing in car-

bon/epoxy is of this length.
Length, 24 m; external payload, 16 tons; and maximum flight altitude, 21 km.

With low specific fuel consumption and because of its particular architecture, it is in fact a multipur-
pose aircraft that is not only intended to take away the space plane but can also be used to

•	 Take on passengers with the aim of floating in weightlessness (zero-g)
•	 Allow experiments in microgravity
•	 Perform missions requiring higher elevation
•	 Carry other types of payloads, which can be put into orbit if needed (the payload carrying 

the satellite must communicate to the latter a horizontal speed of 27,720 km/h; it corre-
sponds to a 200 kg maxi satellite, put into low orbit of 160–2,000 km)

•	 Fight forest fires by carrying a large water tank in carbon/epoxy (this aircraft supports a 
large payload and a high load factor)

7.1.7 �L ight Aircraft

7.1.7.1 � Trends
Light aircraft comprise private aircraft, gliders, and drones. These new generations of planes are 
characterized by

•	 Extensive use of composite materials
•	 Renovation of aerodynamic solutions

Gains of payload, of range, and of cruising speed allowed by the use of composites are amplified 
even more on these types of aircraft. The following presents some all-composite solutions.

7.1.7.2 � Aircraft with Tractor Propeller
•	 Example: Drone Patroller, Safran-Sagem (FR)–Stemme AG (DE) (Figure 7.12)

In this type of plane (equipped as powered glider), the aircraft itself constitutes about 
20% of the price of the unmanned system. The equipment then forms a major part of the 

FIGURE 7.11  Cargo aircraft WK2 and suborbital space plane SST2.
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cost. Optionally with a pilot, the drone can also receive two seats. The engine is located 
behind the cockpit. A long shaft in carbon/epoxy passes between the pilots to operate the 
tractor propeller. The latter can retract into the front cone.

The airframe is composed of ready-built modules in carbon/epoxy assembled on a tubu-
lar central frame of steel, which also takes up the forces of the landing gear and receives 
the engine mounting cradle.

•	 Some characteristics include the following:
Wingspan, 18 m; weight of plane, 750 kg; and payload, 250 kg
Cruising speed, 300 km/h; altitude, 7.6 km; mission duration up to 30 h; and high load 

factor up to 6 g.
•	 Example: Training aircrafts for flight schools.

The current training planes are said to be fourth generation, which corresponds to the 
evolution illustrated in Figure 7.13.
•	 Aircraft with electrical engine, as shown in Figure 7.14
•	 Aircraft with heat engine, as shown in Figure 7.15

FIGURE 7.12  Drone with tractor propeller.

FIGURE 7.13  Four generations of light aviation.

FIGURE 7.14  Training aircraft Velis Pipistrel, Pipistrel Aircraft (SI).
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Notes:

•	 The structure of the Elixir aircraft is over 95% carbon, composed only of 8 large compo-
nents (wing, fuselage, rudder, elevator, and two ailerons and flaps). They are obtained by 
“One-Shot” technology for the fuselage as well as for the wing, by C3 Technologies (FR) 
specializing in the manufacture of competition boats (see Figure 7.16). This reverses the 
history sense as one can notice here that it is the naval construction that impels for carbon/
epoxy the monolithic manufacture in the aeronautical field: no spar, no ribs, no bonding, 
no bolts, and no rivets (see Figure 2.7).

•	 Table 7.1 summarizes the performance of two equivalent training aircrafts, typical repre-
sentatives of the fourth generation.

FIGURE 7.15  Training aircraft Elixir, Elixir Aircraft (FR).

FIGURE 7.16  Training aircraft Elixir, “one-shot” technology.
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7.1.7.3 � Aircraft with Pusher Propeller (Backward Propeller)
The pros and cons of principle are illustrated in Figure 7.17.

The change in center of gravity balance due to engine installation position requires a long propel-
ler shaft in carbon/epoxy or (and) a wing with a rear offset.

•	 Example: Civil drone Altair, NASA–G. A. Aeronautical Systems (US)
It is a pusher-propeller aircraft operated by remote control and developed to perform 

experimental missions of long duration and high altitude (see Figure 7.18). It is entirely in 
carbon/epoxy and Nomex.

•	 Some characteristics include the following:
Wingspan, 26 m; length, 10.4 m; total weight, 3.2 tons; and cruising speed, 390 km/h.
Payload, 320 kg at altitude of 15.8 km for mission duration up to 32 h. This payload may 

be extended to 1,360 kg for shorter missions with low-level flying.

7.1.8 �F ighter Aircraft

The introduction in the 1970s of composite secondary structures made of sandwich structures of 
carbon/epoxy, boron/epoxy, and glass/epoxy should be noted. Then, it will be the turn of primary 
structures in the 1980s. In addition to the previously mentioned specific contributions, the composite 

TABLE 7.1
Two Single-Engine Two-Seat Training Aircrafts

Two-Seat Single-Engine Aircraft  
Fourth Generation (All Carbon) 2020 Electric Engine Piston-Engine

Engine weight kg 30 60 (Rotax 912)

Engine power kW 60 74

Energy stored kWh 25 855 (Petrol 94 )

Recharge time minute 70 2.4 (Fuel pump 40 /min )

MTOW kg 600 544

Autonomy max hour 1,5 6

Cruising speed km/h 167 240

Operational autonomy at cruising speed km 250 1,440

FIGURE 7.17  Tractor and pusher propeller.
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parts of these aircraft must confer structural stiffness to wings that enable them to maintain the con-
trol effectiveness in a wider flight envelope than the other planes.

•	 Example: Fighter aircraft Rafale, Dassault Aviation (FR) (see Figure 7.19)
On this plane, great use is made of high-performance composite materials (carbon/

epoxy, carbon/PEEK, and Kevlar/epoxy): 29% of the airframe weight and three-quarters 
of the outer surface or wet surface of the aircraft. Thanks to the cascade effect (see Section 
7.1.5), the mass saving is 300 kg, which leads to an empty weight of the equipped aircraft 
of slightly less than 10 tons. In case of a metal construction, this weight would have been 
from 11 to 12 tons.

FIGURE 7.18  Pusher propeller: Civil drone Altair.

FIGURE 7.19  Rafale fighter aircraft.
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•	 Some characteristics include the following:
Length, 15.3 m; wingspan, 10.9 m; height, 5.34 m; empty mass of the equipped aircraft, 

9.67 tons; and weapon load, 6–8 tons
Maximum speed, Mach 2; low altitude range, 1,090 km; high altitude range, 1,850 km; 

rate of climb, 300 m/s; load factor, –3.6 g to +9 g
Figure 7.19 shows the main components using composites.

7.1.9 �A rchitecture and Manufacture of Composite Aircraft Parts

7.1.9.1 � Sandwich Design
	 a.	Sandwich with monolithic honeycomb

According to the nature of the component, two methods of fabrication can be 
distinguished:
•	 Multiphase manufacturing: The skins of the sandwich structure are polymerized 

separately and then placed on the honeycomb core previously shaped, with interposi-
tion of an adhesive film. After that, the assembly is polymerized following the process 
shown in Section 4.4.2, with the possibility of using an autoclave8.

•	 Monophase manufacturing: After the honeycomb core is machined, the wet skins 
are placed directly on this core. The assembly is polymerized using the same method 
as for the multiphase method.

•	 Example: Flap box (Figure 7.20)
The honeycomb core ensures dimensional stability of the component. However, the 

mass of the part is growing significantly with the thickness of the core.
•	 Example: Horizontal tail of a fighting aircraft (Figure 7.21)

Notes
•	 Drilling of the boron/epoxy laminate is avoided as much as possible. The operation is 

very expensive and needs ultrasonic machining, together with diamond tool.
•	 A problem is on the corrosion of metallic honeycombs. This corrosion is due to com-

bined action of water that gradually condenses in the honeycomb and of the mechani-
cal and thermal stresses (fatigue) that occur in the sandwich structure.

Remedies
Coat the metal foils constituting the honeycomb with a resin film.
Introduce an organic inhibitor that recognizes the potential points of attack and fixes itself 

there to prevent the reaction with water.
	 b.	Sandwich skin panels

When the part becomes too thick (range of 150 mm), the skins are stiffened separately by 
using a honeycomb core, according to the geometrical arrangements shown in Figure 7.22. 

FIGURE 7.20  Flap box.
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When the part is too long, the requirement of dimensional stability can require the inter-
position of intermediate longitudinal ribs.

Each component (skins, ribs) is first assembled and polymerized following the mono-
lithic technique described above.
•	 Example: Wing flap (Figure 7.23)

	 c.	Sandwich for the reinforcement of spars and ribs
Introducing honeycombs, as represented in Figure 7.24, can increase the torsional and 

flexural stiffness.

7.1.9.2 � Rib-Stiffened Panels
Rib-stiffened panels are common components in metal construction: the stiffeners are either assem-
bled onto the panel or integrated to the panel. In that case, they are designed as part on the panel 
itself and machined together with the panel. So, a parallel may be found when obtaining stiffened 
composite panels.

	 a.	Added stiffeners
The rib shapes used in conventional construction can also be found for composite stiff-

eners, as shown in Figure 7.25.
•	 Example: Wing box (Figure 7.26)

FIGURE 7.21  Horizontal tail.

FIGURE 7.22  Sandwich skin panels.
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FIGURE 7.23  Wing flap.

FIGURE 7.24  Reinforcement of spars and ribs.

FIGURE 7.25  Stiffeners shapes.

FIGURE 7.26  Wing box with added stiffeners.
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	 b.	Monolithic stiffeners
These are cured at the same time with the skins. The latter can support higher loads 

than the previous case, but with higher cost. The mode of fabrication is shown schemati-
cally in Figure 7.27 for the so-called omega stiffeners. The manufacture requires using 
removable cores such as
•	 Silicon core, whose part is thermoexpandable
•	 Hollow silicon core stiffened by means of compressed air
•	 Fusible cores at a temperature to the tune of 170°C, that is, a little superior to the 

polymerization temperature of the part
•	 Example: Ribbed plate (Figure 7.28)
•	 Example: Vertical tail skin (see Figure 7.29)

The carbon/epoxy stiffeners are obtained by combining the autoclave pressure and 
the thermal dilatation of detachable light alloy modules9. The steps of the process are 
shown schematically in Figure 7.29.

•	 Example: Outer wing
This is a portion of wing primary structure of aircraft ATR 72 (see Section 7.1.6). 

It consists of 2 carbon/epoxy panels with monolithic stiffeners, 2 carbon/epoxy spars, 
and 18 folded sheet ribs of light alloy as shown schematically in Figure 7.30.

The wing box’s weight is 260 kg (reduction of 65 kg compared to an all-metal solution).

FIGURE 7.27  Monolithic stiffeners.

FIGURE 7.28  Ribbed plate.
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Notes: Lightning protection of such a structure requires specific precautions such as:

•	 Incorporation of a conducting fabric made of bronze wires to the overall aerodynamic 
surface

•	 Installation of lightning conductors along the spars
•	 Protection of fasteners

•	 Example: Airbrake flap (Figure 7.31)

FIGURE 7.29  Vertical tail skin: (a) and (b) steps of draping, (c) finished part.

FIGURE 7.30  Outer wing.
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7.1.9.3 � MMC Panels
Figure 7.32 shows the upper fuselage area of an A 380 aircraft made up of GLARE panels (see 
Section 3.6.2.1). The total area is approximately 470 m2 for 27 panels. These skin panels are shaped 
and joined from aluminum sheets of limited width (generally, 1.5 m) and pre-impregnated plies 
ensuring continuity at the joints (see Figure 7.33).

7.1.10 � Braking Systems

Unlike the brakes of motor vehicles, the aircraft brakes are characterized by operating phases that 
are isolated in time and repeated in almost identical conditions from one landing to the next. These 
are heat absorption brakes, and they are operated for only a few seconds (about 20 s). Afterward, 
the cooling will perform gradually and monotonically. The heat coming from the transformation of 
kinetic energy is stored in the components participating in the friction phenomenon, which serve as 
heat sinks. These components must have the following characteristics:

•	 Being able to create a high braking moment that remains stable as the temperature increases
•	 Being able to support a very important thermal shock, on the order of 106 J/kg mass of 

the component
•	 Being refractory while retaining a good dimensional stability

FIGURE 7.31  Airbrake flap.

FIGURE 7.32  GLARE panels.

FIGURE 7.33  GLARE panels joining.
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•	 Being able to keep mechanical properties at high temperature
•	 Having a mass as low as possible

The corresponding brakes are of disk type. The candidate materials able to constitute these friction 
disks are compared in Figure 7.34.

Thus, the interest to use 3D carbon–carbon composite disks as seen in Figure 7.35 is obvious. 
They have, in the light of the required qualifications, the following characteristics:

FIGURE 7.34  Materials to constitute friction disks: (a) energy absorbed and (b) friction coefficient.

FIGURE 7.35  Carbon/carbon brake disks.
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•	 Their dynamic friction coefficient is stable with respect to temperature, varying from 0.25 
to 0.3.

•	 They resist thermal shock and are refractory until 1,600°C.
•	 They retain their mechanical properties at high temperature10.
•	 They are lightweight (specific mass of 1,900 kg/m3).

Example: Case of aborted takeoff on Airbus A340 (front landing):
Absorbed energy: 100 MJ; temperature: 2,000°C.

7.2 � HELICOPTERS

7.2.1 �C omposite Areas

This type of aircraft has undergone rapid change since the mid-1960s, thanks notably to composite 
materials integration in the airframe and the rotors. After the main rotor (blades and hub), compos-
ites were occupying more than 50% of the structure at the end of the 1980s. This latter became an 
all-composite structure, mainly in carbon/epoxy, during the 1990s (see Figure 7.36).

Compared to the previous metal construction, the weight savings are of

•	 15% for secondary structures
•	 Up to 50% for the working parts such as blades, power transmission, and command parts

7.2.2 �S ome Examples

7.2.2.1 � Helicopter H160 Airbus-Helicopter (EU) 2020
This aircraft (see Figure 7.37) is the successor of the Dolphin. It should be noted the five-blade 
rotor with boomerang-shaped blades (blue edge) to reduce noise emission and increase the lift. The 
Fenestron® that forms the antitorque tail rotor improves ground security and flight safety. In addi-
tion, it reduces noise (3–4 dB) and the aircraft drag. Its rotor is tilted about 12°, which allows it to 
contribute to lift and improve handling when slowing down.

Cruise speed: 285 km/h
Maximum speed: 315 km/h

FIGURE 7.36  Percentage of structural composites: MBB (DE); Eurocopter (FR–DE); Eurocopter (EU); 
Sikorsky Aircraft (US); Agusta-Westland (IT).
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Max takeoff weight: 5,670–6,050 kg
Maximum ceiling: 6,096 m
Flying range: 834 km

7.2.2.2 � Racer Airbus-Helicopter (EU)
The « Rapid And Cost-Efficient Rotorcraft » (Racer) Airbus (EU) 2022 (see Figure 7.38)

MTOW: 8 tons
Cruise speed: 400 km/h
Autonomy: 740 km
Composite transmission shafts: length 3 m, 3,000 t/min
Hybrid metallic-composite airframe. Some parts of primary structure are produced using addi-

tive manufacturing (see Section 2.2.3).
Double wing provides lift while minimizing perturbation of main rotor airflow.

FIGURE 7.37  Composite components in the helicopter H160.

FIGURE 7.38  Racer.
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7.2.2.3 � SB-1 Defiant Sikorsky-Boeing (US)
Coaxial twin rigid rotor system (see Figure 7.39). Each rotor rotating in the opposite direction to 
reduce the net torque of the other rotor. This design also improves lift (see Figure 7.40) and lowers 
maintenance costs.

Folding blades reduce machine footprint for parking and transport.
Composite fuselage and all blades.
MTOW: 14 tons
Cruising speed: 450 km/h
Range: 425 km

7.2.2.4  �V 280 Valor Bell-Lockheed Martin (US)
Military aircraft with two tilt-rotors (see Figure 7.41)

MTOW: 26 tons
Cruising speed: 520 km/h
980 km ≤ autonomy ≤ 3,900 km
Thermoplastic composites: V-tail and ruddervators
Access panels obtained from waste molding
Blades all carbon (Eagle Technologies (US))
The upper and lower carbon/resin wing skins are fixed to the wing box.

FIGURE 7.39  SB1 Defiant.

FIGURE 7.40  Advantage of twin rigid rotors.
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7.2.3 � Blades

7.2.3.1 � Design of a Main Rotor Blade
The blades are the key elements of these aircrafts. They consist principally of the following:

•	 Outer skins forming the box that ensures the aerodynamic shape of the blade and the tor-
sion stiffness (the blade does not twist under aerodynamic forces).

•	 A spar that resists the centrifugal tension on the blade as well as the flexure caused by the 
lift and drag loads11.  It is made of glass/epoxy (“R” glass, more resistant and less suscep-
tible to aging by humidity).

•	 A rear edge that stiffens the blade in flexure in the drag direction.
•	 A filler material (foam or honeycomb) that prevents the deformation of the outer skins, thus 

ensuring the shape stability of the profile.

Figure 7.42 shows the different parts of the blade.

7.2.3.2 � Advantages
The list of advantages obtained with this type of design is impressive.

The blade is molded (molding by assembly of two half shells under pressure). This solution 
allows designing an optimized profile, characterized by

•	 Variable chord and variable thickness
•	 Nonsymmetric and nonlinear twist of the blade profile
•	 Flapping and torsion stiffnesses, which can be controlled thanks to judicious usage of 

composite materials

7.2.3.3 � Consequences
The consequences are as follows:

•	 The takeoff weight is significantly improved.
•	 The cruising speed is increased for the same power.
•	 The cost of fabrication is reduced by 50% in comparison with conventional metallic 

solution.
•	 The cost of operation is reduced.
•	 The life duration of the blade is quite unlimited. None of the loads inside the flight enve-

lope of the aircraft can lead to fatigue fracture. The blade is nearly indestructible, even on 
appropriate testing machines.

FIGURE 7.41  V280 Valor.
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•	 For greater safety, the blade has a fail-safe design12.  An impact (projectile, collision) 
causes a local deterioration that does not lead to the fall of the aircraft.

•	 The repair of the blade is straightforward13.
•	 The blade is insensitive to corrosion.

Note: The blade, as designed, can become ultralight. However, the weight cannot go down below a 
minimum value that ensures the inertia needed for the good lift of the rotor.

7.2.4 �R otor Hub

This mechanical device is designed to enable the following:

•	 Rotation of the blades
•	 Flapping and dragging, that is, the small amplitude angular displacements of the blades 

during rotation
•	 Pitch control, that is, the control of aerodynamic profile incidence of the blades

To ensure these functions, the earlier metallic rotors were very complex. They consisted in many 
parts – with an extensive use of spherical bearings – and numerous points of lubrication. Thereby, 
the maintenance was very costly.

The modern rotors – in particular those developed from the 1970s by Aerospatiale (FR) and then 
by Eurocopter (FR–DE) – were designed by replacing these classical articulations by other suitable 
devices, allowing the creation of degrees of freedom by using elastic deformation of

•	 Composite elastic joints made of metal/elastomer
•	 Elastic laminated parts

FIGURE 7.42  Helicopter blade.
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7.2.4.1 � Example: Rotor Hub Starflex, Eurocopter (FR–DE)
This hub has the form of a four-pointed flexible star (see Figure 7.43) obtained by draping a large 
amount of balanced glass/epoxy fabric sheets and molding under heat and pressure.

The different degrees of freedom necessary for the operation are made possible by dedicated 
features as shown in Figure 7.44:

•	 The elastic arm ensures the angular deflection called lift flapping.
•	 The elastic articulation joint with spherical deflection acts like a ball and socket allowing 

for the rotation identified as pitch control on the figure. This translates into a variation in 
the profile incidence.

•	 The elastomer bearing allows for blade angular deflection out of the plane of the figure, 
which is called drag deflection.

The following are the consequences:

•	 A spectacular decrease in the number of components: from 377 pieces for a classical metallic 
solution with 30 bearings down to 70 pieces for a composite solution without any bearings

•	 Accordingly, a weight saving of 40 kg

FIGURE 7.43  Starflex rotor hub.

FIGURE 7.44  Details of the Starflex hub.
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•	 A reduced cost of fabrication
•	 A maintenance that is reduced in considerable proportion, lowering significantly the hourly 

cost of the flight
•	 An improved safety (greater reliability of the mechanical assembly)

7.2.4.2 � Example: Rotor Hub Spheriflex, Eurocopter (FR–DE), Airbus (EU)
It is characterized by an elastic ball and socket, which includes elastomeric layers between two rigid 
elements. The latter ensures spherical deflection and, thus, allows various angular displacements 
required: pitching, flapping, and dragging. The blade root is modified accordingly (see Figure 7.45). 
The number of components becomes extremely reduced, with a minimal design space (less than the 
volume of the previous solutions).

7.2.5 �O ther Working Composite Parts

They are mostly made of carbon/epoxy. The parts already in service include the following:

•	 Swashplate for the control of the pitch
•	 Pitch change links
•	 Pitch levers (see Figure 7.46) where the composite design leads to a weight reduction of 

45% as compared with the metallic solution
•	 Tail rotor blades
•	 Empennage
•	 Fenestron
•	 Transmission shaft to drive the tail rotor
•	 Tail boom (pylon)
•	 Winch lifting boom14

FIGURE 7.45  Spheriflex rotor hub.

FIGURE 7.46  Pitch lever.
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•	 Example: Aircraft Dauphin Eurocopter (FR–DE)

Notes

•	 Using composite materials reduces the radar signature of the helicopter.
•	 Damage caused by piercing projectiles to the blades, hub, and command links evolves 

more slowly in composite parts, allowing the aircraft to be able to return to home base 
(except for ammunitions with diameters higher than 20 mm).

•	 Crashworthiness15 requirements are more difficult to fulfill for a composite structure than 
for a conventional structure.

7.3 � AIRPLANE PROPELLERS

7.3.1 �P ropellers for Conventional Aerodynamics

The design of composite propellers for conventional aerodynamics is similar to helicopter blade 
design. These blades consist essentially of a composite torsion box associated with a metallic or 
composite spar.

7.3.1.1 � Example: Propeller Blade, Hamilton Sundstrand (US)-Ratier Figeac (FR)
	 a.	Propeller of the aircraft ATR 4216:

The design of the blade is shown in Figure 7.47.
	 b.	Propeller of the airplane Transall (FR–DE):

When the rotor diameter becomes important, the introduction of a spar in unidirec-
tional glass and a torsion box in carbon leads to a significant weight saving as indicated in 
Figure 7.48.
•	 Some characteristics include the following:

–	 Diameter of the four-blade rotor, 5.5 m
–	 Mass of a composite blade, 51 kg

Light Alloy Empennage Carbon/Epoxy Empennage

231 parts 88 parts

5,900 rivets 0 rivets

Mass = 1 Mass = 0.78

Overall cost = 1 Overall cost = 0.66

Light Alloy Rotor Hub Carbon/Epoxy Rotor Hub

293 parts 92 parts

Overall cost = 1 Overall cost = 0.35

FIGURE 7.47  Composite-metal propeller blade.
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–	 Weight saving as compared to a metal blade, 53 kg (mass of a metal blade, 104 kg)
–	 Total weight saving, 2 × 4 blades, or 430 kg

Note: The centrifugal inertia force at the blade root decreases from 105,000 to 30,000 
daN. This load is taken by a special position of the spar glass fibers, which are bonded to a 
steel part shaped like a tulip, together with a circumferential binding by means of filament 
winding of rovings. This allows for the fail-safe design. If there is disbonding from the 
tulip, the blade is retained on its base by the circumferential winding.

The propeller blade is described in Figure 7.49.
	 c.	Propeller of the airplane A400M Airbus (EU):

Each of the four propellers (two on each wing) is composed of eight blades of 5.33 
m-diameter and unitary weight of 47 kg (see Figure 7.50). If the form differs from the prec-
edent blade, the composite structure and manufacturing technique are similar.

FIGURE 7.48  Weight saving in using composites blades.

FIGURE 7.49  Composite propeller blade.
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The two propellers located on a same wing rotate in opposite directions, so that the 
blades go down between the two engines at the middle wing level. This design arrange-
ment creates aerodynamic benefits that bring a weight saving for the wing and the rudder. 
However, it requires two symmetrical forms of blades and a reversal of the direction of 
rotation of one motor out of two (interposition of a reverse gear).

7.3.2 � High-Speed Propellers

The high-speed propellers intend to drive commercial aircraft at a speed close to jet engine-
propelled aircraft (Mach 0.8–0.85 or more than 850 km/h). The interest of these propellers 
lies in a higher propulsion efficiency compared to jet engine’s one, as shown in the graph of 
Figure 7.51.

The feasibility of the concept of a nonducted propeller for a turbofan has been already demon-
strated in flight in the 1980s. The fan became an open rotor, with two high-speed propellers spin-
ning in opposite directions. Such a configuration reduces the weight and drag of the nacelle. Thus, 
the diameter may increase. This means that the dilution ratio is also increased (high bypass) and, 

FIGURE 7.50  Composite propeller.

FIGURE 7.51  Propulsion efficiency of propellers.
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thus, the engine performance. For a good aerodynamic and acoustic behavior, the propellers are 
characterized by a low thickness, a large airfoil chord, and a strong curvature of the blades made of 
3D woven carbon/resin (CFRP). The complexity of the geometry combined with important speeds 
of rotation (more than 4,000 rpm) requires such a composite design. With a very high dilution ratio 
of 30:117 and for a same speed, the fuel saving is of the order of 20% compared to an aircraft 
equipped with an engine of the current generation. Nevertheless, the challenge is to make these 
open rotors acoustically more competitive.

•	 Example: Open rotor, CFM International, General Electric (US)-SNECMA (FR) 
this open rotor consists of two counterrotating propellers (see Figure 7.52). The manu-
facturing process for the blades is the same as described earlier, with an RTM-injected 
torsion box.

Note: Current developments are also moving toward large open rotors in which the second crown 
of blades does not rotate. These variable pitch blades straighten the flow downstream of the fan. 
Example: Open Fan RISE, CFM International, and General Electric (US)-Safran Aircraft 
Engines (FR). With such an open rotor, it should be noticed that for a cruise speed of Mach 0.78 is 
expected a propulsion efficiency identical to that of a turboprop (see Figure 7.51).

7.4 � AIRCRAFT REACTION ENGINE

7.4.1 �T echnological Developments and Progress

Since the beginning of the 1960s, the fuel consumption per passenger of civil transport aircraft has 
decreased by 70% (currently 3 5 −  per passenger per 100 km traveled). Progress in motorization 
has contributed largely to this reduction. The need to reduce the mass of the jet engines leads the 
designers to introduce low-density materials as much as possible.

7.4.1.1 � Example: Jet Engine Leap®, CFM International, General 
Electric (US) – Safran Aircraft Engines (FR)

This new generation of jet engine presents an important weight reduction and an increased lifetime 
compared to prior generation. Beside the composite cowl of the engine, the following composite 
assemblies are noted:

FIGURE 7.52  Open rotor.
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•	 Fan: The blades and their containment case are made of composite materials, leading to a 
weight saving higher than 200 kg. The blade number is reduced by half (18 instead of 36), 
whereas the geometric complexity of the latter increases (see Figure 7.53). Significantly 
lighter with a mass divided by five, and more sustainable, these blades are obtained on the 
same design principle described above for the propellers, with a carbon/epoxy box made 
from 3D woven preforms injected by the RTM process (see Section 2.3.1).

Note: Here again, the consequences of composite design for the fan are to be noted:

•	 Low-pressure turbine: With temperatures about 1,000°C, it is equipped with refractory 
ceramic matrix composite (CMC) blades, leading to a weight saving of 125 kg.

•	 High-pressure turbine: The high-pressure turbine shrouds are made of composite with 
ceramic matrix.

Knowing that the temperature range in the combustion chambers of these machines is 1,600°C, we 
find the following:

•	 High-performance alloys for the rotating metal parts interacting with hot gases.
•	 Nickel-based superalloys that are not only essential components of the aircraft turbo-

shaft engines but also more widely used in the production of energy. They are poly-
crystalline for the disks and monocrystalline for the blades before the combustion 
chamber (high-pressure compressor) or after the combustion chamber.

FIGURE 7.53  Composite blade for engine fan.
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•	 New low-density alloys and intermetallic compounds. They are very resistant, com-
bining the high-temperature resistance of ceramics with the malleability of metals. 
This is the aluminide case (titanium aluminides). They are used for carter components.

•	 CMCs for parts in contact with hot gases downstream of the engine itself.
•	 MMC, usually titanium-based, with silicon carbide fibers (SiC) for next-generation disks.

7.4.2 �U se of Ceramic Matrix Composites (CMCs)

7.4.2.1 � Interest of CMCs for Aerospace Engines
CMCs were discussed in Chapter 3 (see Section 3.6). Remember that thermostructural CMCs are 
intended to be used at high temperature (1,000°C–1,200°C). They were originally developed for the 
space industry. When extending their use for aeronautical applications, the major problem was that 
of the duration of use. Indeed, while a rocket engine works for 1–10 min, the jet engine of a military 
aircraft performs thousands of hours, and in the civil field, durations of tens of thousands of hours 
must be ensured.

When comparing the performance of CMCs with Ni super alloys (Inconel remains rigid up to 
700°C), one can note:

•	 Weight saving: ρ ≈ × ρ1
3

CMC super-alloy

•	 Increase in operating temperature: T T− > °280 Cmax
CMC

max
super-alloy

Consequences:

•	 Less cooling air: better fan efficiency
•	 Engine runs hotter: more complete combustion: reduction in consumption and reduction 

in pollution.

7.4.2.2 � Applications
•	 C/SiC (carbon fibers/matrix silicon carbide): components of afterburner flaps on the engine 

of the fighter aircraft Rafale M88 Snecma (FR)
•	 SiC/SiC (silicon carbide fibers)/matrix of silicon carbide): flameholder rings and internal 

flaps of the jet engine M88 Snecma (FR)
•	 Silicon carbide fibers (SiC/matrix, glass-ceramic of lithium aluminosilicate): spacecraft 

engine parts by ONERA, Safran-Snecma, Dassault Aviation (FR), Airbus Group, and 
SEP (EU)

•	 Silicon carbide fibers (SiC)/matrix of silicon nitride–silicon carbide (Si3N4–SiC): molds for 
casting aluminum alloys (US)

•	 Ox/Ox (alumina fibers/alumina matrix): turbomachinery combustion chambers (ONERA, 
Safran-Snecma (FR), Volvo (SE), Rolls-Royce (GB))

•	 Silicon carbide fibers (SiC)/matrix of disilicide of molybdenum–silicon nitride (MoSi2–
Si3N4): parts for engines (NASA (US))

•	 Ox/Ox (alumina or aluminosilicate (mullite) fibers/matrix): glass-ceramic aluminosilicate, 
combustion chambers, nozzles, and missile noses (US)

7.4.2.3 � Example: Nozzle: COI Ceramics (US)/Rolls-Royce (GB)
In Figure 7.54, the mixer, an important component located on the back of a jet engine ensuring dilu-
tion of hot gas turbine output into cold flow of the fan, is made of composite with ceramic matrix 
Ox/Ox leading to a weight saving of 40%. In addition to advantages mentioned above (see Section 
7.4.2.1), one can add:
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•	 Manufacturability: ability to fabricate such advanced component that can’t be made with 
existing metallic materials

•	 Sufficient strength and modulus at high temperature to maintain lobe shapes, providing 
improved performance

7.5 � SPACE APPLICATIONS

It is undoubtedly in the field of launchers, shuttles, and satellites that the weight saving is the most 
crucial problem. Thus, exchange rate (see Section 7.1.5) can reach tens of thousands of dollars per 
kilogram for the launcher and satellite components.

7.5.1 �S atellites

The structure of satellites consists mostly of tubes and plates assembled. The structure should 
mainly do the following:

•	 Resist against average and fluctuating accelerations of the launch, counted as number of 
times the acceleration of gravity g( )= 9.81 m s2 , up to g×5  continuously and g×5  maxi-
mum amplitude for sinusoidal state, for frequencies up to 40 Hz. In order to avoid reso-
nance, the structure has to be very rigid. The rigidity constitutes the sizing criterion.

•	 Be quite insensitive to temperature variations (−180°C, +160°C) because of the precision 
optical instruments such as telescope and high-resolution camera. Here is the main ratio-
nale for the use of carbon fibers for tubular structures: they are characterized by a very low 
thermal expansion coefficient18 of about × −1   10 7per degree.

The primary structure of satellites can also include sandwich panels, with the following design 
specificities:

•	 Light alloy honeycomb cores (Nomex is not used19 due to off-gas emission in vacuum). 
No risk of corrosion exists between carbon skins and aluminum core, as there is neither 
oxygen nor humidity in the environment of parts in flight.

FIGURE 7.54  CMC (Ox/Ox) engine mixer
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•	 Laminate carbon skins, without midplane symmetry for maximum lightness. The skin 
thickness is of the order of 0.1 mm. Very twisted during demolding20, the skins are shaped 
against the aluminum core and then bonded. Hence, the overall midplane symmetry is 
obtained for the sandwich panel.

•	 Example: High-resolution visible (HRV) camera, Spot Image (FR)

It is the upper part of the satellite shown in Figure 7.55.

7.5.2 �P ropellant Tanks and Pressure Vessels

These tanks contain the combustible, fuel, or solid propellant providing the propulsion. They 
are made by winding impregnated carbon fibers strips up on a shaped mandrel. The mandrel 
must be resistant to thermal shrinkage after polymerization and designed to be removable (see 
Figure 7.56)21.

The efficiency of such filament-wound vessels is defined as

p

g
=

ρ ×
Efficiency ratio (meters)

( )
bursting pressure

composite specific weight

FIGURE 7.55  Camera high-resolution visible (HRV) spot.

FIGURE 7.56  Filament-wound pressure vessel.
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which is dimensionally homogeneous to a length, for example,

•	 Efficiency of glass/epoxy, 25 km
•	 Efficiency of Kevlar/epoxy, 35 km

These values justify the predominance of Kevlar/epoxy as the most frequently used material.
For some special cases of applications, the principle of the winding allows to get both tank and 

nozzle in the same part (see Figure 7.57).

7.5.3 �N ozzles

The propulsion nozzles for solid rocket propellant are characterized today by operating tempera-
tures reaching 3,000°C for several tens of seconds, with pressures ranging from a few bars to sev-
eral tens of bars22. The inner wall material disappears gradually due to decomposition, melting, 
vaporization, and sublimation. It is the nozzle ablation process. The suitable materials for playing 
such a role must, therefore, have

•	 A strong resistance to ablation at a high operating temperature
•	 A low specific mass
•	 A good resistance to mechanical and thermal shock

Figure 7.58 reflects the evolution of the nozzle structure until the advent of 3D carbon/carbon com-
posite materials whose mechanical properties are given in Section 3.6.

•	 Example: Carbon/carbon SepCarb® 23, SEP (FR) (Figure 7.59)

FIGURE 7.57  Monoblock tank and nozzle.

FIGURE 7.58  Development of nozzles.
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The amount of heat before ablation can reach 84   10 J/kg6×  of material. For example, the apo-
gee motor of the launcher Ariane, whose nozzle cone is made of carbon/carbon, has the following 
characteristics:

•	 Weight saving of 50% in comparison with previous nozzle design
•	 Gain on the takeoff thrust of 10% thanks to a higher allowed slenderness

Example: Nozzle cone with rosette stratification
Figure 7.60 shows the difference in constitution between this type of nozzle and a classic nozzle 

with concentric layers and gives a few orders of magnitude.
Compared to the concentric stratification, this design

•	 Allows more convenient machining (more precise work of the lathe tool)
•	 Is more resistant to delamination

FIGURE 7.59  SepCarb material for propulsion nozzle.

FIGURE 7.60  Nozzle in rosette form.
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7.5.4 �O ther Composite Components for Space Application

7.5.4.1 � For Engines
For refractory composite parts, see Section 7.4.

7.5.4.2 � For Thermal Protection
Two modes for the reentry into Earth’s atmosphere of an aerospace object can be distinguished:

•	 Rapid reentry with strong incidence: This is the case of ballistic missiles and manned 
space capsules. The heat flux is very high (on the order of 10,000 kW/m2) with a relatively 
short reentry duration. Depending on the intended application, the following materials are 
found:
•	 Heat sinks24 in carbon/carbon or in beryllium (case of ballistic ogive)
•	 Ablative materials (see the case of the nozzles above) for the manned space capsules

•	 Slow reentry with weak incidence: This is the case of hypersonic planes or space shut-
tles. The duration of the reentry is on the order of 2,000 s. The heat fluxes are weaker but 
can attain hundreds of kilowatts per square meter of the plane at the beginning of the 
entrance (80-km altitude), for example,
•	 500 kW/m2 at the leading edge
•	 100–200 kW/m2 on the shuttle underbelly

The reentry temperature reaches 1,700°C, or even 2,000°C at the shuttle nose. The thermal protec-
tions are of several types, depending on areas of the shuttle and the possible reuse of the heat shield:

•	 Heat sinks25 associated with insulation.
•	 Radiant heat shield (the wall of the vehicle reflects the heat flux it receives).
•	 Ablative thermal protective coating. The ablative material undergoes an endothermic deg-

radation by fusion, vaporization, and sublimation. The chemical decomposition absorbs 
the heat, and the vaporized gases cool the remaining protective layer, thereby decreasing 
the convective heat flux.

The areal masses of these devices are related to the upper temperature limit of underneath structure 
(see Figure 7.61).

FIGURE 7.61  Areal mass of thermal protection.
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•	 Example: Space shuttle, NASA (US)
Its use, which ended in 2011, has allowed many achievements and provided a vast tech-

nological experience. It had an empty weight of 70 tons.
Depending on the zones, composite coatings of carbon/carbon or silicon/silicon were 

used together with underneath boron/aluminum26 structural components (spacers, cross-
pieces). The operating temperature was of 300°C continuous and up to 600°C peak.

The shuttle underbelly was protected by composite tiles of silica/silica ceramic27, which 
constituted a radiant heat shield. They were separated from the underneath structure in 
light alloy or in laminated boron/aluminum by a sandwich of felt and nonflammable nylon/
silicon/Nomex honeycomb. There were about 30,000 tiles. Their assembly is shown in 
Figure 7.62.

7.5.4.3 � For Energy Storage
On board satellites and space stations, the systems using the composite flywheels for the supply of 
electric power and for the control of attitude provide a mass reduction of 25% as compared with 
conventional storage methods using batteries and gyroscopic means (specific power of the order of 
5 kW/kg of the device). In addition, composite flywheel devices can deliver high levels of specific 
power output, on the order of 100 kW/kg of the device.

The peripheral speeds can attain 1,400 m/s (carbon filament-wound flywheels) with rotation 
speeds from 40,000 to 60,000 rpm.

•	 Example: An energy storage module (US) (Figure 7.63)
•	 Total mass, 200 kg (occupied volume, 0.15 m3)
•	 Specific energy, 230 kJ/kg (total energy, 46,000 kJ)
•	 Peripheral speed, 1,100 m/s
•	 Figure 7.64 shows different designs for carbon/epoxy flywheels28.

FIGURE 7.62  NASA space shuttle.
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NOTES

	 1	 See Section 3.3.3.
	 2	 See Section 3.3.3.
	 3	 See Section 3.3.3.
	 4	 Impacts can create internal delaminations that are invisible from outside. This can also happen on the 

wing panels (e.g., drop of tools on a panel during fabrication or during maintenance work; see Section 
5.4.5).

	 5	 The mechanical properties of thermoset resins collapse when temperature reaches the glass transition 
temperature.

	 6	 See Section 1.6.
	 7	 See Section 4.4.4.
	 8	 See also Section 2.1.3.
	 9	 See Section 1.6 to compare the values of thermal expansion coefficients for light alloy and carbon.
	 10	 See orders of magnitude of mechanical properties in Section 3.6.
	 11	 See Application 19.3 “Helicopter blade”.
	 12	 See Section 7.1.4.
	 13	 See Section 4.4.4.
	 14	 See Section 1.5.
	 15	 See Section 7.1.4.
	 16	 See Section 7.1.6.
	 17	 Dilution ratio of 11:1 for current jet engines.
	 18	 See Section 1.6.
	 19	 See Section 1.6.
	 20	 See Section 5.2.3.
	 21	 See Section 2.1.7 and Applications 19.9 and 19.10.

FIGURE 7.63  Flywheel energy storage.

FIGURE 7.64  Some flywheel designs.
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	 22	 1 bar = 0.1 MPa.
	 23	 See Section 3.6.
	 24	 See Section 7.1.10.
	 25	 See Section 7.1.10.
	 26	 See Section 3.7.
	 27	 See Sections 2.2.4 and 3.6.
	 28	 See Application 19.5 “Flywheel in Carbon/Epoxy”.
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8 Composite Materials for 
Various Applications

We mentioned in Section 1.3 the diversity of industrial products and of consumer goods that incorporate 
composite materials. In this chapter, we focus on the industrial areas (excluding aerospace), where these 
materials have been introduced and are used significantly to increase structural performance.

8.1 � COMPARATIVE IMPORTANCE OF COMPOSITES IN APPLICATIONS

The graphs that follow allow comparing the importance of composite applications. In particular, they 
take into account the volume marketed for the main industrial applications concerned in Figure 8.1 
as well as the geographical areas in Figure 8.2.

8.1.1 �R elative Importance in Terms of Market Value

8.1.2 � Mass of Composites Implemented According to the Geographical Area

DOI: 10.1201/9781003195788-9

FIGURE 8.1  Percentage distribution of the total value according to application areas.

FIGURE 8.2  Composites implemented worldwide.

https://doi.org/10.1201/9781003195788-9
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8.2 � COMPOSITE MATERIALS AND AUTOMOTIVE INDUSTRY

8.2.1 �I ntroduction

Within each manufacturer product range, the mass of vehicles with combustion engines has been 
steadily growing over time. The average car weight (Europe) has increased from 846 kg in 1953 to 
1,250 kg in 2020, with a maximum of 1,283 kg in 2012. See the relative importance of masses in a 
car in Figure 8.3. 

8.2.1.1 � Examples

•	 Fiat 500 Model, Fiat (IT), which weighed 490 kg in its 1965 version and 960 kg in 2018.
•	 Golf Model, Volkswagen (DE) through seven generations the vehicle mass has increased 

from 800 kg in 1979 to 1,400–1,500 kg in 2017.

The main cause is the pressure from users to gain:

•	 Increased comfort by
•	 Increased dimensions of the car (height, footprint) for more room and loading capacity
•	 Improvement in equipment level (car radio, air conditioning, and navigation system)
•	 Improvement in noise and vibration damping

•	 Increased safety (by following the evolution of norms)
•	 Airbags
•	 Nondeformable cabin
•	 Electronic equipment
•	 Strengthened structural elements

Therefore, to maintain performance, the engine power must grow as well as the mass of the conven-
tional mechanical components, brakes, gearbox, etc., plus the vehicle structure.

8.2.1.2 � Relative Weight Importance of Materials
Composite materials have been introduced gradually in cars since the 1950s. They followed the 
polymeric materials, some of which are used as matrices. They appeared on decorative parts, in 
structure or mechanical parts, outside and inside the vehicle.

FIGURE 8.3  Mass distributions in a car.
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In Figure 8.4, the graph allows determining the relative weight importance of the main materials 
used in the manufacture of an automobile today. It should be noted that it limits the importance of 
mass proportion of polymer-based materials. However, although this mass may seem low, it should 
remain present in mind that the polymer density is about four times lower than that of steel and 
ferrous materials. This explains that the proportions by volume of materials with thermoplastic or 
thermosetting matrices as perceived when examining a vehicle could appear far more important. 

Automotive polymer materials are shown in Figure 8.5. Here, thermoplastic or thermosetting 
materials include the reinforcement/matrix composite material.

Thus, for a vehicle of 1,250 kg mass, the mass of thermoplastics and thermosetting represents 160 kg.

8.2.1.3 � Need for Making Cars Lighters
•	 Regulatory evolution

Within the context of the reduction of greenhouse gases emissions, European regulations limited in 
early 2021 to 95 g/km the average CO2 emissions of the cars produced.

Compared to this limit, the regulations evolve as indicated below:

2025: −15%
2030: −37.5%

FIGURE 8.4  Allocation in mass of materials in a car.

FIGURE 8.5  Mass distribution of polymer materials.
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A reduction of 1 g/km requires a reduction of 25 kg of the car. The need to reduce masses, therefore, 
becomes essential, and it must not impact costs excessively.

Consequences: areas of R&D for weight reduction

It can be seen that the mass saving has become more than ever a key concern (it is estimated that a 
100-kg weight saving can reduce by 30 kg the mechanical component mass).

•	 Improved design and manufacture of light alloy parts
•	 Improvement of manufacturing processes for composite parts suitable for large series
•	 Lightening of parts operating at high temperature
•	 Development of low-cost carbon composite parts
•	 Eco-design and recycling

8.2.2 �C omposite Parts

8.2.2.1 � Brief Reminder
We can see in Figure 8.6 a summary of the evolution of the proportion of plastics in a car. The 
introduction of reinforcements is slightly posterior.

A few dates for the emergence of mass-produced composite parts with reinforcement + matrix:
•	 The precursors, as shown in Figure 8.7
•	 1968: wheel rims in glass/epoxy in car S.M. Citroën (FR)
•	 1970: shock absorber shield made of glass/polyester in car R5 Renault (FR)

8.2.2.2 � Current Functional Design
The current functional design of automotive parts and subassemblies leads to retain materials that 
enable to satisfy technicoeconomic specifications:

•	 Function
•	 Production rates
•	 Durability

FIGURE 8.6  Evolution of the weight share of plastics in a car.

FIGURE 8.7  Composite parts in precursors. (a) 1955, Citroën DS 19 (FR), roof in glass/polyester, 70,000 
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•	 Cost
•	 Suitable to recycling 

With this in mind, the following can be listed:

•	 Benefits of polymer solutions
•	 Weight saving: up to 60% compared to a metal solution (100 kg of polymer instead of 

250 kg of metal).
•	 Cost reduction by reducing the number of different parts needed and by integration of 

several functions.
•	 Example: Crimped stud by comparison to the welded stud. The cost is reduced up to 80%.
•	 Easier to obtain complex shapes and surfaces.

•	 Drawbacks of polymer solutions
•	 Mechanical strength generally lower.
•	 Difficulties in dealing with the mass production speeds (1,000 vehicles per day).
•	 For external body parts, painting is performed at high temperature, as well as surface 

pretreatment (cataphoresis, 185°C).
•	 Potential obligation to protect employees against chemical risks or odorous substance 

emissions.

The composite parts consist in general the following:

•	 For reinforcements: glass, carbon, and natural fibers (flax, hemp, sisal, etc.) in various 
forms (continuous fibers, long fibers, short fibers, nonwoven fabric preformed or not)

•	 For matrices
•	 Thermoplastic resins: thermoplastic polyester, thermoplastic polyurethane, polyamide, 

ABS, polyethylene, polypropylene, PVC, and biodegradable (see Section 3.8)
•	 Thermosetting resins: epoxy, phenoplast, polyesters, polyurethane, phenolic, and bio-

degradable (see Sections 1.4 and 3.8)

The graph in Figure 8.8 shows the mass distribution of composites in a passenger car.
Figure 8.9 shows the diversity of car components made of polymer materials, reinforced  

or not.

FIGURE 8.8  Distribution of mass of composites in a car.



198 Composite Materials

FIGURE 8.9  Composite parts in an automobile.
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8.2.2.3 � Notable Composite Components

•	 Glass/polymer
•	 Short fiber

–	 Airbag housing
–	 Door module
–	 Air inlet manifolds, support for pedals
–	 Car body parts
–	 Dashboard structure
–	 Seat structure
–	 Door handle

•	 Long fiber
–	 Faceplate technical module made of composite metal: a composite part supporting 

dozens of components and equipment. It is obtained by compression SMC glass 
(30%–40%)/polypropylene (see Section 2.3.1).

–	 Wind deflector
–	 Energy-absorbing bumper
–	 Wheel arch
–	 Cowl grille
–	 Panel under tank
–	 Battery cover 

•	 Carbon/polymer
Apart from the case of competition cars and experimental vehicles (see further exam-

ple), the introduction of such composite elements is done in progressive stages for reasons 
of high cost and low production rates, but this introduction is real.
•	 Example: bumper of the vehicle M6 BMW (DE): mass saving of 47% compared to 

steel solution
•	 Kevlar®/polymer

•	 Example: tire SP 8000 Dunlop tires (GB)

As part of an evolution toward a tire said to be green, narrower with a larger diameter, and a higher 
air pressure, Kevlar replaces several components made of steel or nylon. The sidewall thickness is 
reduced by 10%. The mass gain is 30%.

8.2.2.4 � Notes

•	 In the engine compartment, polymers and glass/polymer can replace certain metal parts:
•	 Mechanical parts: housings, gears, bearing cages, lateral wedges of gearboxes, oil 

pump, and cylinder head cover made of glass/nylon
•	 Components resulting from integration of functions, reducing the number of parts: air 

intake compact module, including air filter, ducts and admission distributor, intake 
throttle valve, air mass sensor, and injection ramp

•	 Supply water pipe, shutter system, small supports, and engine dress-up
•	 Suspension

•	 Spring: one of the main features of unidirectionals, specifically the unidirectional 
glass/resin, lies in their ability to accumulate elastic energy. For example, in Figure 3.7, 
the force-deformation curves of metal and unidirectional materials can be compared. 
Thus, a glass/resin spring is theoretically capable of storing five to seven times more 
elastic energy than a steel spring with the same mass. This explains the interest to realize  
composite springs, particularly in the form of suspension elements.
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•	 Other advantages of composite springs
–	 Glass/resin composite springs are almost unbreakable because of their large elastic 

behavior range. A local damage causes a minor behavior change.
–	 It is possible to integrate several functions for a particular system, leading, inter 

alia, to a decrease in the number of parts and to optimal space occupancy and bet-
ter road handling.

–	 Important weight saving (see Figure 8.10).
Drawbacks of composite springs

It is the main difficulty to adapt the product to the requirements of the production: 
It is not sufficient to only demonstrate the technical feasibility; it is necessary 
to optimize the triplet product–process–production rate (up to several thousand 
components per day for the mass production).

The positioning on the market concerns leaf springs and torsion bars. The 
developments involve elastic parts with complex shape.

•	 Example: single-leaf spring (Figure 8.11). A multileaf metal spring is replaced by a 
single-leaf composite spring made of glass/epoxy ( 50%Vf = ).  

8.2.2.5 � Use of Natural Fibers
In the United States, the Ford Motor Company had built as early as 1938 an experimental car with a 
body of 14 composite panels from hemp/phenolic, 3-mm thick. In addition to a reduced mass (≈30%), 
this car showed a remarkable crashworthiness for that time. Nonetheless, the project was abandoned (O 
tempora, o mores!). Starting 2015, all new cars sold in Europe must be 95% recyclable1. The recyclability 
requirements constrain, in vehicle construction, the long-term development of conventional composites.

So today, a motor vehicle contains several kilograms of unseen composite parts made from natu-
ral fibers (hemp, flax, sisal, jute, kenaf, and abaca) (20%–30%) lighter than glass/polymer composite.  
This reduces the vehicle weight and the CO2 emissions and improves crashworthiness.

FIGURE 8.10  Comparison between metallic and composite springs.

FIGURE 8.11  Single-leaf composite spring.
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These natural fibers are associated:

•	 With thermoplastic matrices
•	 From nonwoven felts (500–2,000 g/m2) obtained by mixing natural and thermo-

plastic fibers (usually polypropylene). The mixture is carded and then needled. 
These felts are heated to 200°C and then disposed in a cold mold. Thus, rigid, light-
weight, and relatively resistant parts for the automotive and heavy goods vehicles 
are obtained.

•	 From compound.
•	 With thermosetting matrices

The reinforcement (e.g., a hemp mat) is used to create composite components for the vehi-
cle body by the SRIM process (molding with reactive resin injection; see Section 2.3).

Note: It is also noteworthy that a composite made of hemp and natural resin is starting to be used 
in the following parts:

•	 Rear window frames
•	 Under-the-hood parts
•	 Dashboards
•	 Door trim panels
•	 Side trim panels
•	 Armrests
•	 Inside roof panels
•	 Plates and lateral rear trunk protection
•	 Rear cover of spare wheel
•	 Seat backs
•	 Rear shelves
•	 Truck’s floors

Other relevant small and medium injected parts

•	 Propeller fan for cooling
•	 Inserts
•	 Air intake systems
•	 Container valves
•	 Brake blocks strengthened by addition of fibers
•	 Parts of clutch
•	 Parts for rearview mirror
•	 Airbag casings (if an accident occurs, the rupture of the hemp/resin composite does not 

make dangerous shards)

8.2.3 �R esearch and Development

The introduction of composites will continue to grow in order to reduce the vehicle mass with 
the underlying goal of an average weight of 850 kg. Accordingly, in addition to the increased 
integration of functions like in the cases of bumper, bumper beam, front-end technical module 
with reduced cost and its accessories (fan unit, radiators, and headlights), and cones of energy 
absorption connected to the chassis side members, their extension now concerns the following 
parts.
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8.2.3.1 � Structure

•	 Chassis
•	 Floor
•	 Bumper

8.2.3.2 � Mechanical Parts

•	 Suspension wishbones: parts injected RTM with accelerated cycle (<10 min) character-
ized by fibers of varying lengths ( 50%Vf ≈ ) and aluminum inserts

•	 Brakes: carbon/carbon (C/C) or C/Sic (see Section 3.7) for sports cars: long life (up to 
300,000 km) because of low abrasion, constant friction coefficient even in humid or cor-
rosive environment. The mass is 60% of that of a cast iron disk.

•	 Composite transmission shaft for 4WD vehicle
•	 Rack-and-pinion steering gear housing made of glass/polyamide or carbon/epoxy
•	 Engine compartment: bearing cage, seals, bushing, shaft sleeve and ring, and gears in 

carbon/PEEK (melting temperature higher than 340°C)

Note: Attention is drawn to composite parts in light alloy matrix with the following reinforcements 
( 15% 20%Vf = − ):

•	 Short fibers (alumina) of length less than 150 μm, improving the temperature withstand: 
local stiffening of conrods and pistons and valve spacing on valve block

•	 Particles (alumina, silicon carbide) improving the temperature-withstanding property and 
resistance to wear: cylinder head, brake disk, transmission shaft

8.2.4 � Motor Racing

The following example gives an overview of the use of high-performance composites in a competi-
tion car.

•	 Example: Formula 1 competition car R31 Renault (FR) (Figure 8.12)
•	 Overall mass comprising the driver, the cameras, and the ballast: 620 kg.
•	 Artificial weight obtained through the airfoils: 1,250 daN at 260 km/h.
•	 Composite construction of carbon/epoxy mounted on a tube chassis that must not 

exceed a mass of 35 kg.

Examples Mass

Weight Saving Compared to the 
Metal Solution

Cost
Metal and 
Composite Glass Carbon

Prototype of chassis for a four-seat vehicle in sandwich 
material with composite skins and polypropylene 
honeycomb core

160 kg   47%  

Rear hatch compression-molded SMC  15% 25%  

Prepreg carbon/thermoplastic for semistructural parts 
of rear floors

15%   1

 38%  1.2

 47% 2.2
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•	 Carbon/carbon brakes: a heavy braking from 340km/h to 100km/h in 2.8s corresponds 
to a load factor of ( 2.5) g− × . The disk temperature can reach up to 1,200°C. For every 
fraction of a second of delayed braking, thisv load factor increases, with a competitive 
strategic advantage for the race: a Grand Prix race matches more than 600 braking 
actions, 200 of which can be considered to be heavy.

•	 CMC coatings for exhaust pipes and clutch disks of formula 1 (see Section 3.7). 

8.3 � WIND TURBINES

The electrical energy production from wind turbines is growing very rapidly, and such growth 
should undoubtedly continue in the medium term as shown in Figure 8.13 for the global wind power 
cumulative capacity. 

8.3.1 �C omponents

The structural components of an industrial wind turbine typically consist of three blades, a rotor 
hub, a nacelle containing the equipment, and a vertical tower. These devices produce currently 
power ratings ranging from 850 kW to 3 MW, corresponding to a maximum height of rotor axes 
greater than 120 m with rotor diameters that can exceed 100 m. The current trend is as follows:

•	 Diameters from 130 m to 150 m
•	 Height from 150 m to 180 m and power ratings up to 4 MW.

FIGURE 8.12  Formula 1 competition car R31 Renault (FR).
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Note: The actual average power of a wind turbine is between a quarter and a fifth of its power rat-
ing2: thus, a wind turbine with a power rating of 2 MW should deliver an actual average power of 
400 500 kW−  because its operation is discontinuous.

•	 The tower: it is made of metal with tapered shape (base diameter 7 m for a 110 m height 
tower). It positions the rotor at heights where the wind is stronger and allows a maximum 
blade length.

•	 The rotor: it consists of three composite blades with lengths between 25 and 60 m and 
more, bolted on a rotor hub enabling the blade adjustments. These blades rotate at a rate 
of 10 20 rpm− . This rotation speed remains low even in strong wind, and, thus, the cen-
trifugal field does not stiffen the blade as for a helicopter blade (see Application 19.3). 
Consequently, the blades are bending under the wind action. In addition, because the mast 
is tapered, the blade that moves downward gets close to the tower wall, and the contact of 
this blade under bending with the tower must be prevented. Thus, the rotor needs to have 
its axis tilted slightly upward (a few degrees), helping to move the blade away from the 
lower tower section. 

•	 The nacelle: this swivel component is located at the top of the tower. It automatically 
adjusts itself to keep the rotor facing the dominating wind in order to allow maximum 
efficiency. It houses the main mechanical and electrical components of the wind turbine: 
high-speed and low-speed shaft, speed multiplier (when the drive is not direct), brake, and 
electric generator. The coupling between the multiplier gear and the generator includes a 
flexible intermediate glass/epoxy ring. The nacelle also contains the device for the pitch 
control and the system that positions the rotor facing the wind. The nacelle fairing is usu-
ally glass/polyester made with acoustic-absorbing coating.

•	 The blades: the smaller blades can be manufactured with cheap materials such as glass/
polyester, laminated wood, or aluminum. The longest blades currently weigh 18 tons and 
more each. They are made of glass/epoxy and (or) carbon/epoxy. With carbon, the weight 
saving is considerable: 32 m blade weighs 6 tons in glass/polyester and 3 tons in carbon/
epoxy. The blade design is based on aeronautic applications: a spar resists in bending, and 
a closed box (blade skin) is torsion resistant. The blade generally consists of three parts, 
spar, upper skin, and lower skin (see Figure 8.14).

FIGURE 8.13  Evolution of Installed Rated Wind Power (world total cumulative capacity).
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8.3.2 � Manufacturing Processes

The most widely used manufacturing processes for the manufacture of wind turbine composite 
blades are the filament winding, prepreg molding, resin infusion molding, and RTM:

•	 Filament winding lends itself well to the torsion box constitution but does not allow plac-
ing the fibers along longitudinal axis. Moreover, only convex shapes are feasible, eliminat-
ing profiles with accentuated concave curvature of the lower surface.

•	 Prepreg molding is used for the following:
•	 For the upper and the lower surfaces of large blades: partially, a sandwich structure 

with core in closed cell foam of styrene acrylonitrile. The use of special prepreg plies 
on the skin surface avoids using the gel coat.

•	 For the spars made of glass-carbon/epoxy: I-shaped (web + flange) or in the form of a 
closed rectangular box.

•	 Resin infusion molding is a process well suited to obtain an upper and a lower shell due 
to their geometric shape that excludes any area that is locally complex (see Section 2.1.4).

•	 RTM in a closed mold with internal compaction to obtain a complete blade.

For the blade attachment on the rotor hub, spar fibers are rolled up around steel sockets and adhesively 
bound. A compound of glass/resin and resin/foam fills in the gaps between the fibers coming from the 
spar3. For the connection between the blade (steel sockets) and the hub (bolted crown), see Figure 8.14.

•	 Example: Wind turbine SWT-2.3–113 Siemens (DE)
•	 Power rating: 2.3 MW
•	 Electric generator in direct drive (halving of the number of parts of the rotating assem-

bly, elimination of specific operating problems of a speed multiplier)
•	 Three glass/epoxy blades with a seamless one-piece design

–	 Length: 55 m
–	 Root chord: 4.2 m
–	 Tip chord: 0.63 m
–	 Area swept by the rotor: 1 ha
–	 Rotation speed between 6 and 13 rpm

•	 Masses
–	 Rotor: 66.7 tons
–	 Nacelle: 73 tons
–	 Tower (minimum height 100 m): >200 tons

FIGURE 8.14  Wind turbine blade.
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8.4 � COMPOSITES AND SHIPBUILDING

We know about the great consumption of composite glass/polyester and polymer foams in the man-
ufacture of pleasure boats of all types as well as of medium-sized vessels. This fabrication method 
started as early as the 1950s and is now classical. Also classical are the associated problems, com-
prising the phenomenon of osmosis damage on hulls and problems of dismantling due to the accu-
mulated amounts of ships4. In relation to the last point, ongoing R&D efforts to introduce natural 
fibers should be mentioned, for example, (FR):

•	 Small sailboat (6.5 m) with 50% of the structure in linen/epoxy (hull, deck, helm, and foot bar)
•	 Sea kayak made of fully biodegradable composites (reinforcement and matrix)

8.4.1 �C ompetition

It continues to be characterized by the use of composites with carbon reinforcement.

8.4.1.1 � Example: Ocean-Going Maxi-Trimaran
This example concerns the Ocean-Going Maxi-Trimaran Banque Populaire XI designed by CDK 
Technologies/VPLP Design (FR) (see Figure 8.15). The structure, appendages, and spars (masts) 
of this large trimaran are made of carbon/epoxy.

Weight (fully fitted): 16 tons; Draft 5 m<
Max speed: 50 knots or 92 km/h
Average speed: 35 knots or 65 km/h
Note: no motorboat can follow such a sailboat during a round-the-world trip.

•	 Advantages of the trimaran formula
For a platform of this size, the triple hull configuration is lighter than double hulls. It 

offers, in addition, other benefits:
•	 A precisely localized control zone: the crew is almost never exposed in the safety nets 

known to be dangerous.
•	 The opportunity to optimize the weight balancing, the cockpit area, the maneuvering 

zones, and the integration of adjustment devices.
•	 Four submerged appendages make the boat fly up to 1.5m above the water: the central 

hull rudder, the leeward foil, the leeward float rudder, and the central hull rudder. On 
the leeward float, the curved foil (see Figure 8.15) goes down in water to relieve this 
float (thanks to its curvature) for the purpose to limit the drag, thus acting on the speed 
and on the vessel’s trim. 

•	 Structure
The structure of the X-shaped platform is made of sandwich carbon honeycomb 

Nomex®, or sandwich carbon–PVC foam, according to the areas. For each of the parts 
of the boat, a model is prepared, then two female molds, and finally the piece (two half 
shells). Curing at 120°C under vacuum is performed in an oven up to 45 m in length × 10 m 
wide × 8 m high. The shells are then assembled. The skins are preimpregnated fabrics in 
carbon/epoxy, compacted, and cured under vacuum.

Sandwich areas with foam core:
•	 Under the fairings of the linking arms
•	 On the shell plating of each float, between the two linking arms (parts in one piece of 

18-m long and 1 m wide, requiring only one vacuum placing instead of several in the 
case of the honeycomb); finishing with epoxy undercoating and paint.

The spars and particularly the main mast are obtained from carbon/epoxy prepregs 
molded and cured in a tubular autoclave with prior incorporation of the rails.
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•	 Sails
Sails North Sails (US). Five sails: mainsail, large gennaker, small gennaker, genoas, 

and jib. Sail surface upwind: 610 m2. Sail area downwind: 890 m2.
They are made of ultrathin unidirectional filament tapes, thin layers of unidirectional 
prepregs (≈25 μm thickness) of polyethylene, carbon, or aramid, preimpregnated with a 
thermosetting adhesive, arranged in a multidirectional orientation (automated tape place-
ment) and molded on a mold made of a one-piece membrane (3DL technology for “three-
dimensional laminated”). The resulting sails allow flexion without loss of strength.

8.4.1.2 � Example: Monohull IMOCA 60
(IMOCA for “International Monohull Open Class Association”)

Hull: 18.3 m (60 feet); width: 5.85 m; weight: 9 tons; speed: up to 70 km/h (38 knots); and  
55 km/h (30 knots) continuously.

Entirely made in monolithic and sandwich carbon
As shown in Figure 8.16, the current versions (2022) make it possible to lift 100% of the boat’s 

weight (9 tons), which can, therefore, “fly” above the water surface from 22 to 28 km/h (12–15 
knots). Gain of up to 18 km/h (10 knots).

FIGURE 8.15  Maxi-trimaran Banque Populaire XI.
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•	 Foils: Long and thin carbon fiber blades: 5–6 m. They are made up of three parts:
•	 The shaft: the longest part, most often straight,
•	 The supporting plane: the curved part,
•	 The tip: the straight and more or less vertical part, which serves as an anti-drift plane.

Foil thrust: 3 tons. The deflection under load can reach 1 m
The foils are effective at certain speeds from reaching to downwind.
The leeward foil and the keel tilted to the wind allow the boat to “lift off”, that is to say 

to lift the hull at downwind speeds in order to reduce the drag and the wet surface and, 
therefore, increase the speed.

•	 Keel: Bulb weight: 3 tons. The keel is pendular, actuated by a hydraulic cylinder. Lateral 
angle 40 40− ° ≤ θ ≤ + °.

The inclined keel blade generates lift. The keel also makes it possible to straighten up 
after a capsize.

It is associated with ballasts.
•	 Ballasts: 10 in total. Side: 1,000 kg, rear: 350 kg in order to maintain the balance of the 

boat when it passes through the waves (average list: 15°).
•	 Mast and outriggers: carbon tubes. The wing mast supported by giant outriggers pivots 

on its axis to promote laminar airflow. 
•	 Rudder blades: one on starboard and one on port. Straight or curved, they slow down the 

lateral drift of the boat upwind. They are pivoting or sliding in the “drift well”.
•	 Sails: Sloop rig type.

FIGURE 8.16  Monohull IMOCA 60.
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Sail upwind: 350 m2

Asymmetric spinnaker: 400 m2

Righting moment: 25.5 tons m×  for 25° of list.
Note: very hard physically for the skippers: loud noises and violent shocks due to the waves and 

the brutal “take-off-ditching” transitions.

8.4.1.3 � Example: Single Scull
See Figure 8.17.  

8.4.1.4 � Example: Surfboard
See Figure 8.18.

FIGURE 8.17  Single scull.

FIGURE 8.18  Surfboard.
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8.4.2 � Vessels

In the defense area, some glass/resin composite boats are built with lengths exceeding 50 m, as well 
as some superstructures of larger vessels. One example is an element of frigate of mass 80 tons on 
length 125 m, which lightens the ship with respect to the metallic solution.

•	 Example: Oceanic Minesweeper (FR) (see Figure 8.19)
Catamaran hull: length 52 m; width 15 m; molded in eight parts, implementing 300 tons 

of composite glass/polyester of monolithic structure or sandwich structure with balsa core 
for walls and bridges.

8.5 � SPORTS AND LEISURE

8.5.1 �S kis

8.5.1.1 � Equipment of a Skier
The significant use of polymers reinforced or not must be noted in the equipment of a skier today:

•	 Clothing: polyesters and polyamides.
•	 Helmets, sunglasses: polyurethane, polymethylmethacrylate, polycarbonate, and poly-ABS.
•	 Shoes: polyurethane, polyamide, and polypropylene.
•	 Ski: Different types of skis are adjusted to numerous practices (Alpine skiing, Nordic ski-

ing, etc.), as well as to levels of skiers. The current ski shows another typical example of 
the advances enabled by the development of the means of simulation for the definition of a 
complex product and of its associated manufacturing tools. It should be noted, in particu-
lar, the treatment of the change in the shapes of downhill skis (the parabolic ski), which 
reduced the skier turning radius by half.

FIGURE 8.19  Oceanic minesweeper.
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8.5.1.2 � Main Components of a Ski
The requirements for a ski are as follows:

•	 Need to be lightweight
•	 Admit large elastic displacements in bending without breaking, for example, for a ski in 

three-point bending, of thickness 15–20 mm in central part and 7–8 mm at the ends: deflec-
tion of 100 mm under an ultimate central force of 500 daN

•	 Be torsionally rigid
•	 Ensure vibration dampening
•	 Structure

This part determines the elastic behavior and resistance of the ski. It is assembled 
around a central core. The transverse sections are shown in Figure 8.20. 

•	 Core: It occupies the heart of the ski structure. When participating in the flexural stiff-
ness (this is the case for 50% of the skis), it is a glue-laminated structure with several tens 
of vertical slats of lightweight wood: ash, poplar, and okoume. The composition can vary 
from the center to the ends. In addition, wood has damping properties and is insensitive to 
temperature changes. Also, the polyurethane foam (molded cores) is used, which is resis-
tant to moisture, or the Nomex honeycomb. 

•	 Facings: they are of
•	 Metal: Zicral A97075 (7075), titanium
•	 Composite:

–	 Carbon/epoxy: oriented ±45° for the torsion box
Unidirectional in the upper part, as a result of a good compressive strength.

–	 Kevlar/epoxy: in the lower part (good tensile strength, elongation at break impor-
tant, damping) (Figure 8.21)

FIGURE 8.20  Transverse section of a ski.

FIGURE 8.21  Ski structure.
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•	 Edges
Placed laterally, they protect the core.

•	 Running surface edges
Dimensions: approximately 7 × 2 mm, punched out and reshaped sheet metal (curved to 

the shape of the ski), made from quenched and tempered spring steel of high strength and 
high wear resistance (e.g., steel X39 CrMo17-1).

•	 Soleplate
A (good) skier moves at speeds of 20–40 m/s. The sole has to function as follows:

•	 Create the thin film of air-water mixture formed in contact with the melt snow and 
evacuate it. To do this, it has special grooves that structure its surface.

•	 Resist abrasion.

It is usually made of polyethylene (hydrophobic), possibly filled with carbon particles.

Note: Dampening is increased through composite viscoelastic metal/polymer plates placed at the 
upper external part and inside of the ski under the core.

8.5.2 � Bicycles

As for a skier, the equipment of the cyclist is largely based on polymers.

8.5.2.1 � Machine
Since the first Tour de France in 1903, the winner’s speed has increased in a century from 20 to  
42 km/h. At the same time, the mass of the machine decreased from 20 to 7.7 kg.

Today, this mass is limited to a statutory minimum of 6.8 kg actually reached in the races through 
the use of carbon/epoxy. The minimum masses reached for frames (less than 0.85 kg) and wheels 
(0.55 kg) associated with Kevlar saddles enable to make lighter machines. In 2011, the collaboration 
of 21 companies allowed to get an experimental machine of 2.85 kg whose nearly all of the parts 
were in carbon/epoxy.

Note: The contribution of natural fibers should be also pointed out, with an association flax car-
bon for the bicycle frame resulting in increased vibration damping.

8.5.2.2 � Other Specific Equipment

•	 Cycle helmet
It is very light (average weight of 250 g), with an outer shell in polyethylene, polycarbon-

ate, or carbon/epoxy (which, more resistant, allows greater ventilation) and an inner shell 
polystyrene.

•	 Cycling shorts
•	 Polyethylene, polypropylene, and polyurethane (Lycra®) for the stretch textiles allow-

ing muscle compression and vibration reduction.
•	 Polytetrafluoroethylene for breathable fabrics: the Gore-Tex® fabric has more than 10 

million pores per mm2. These pores are 20,000 times smaller than a drop of water, 
making the fabric waterproof, but they are much larger than clusters of molecules 
resulting from perspiration, which can pass through.

•	 In fabrics with thermoregulation: with microcapsules of paraffin wax (melting tem-
perature of between 22°C and 37°C) incorporated in the polymer fibers. The excessive 
body heat is absorbed by fusion of the paraffin. When the temperature decreases, the 
paraffin solidifies, giving off heat.
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8.5.3 �T ennis Rackets

The racket frames are frequently in carbon/epoxy. The interposition of linen fibers sandwiched 
between two layers of carbon, that is, 75% carbon + 25% linen/epoxy, confers improved damping 
properties to these frames.

8.6 � DIVERSE APPLICATIONS

8.6.1 �P ressure Gas Bottle

These composite cylinders in wrapped fiber are made of glass/epoxy or Kevlar/epoxy (see Figure 8.22) 
reinforcing a thin load-sharing liner of light alloy that provides sealing:

•	 The service pressure can reach 350 bars (rupture at more than 1,000 bar).
•	 The gas volume/bottle weight ratio is multiplied by 4 compared with the steel solution.
•	 Applications

•	 Breathing apparatus (scuba) much more lighter
•	 Gaseous fuel tank
•	 Gas supply for rockets and missiles 

8.6.2 � Bogie Frame

The mass of bogies represents near 40% of the total wagon mass. Inside the bogie, the classic steel 
frame has a mass of 1–2 tons. Thus, lightening the bogie weight is essential for lightweight vehicle 
design.

One can see in Figure 8.23 the schematic of the efWING bogie, Kawasaki KHI (JP), with 
spring function integration inside the frame structure. It is lighter (40% weight gain) with fewer 
parts compared to metal solution and highly fatigue resistant, as already reported5. 

FIGURE 8.22  Pressure gas bottle.

FIGURE 8.23  Bogie with composite frame.
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8.6.3 �T ubes for Offshore Installations

In deep water, the weight of the tubing – the risers – grows proportionally to the depth and can reach 
high values (e.g., one-third of the traction strength for a depth of 1,000 m). Therefore, it is of interest 
to use carbon–glass/resin tubes, which are three to four times lighter than steel tubes: 

•	 Example: tubing for tension leg platform. The platform is pulled by cables toward the 
bottom of the sea (see Figure 8.24). Many connecting tubings from the seafloor to the plat-
form undergo static and dynamic stresses (undercurrents) of
•	 Traction
•	 Bending
•	 Extension and circumferential compression due to external and internal pressures

The safety factor compared to the complete failure is 2–3.
The resin is microcracked, requiring internal and external elastomeric sealing sheaths.

8.6.4 � Biomechanical Applications

The carbon/carbon composite (see Section 2.2) has the rare property of not causing fibrous growths 
when exposed to the bloodstream, what is called a thromboresistant property. In addition, the 
following qualities also promote its implantation in the human body:

•	 Resistance and chemical inertia
•	 Mechanical strength and fatigue resistance
•	 Adjustable flexibility characteristics on the basis of the composite nature of the material
•	 Low density
•	 Transparency to rays
•	 Possible sterilization at high temperatures

FIGURE 8.24  Riser tube.
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The main applications include as follows:

•	 Artificial hip and knee joints
•	 Osteosynthesis plating system
•	 Dental implants
•	 Implanted devices

8.6.5 �C able Car

A composite substitution solution to traditional constructive solutions of metallic cable car allows, 
at equal weight, a significant increase in payload:

•	 Example: cable car of Argentières, Ingenix Company (FR)
•	 The purpose was to increase capacity while maintaining the existing facilities, that is, the 

cables, towers, and motorization:
•	 Previous metallic cable car: 50-passenger cabin
•	 New composite cable car, carbon–Kevlar/epoxy (see Figure 8.25):

–	 Payload: 60 passengers plus the fully equipped cabin with a total mass that remains 
unchanged.

–	 The weight of the hanger and cab assembly has been greatly reduced from 2 tons 
to 1.2 tons, increasing the capacity from 50 to 60 people. A ballast system could be 
installed under the cabin in windy conditions, and in such a case the capacity was 
limited to 50 people as on the old cabin.

–	 Comparative costs:
In the case of a renewal of the entire facility: 1

Actual renewal of two cable cars: 0.1 (cost divided by 10) 

FIGURE 8.25  Cable car.
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NOTES

	 1	 European Directive 2000/53/EC.
	 2	 Based on the energy actually returned over a year.
	 3	 Analogy with helicopter blade; see Application 19.3.
	 4	 See Section 2.5.
	 5	 See Section 5.4.5.3.



Part II

Mechanical Behavior of 
Laminated Materials

In Section I, we pointed out the anisotropic properties of a composite material from a qualitative 
point of view1, and we showed the features of the elastic coefficients for an anisotropic laminate.

We have also mentioned the relations that allow predicting the mechanical behavior of a fiber/
matrix combination starting from the properties of the individual constituents2. In Chapter 53, we 
have also given elements necessary for the sizing of laminates made of carbon/epoxy, Kevlar®/
epoxy, and glass/epoxy, in terms of strength and deformation.

Section II is dedicated to the justification of these properties and of mentioned results. It requires 
a detailed study of the behavior of anisotropic composite layer and of the stacking that makes up the 
laminate. It is useful to note that the essential bases of mechanics of continuous media, namely, the 
states of stress and strain at a point, which is explained in detail in many textbooks on elasticity or 
strength of materials, are supposed to be already known.

NOTES

	 1	 See Section 3.1.
	 2	 See Section 3.3.1.
	 3	 See Sections 5.2 and 5.3.
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9 Anisotropic Elastic Medium

9.1 � SOME REMINDERS

9.1.1 �C ontinuum Mechanics

We take for granted the following concepts and notations of classical mechanics of continuous media:

•	 State of stress at a point: This is defined by a second-order tensor with the symbol Σ . The 
3 × 3 matrix associated with this tensor is symmetric and has, therefore, six distinct terms, 
which are denoted as σ ij :

	 σ σ σ σ σ σ; ; ; ; ;11 22 33 23 13 12

•	 State of strain at a point: This is defined as a second-order tensor with the symbol . 
The 3 × 3 matrix for this tensor is symmetric due to the form of the small deformations. It 
consists of six distinct terms denoted as εij:

	 ε ε ε ε ε ε; ; ; ; ;11 22 33 23 13 12

•	 Linear elastic material: The strains are linear and homogeneous functions of the stresses. 
The corresponding relations are

	 ε = ϕ × σ
 ij ijk k

1

•	 Homogeneous material: In this case, the matrix terms ϕ
ijk  characterizing the elastic 

behavior of the medium are not point functions. They are the same at any point in the 
considered medium.

9.1.2 �N umber of Distinct 
jkiϕϕ  Terms

The above stress–strain relation can be written in matrix form as
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•	 Due to the symmetry of the stresses (σ = σ
 k k), the corresponding coefficients are the 

same, that is, ϕ = ϕ
 ijk ij k.

•	 Due to the symmetry of the strains (ε = εij ji), the corresponding coefficients are the same, 
that is, ϕ = ϕ

 ijk jik .
•	 In other words, the knowledge of only the coefficients of the 6 × 6 matrix above is required.
•	 In addition, the application of the theorem of virtual work for particular states of stress 

shows that coefficients ϕ
ijk  are symmetric, meaning

	 ϕ = ϕ
 ijk k ij

2

Therefore, the 6 × 6 matrix mentioned previously is symmetric. The number of distinct coefficients 
is

	
× + =6 (6 1)

2
21 coefficients

•	 In summary,

	

ϕ = ϕ

ϕ = ϕ

ϕ = ϕ

ϕ

Stress reciprocity :

Strain definition :

Symmetry :

There remain  21distinct coefficients

 

 

 



ijk ij k

ijk jik

ijk k ij

ijk

	 (9.1)

The previous stress–strain relation can then be written as

	

ε
ε
ε
ε
ε
ε





























=

ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ



























σ
σ
σ
σ
σ
σ





























2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

11

22

33

23

13

12

1111 1122 1133 1123 1113 1112

2211 2222 2233 2223 2213 2212

3311 3322 3333 3323 3313 3312

2311 2322 2333 2323 2313 2312

1311 1322 1333 1323 1313 1312

1211 1222 1233 1223 1213 1212

11

22

33

23

13

12

	 (9.2)

This matrix no longer has the general symmetry as in the general form (9 × 9) presented previ-
ously (note the coefficients 2 in this matrix). We can get around this inconvenience by doubling the 
terms ε23, ε13, ε12, that is to say by highlighting the angular distortion components:

	 γ = ε γ = ε γ = ε2 ; 2 ; 223 23 13 13 12 12

From which the stress–strain behavior can then be written in a symmetric form as
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
















2

2

2

2 2 2

2 2 2

2 2 2

2 2 2 4 4 4

2 2 2 4 4 4

2 2 2 4 4 4

11

22

33

23

13

12

23

13

12

1111 1122 1133 1123 1113 1112

2211 2222 2233 2223 2213 2212
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13
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	 (9.3)
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9.2 � ORTHOTROPIC MATERIAL

•	 Definition: We define an orthotropic elastic material as a homogeneous linear elastic 
material having at every point two planes of symmetry in terms of mechanical properties, 
these two planes being perpendicular to each other.

Then we can show that3 the number of independent elastic constants is nine. The constitutive rela-
tion is expressed in the so-called orthotropic axis (axis of the trihedron built on the two orthogonal 
planes and their intersection line). This relation can be written in the following form, also known as 
engineering notation, because it shows the elastic moduli and Poisson ratios:
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	 (9.4)

where
,  , 1 2 3E E E  are the longitudinal elastic moduli

,  , 23 13 12G G G  are the shear moduli

ν ν ν ν ν ν, , , , ,12 13 23 21 31 32 are the Poisson ratios

In addition, the symmetry of the stress–strain matrix above leads to the following relationships:

	
ν = ν ν = ν ν = ν

; ;21

2

12

1

31

3

13

1

32

3

23

2E E E E E E
	 (9.5)

9.3 � TRANSVERSELY ISOTROPIC MATERIAL

•	 Definition: A transversely isotropic material is a homogeneous linear elastic material such 
that any plane passing through a privileged axis is a plane of mechanical symmetry.

It is then shown that4 the constitutive relation holds five independent elastic constants. 
For the fiber/matrix composite shown in Figure 9.1, the preferred axis is ℓ. The fibers are 
arranged regularly in the ℓ direction. All directions perpendicular to the fibers characterize 
the transverse direction t.
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The engineering stress–strain relation has the form

	 ( )
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	 (9.6)

 
•	 Comments

•	 The independent elastic constants are
–	 Young modulus along the ℓ direction: 



E
–	 Young modulus along any transverse direction t: Et

–	 Shear modulus in any plane such (ℓ, t): 


G t

–	 Poisson coefficients: ν
t and νt

•	 The symmetry of coefficients in the constitutive relationship leads to

	
ν = ν






E E
t t

t

•	 Note that the shear modulus in the plane (t, t′) can be written as

	 ( )+ ν2 1
Et

t

This is a classical expression that adequately reflects a transverse isotropic nature.

FIGURE 9.1  Example of a transversely isotropic material: unidirectional composite.
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NOTES

	 1	 For example, 

	 .11 1111 11 1112 12 1113 13 1121 21 1122 22 1123 23 1131 31 1132 32 1133 33σε = ϕ σ + ϕ σ + ϕ + ϕ σ + ϕ σ + ϕ σ + ϕ σ + ϕ σ + ϕ σ 	

	 2	 Consider two simple stress states:
		  • State no. 1: One single stress, 1

( )σk , which causes the strain

	
1 1 

( ) ( )ε = ϕ σij ijk k 	

		  • State no. 2: One single stress, 2
( )σ pq , which causes the strain

	 2 2
( )( )ε = ϕ σmn mnpq pq 	

		  The work of the stress in state no.1 on the strain in state no.2 is equal to the work of the stress in state 

no.2 on the strain in state no.1, as 

	 1 2 2 1 

( ) ( )( ) ( )σ × ε = σ × εk k pq pq

		  which means 1 2 2 1   

( ) ( )( ) ( )σ × ϕ × σ = σ × ϕ × σk k pq pq pq pqk k  from which 
 

ϕ = ϕk pq pqk

	 3	 Proof is detailed in Section 13.1.
	 4	 Proof is detailed in Section 13.2.
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10 Elastic Constants of 
Unidirectional Composites

In this chapter, we examine a combination of two distinct materials (matrix and parallel fibers), 
with simple geometry and loading conditions. This in order to estimate the elastic and hygrothermal 
properties of the equivalent material, i.e. of the unidirectional composite layer.

10.1 � LONGITUDINAL MODULUS 


E

The two materials are shown schematically in Figure 10.1 where

•	 m stands for matrix
•	 f stands for fiber

Hypothesis: The two materials are in principle bonded together. More precisely, we make the fol-
lowing assumptions:

•	 Both matrix m and fiber f have the same longitudinal strain value noted ε


.
•	 There is a freedom along z on the interface between the two materials, allowing distinct 

values of normal strain in each of the two materials:

	 ε ≠ εz zm f

The state of stress resulting from an applied force F can, therefore, be written as

	 Σ ⇒
σ















Σ ⇒
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










0 0

0 0 0
0 0 0

;

0 0

0 0 0
0 0 0

 

m

m

f

f

And the corresponding state of strain as

	

ε
ε

ε

ε
ε

ε
⇒

















⇒

















0 0

0 0

0 0

;

0 0

0 0

0 0

 

 m t

z
m

f t

z
f

Each material being assumed linearly elastic and isotropic, its behavior law (so-called Hooke’s law), 
is written in the form

	 = + ν Σ − ν × Σ I(1 )
trace( )

E E
	 (10.1)

In which,  represents the strain tensor, Σ the stress tensor, and I the unitary tensor. E  and ν are the 
elastic constants of the considered material.
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For the composite (m + f), Equation 9.5 is used with restriction to the plane (ℓ, t). It reduces to
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


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The stress σ ( )+ m f
 can be written as (see Figure 10.1)

	 ( )σ = =
+ ×

= σ ×
+

+ σ ×
+( )+ 1

  

F

S

F

e e

e

e e

e

e em f

m

m f

f

m f
m f m f

which can be rewritten in terms of volume fraction of the fiber and the matrix as1

	 σ = σ + σ( )+  

V Vm fm f m f

Taking into account the corresponding behavior law, we can express stress in terms of strain for 
each material:

	 ε = ε + ε
   

E E V E Vm m f f

Then,

	 = +


E E V E Vm m f f 	 (10.2)

Note: Among the real phenomena that are not taken into account in the estimation of Eℓ, the absence 
of perfect straightness of fiber in the matrix should be noted. Thus, the module Eℓ depends on the 
sign of the solicitation (traction or compression). The material is strictly bimodulus.

•	 Example: Unidirectional layers with 60% fiber volume fraction ( = 0.60Vf ) with epoxy 
matrix:

FIGURE 10.1  Longitudinal modulus 


E .

Kevlar® HR Carbon HM Carbon



E  tension (MPa) 85,000 134,000 180,000



E  compression (MPa) 80,300 134,000 160,000
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10.2 � POISSON COEFFICIENT

Considering again the loading defined in the previous paragraph, the transverse strain for the matrix 
m and fiber f can be written as

	 ε = − ν σ = −νε
 

E
t

And for the composite (m + f) as

	 ε = − ν × σ = −ν ε( ) ( )+ +




  

E
t

t
tm f m f

On the other hand, the transverse length variations are written as

	
( )

ε =
∆ +

+
= ∆ +

∆
( )+

e e

e e

e

e
V

e

e
Vt

m f

m f

m

m
m

f

f
fm f

	 ε = ε + ε( )+ V Vt t m t fm f m f

Thus, taking into account a common value of 


ε  in the fiber and the matrix,

	 −ν ε = −ν ε − ν ε
   

V Vt m m f f

	 ν = ν + ν


V Vt m m f f 	 (10.3)

10.3 � TRANSVERSE MODULUS Et

To evaluate the modulus along the transverse direction, that is, Et, the two materials are symbolized 
in the same way as previously. The loading is shown in Figure 10.2. In addition, we use the follow-
ing simplifications:

•	 Assumption: At the interface between the two materials, we assume the following:
•	 Freedom of movement in the ℓ direction allowing distinct values for strain in the two 

materials:

	 ε ≠ ε
 m f

FIGURE 10.2  Transverse modulus Et.
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•	 Freedom of movement in the z direction allowing distinct values for strain in the two 
materials:

	 ε ≠ εz zm f

Then, the state of stress created by a load F (see Figure 10.2) can be reduced for each material to 
the following:

	 Σ ⇒ σ
















0 0 0
0 0

0 0 0
t

The strain components can be written as

	 ⇒
ε

ε
ε
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







0 0

0 0
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

 t

z
m f

Then for the composite (m + f), we have

	 ε = σ1
E

t
t

t

On the other hand, using direct calculation leads to (see Figure 10.2)
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+
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V Vt

m f

m f
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

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f

	 (10.4)

•	 Note: Due to the above simplifications enabling a relative sliding along the ℓ and z direc-
tions at the interface, the transverse modulus Et above is approached by default, the actual 
assembly being more rigid due to a strict interface bonding.
•	 Some more complex formulae giving Et can be found in the technical literature. 

However, none can guarantee good results.
–	 Taking into consideration the applied load (see Figure 10.2), the modulus E f  that 

appears in Equation 10.4 is the fiber modulus in a direction that is perpendicular 
to the fiber axis. This modulus can be very different from the modulus along the 
axis of the fiber, due to the anisotropy of the latter2.
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10.4 � SHEAR MODULUS 


G t

Load application that can be used to evaluate the shear modulus 


G t  is shown schematically in 
Figure 10.3, both with the angular deformations that are produced.

The state of stress, identical for both the matrix and the fiber materials, can be written as

	 Σ ⇒
τ

τ







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
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t

t

The corresponding strains can be written as

	 ⇒
ε

ε
















0 0

0 0

0 0 0
 or  





m f

t

t

Using the constitutive equation, one has

	 ε = + ν τ = τ(1 )
2

 



E G
t t

t

Then with γ = ε2
 t t

	 γ = τ




G
t

t

Also, from Figure 10.3, we have

	 ( )γ + = γ + γ( )+  

e e e et m f t m t fm f m f

which can be rewritten as

	 γ = γ + γ( )+  

V Vt t m t fm f m f
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G
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f
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FIGURE 10.3  Shear modulus 


G t .
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	 (10.5)3

10.5 � THERMOELASTIC PROPERTIES

10.5.1 �I sotropic Material: Recall

When the influence of temperature variation is taken into consideration, the so-called Hooke’s law

	 = + ν Σ − ν × Σ I(1 )
trace( )

E E

is replaced by the Hooke and Duhamel law:

	 = + ν Σ − ν × Σ + α × ∆I I(1 )
trace( ) ( T)

E E
	 (10.6)

where
 is the strain tensor
Σ is the stress tensor
I is the unitary tensor
E, ν are the elastic constants for the considered material
α is the coefficient of thermal expansion4

∆T is the variation in temperature with respect to a reference temperature at which stress and 
strains are zero in the absence of any mechanical loading

10.5.2 �C ase of Unidirectional Composite

The coefficient of thermal expansion (CTE) of the matrix is usually much higher (more than ten 
times) than the one of the fiber5. In Figure 10.4, we can imagine that even in the absence of mechani-
cal loading, a change in temperature ∆T will produce a longitudinal strain in the composite. The 

FIGURE 10.4  Unidirectional composite.
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value of this longitudinal strain is intermediate between the strain of the fiber alone and that of the 
matrix alone. Therefore, in the composite fiber/matrix, internal stress arises along the direction 
ℓ, and it is externally balanced (along the direction t, fiber and matrix can expand differently). We 
then have

•	 For stress,

	 Σ ⇒
σ















Σ ⇒
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











0 0

0 0 0
0 0 0

;

0 0

0 0 0
0 0 0

 

m

m

f

f

•	 For strain,

	 ⇒
ε

ε
ε







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







⇒
ε

ε
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


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



0 0

0 0

0 0

;

0 0

0 0

0 0

 

 m t

z
m

f t

z
f

10.5.2.1 � Coefficient of Thermal Expansion along the Direction ℓ
For the fiber and the matrix, respectively, we can write

	 ε = σ + α ∆ = ε =
σ

+ α ∆








E
T

E
T

m
m

f
fm

m
f

f

The external equilibrium can be written as (see Figure 10.4)

	 σ × + σ × = 0
 

e em fm f

The matrix and the fiber being subject to same deformation,

	
σ + α ∆ = −σ × × + α ∆1




E
T

e

e E
T

m
m

m

f f
f

m
m

	
( ) ( )

σ =
α − α ∆

+ ×
=

α − α ∆

+ ×1 1 1 1

T

E

e

e E

T

E

V

V E

f m

m

m

f f

f m

m

m

f f

m

Vm and Vf  represent the volume fractions. The longitudinal strain can then be written as

	
( )

ε = ε =
α + α

+
× ∆

 

E V E V

E V E V
T

f f f m m m

f f m m
m f

Such strain corresponds also to the longitudinal strain that is created by the only effect of temperature:

	 ε = α ∆( )+ 

T
m f

where α


 is the longitudinal CTE of the unidirectional. When identifying the two equalities above

	
α

α =
+ α
+

E V E V

E V E V
f f f m m m

f f m m

	 (10.7)
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10.5.2.2 � Coefficient of Thermal Expansion along the Transverse Direction t
The global thermal strain is readily written as (see Figure 10.4)

	
( )

ε =
∆ +

+
= ε

+
+ ε

+( )+

e e

e e

e

e e

e

e e
t

m f

m f
t

m

m f
t

f

m f
m f m f

Then,

	 ε = ε × + ε ×( )+ V Vt t m t fm f m f

Using the Hooke and Duhamel law (Equation 10.6),6

	 ε = − ν σ + α ∆





+ −
ν

σ + α ∆




( )+  

E
T V

E
T Vt

m

m
m m

f

f
f fm f m f

With the stress values calculated above, we get

	 ( ) ( ) ( )ε = α + α +
ν − ν

+
α − α












∆( )+ V V

E E

E V E V
V V Tt m m f f

f m m f

m m f f
m f f mm f

The quantity between brackets represents the CTE of the unidirectional along the transverse direc-
tion t, namely, αt , which can be written as

	
( ) ( )α = α + α +
ν − ν

+
× α − αV V

E E
E

V

E

V

t m m f f
f m m f

m

f

f

m

f m 	 (10.8)

Notes:

•	 In practice, there is important difference of orders of magnitude between the coefficients 
of thermal expansion of fiber and matrix: α αm f . For example, for carbon/epoxy (see 
Tables 1.3 and 1.4), we can simplify Equations 10.7 and 10.8 which reduce to:

	 ( )α α ⇒ α ≈ α
+

α ≈ α + ν; ; 1� � �E E
E V

E V E V
Vf m m f

m m m

m m f f
t m m m 	 (10.9)

•	 After curing a thermosetting matrix, cooling to room temperature causes an overall ply-
contraction involving the coefficients of thermal expansion defined above. In the absence of 
any external stress, this phenomenon generates internal stresses of so-called thermal origin.

10.5.3 �T hermomechanical Behavior of a Unidirectional Layer

Accordingly, under the combined effects of stress and temperature, the global thermomechanical 
strain components of a unidirectional layer can be obtained using the following relation:
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t 	 (10.10)

In which the values of the coefficients ν α,  , , , 
   

E E Gt t t , and αt  are given in Equations 10.2–10.9, 
respectively.
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10.6 � HYGROSCOPIC EFFECTS

10.6.1 � Moisture Influence

10.6.1.1 � Relative Humidity
Remember that ambient air always includes a particular moisture level. Relative humidity (RH) is 
the ratio of the partial pressure of the water vapor contained in the air to the saturated vapor pressure 
(or vapor pressure) under the same temperature and pressure conditions. The RH is expressed in %.

Polymer matrix composites exposed to ambient humidity absorb moisture, which mainly dif-
fuses into the matrix. It is considered that the fibers are little affected by the phenomenon.

There is then an increase in volume and an increase in the mass of the resin. The phenomenon is 
reversible: when the laminate loses moisture, it contracts.

Notes:

•	 Expansion due to humidity should be compared to the phenomenon of expansion due to 
an increase in temperature. Thus, for thermosetting matrices, after curing in an oven with 
zero RH, there is shrinkage due to the decrease in temperature, and residual stresses occur 
(see Section 5.2.3.4 and Application 20.4). The ambient RH will then contribute over time 
to an expansion of the resin, which partially compensates residual curing stresses.

•	 In addition, in the usual areas of temperature and humidity, the phenomena of thermal or 
hygrometric expansion are quasi-linear and can be approached in a quasi-parallel manner. 
In fact, the increase in volume induced by moisture absorption varies proportionally to this 
absorption until a mass gain of around 2%.

•	 Some composite applications, particularly in aeronautics and marine industries, are subject 
to significant variations in temperature, pressure, and humidity.
•	 Thus, cyclic variations, for example, in airplanes, lead to alterations in mechanical per-

formance. For example, related to the change in humidity of the fiber-matrix interface.
•	 In marine applications, variations in pressure and humidity induce stresses due to the 

expansion of the matrix. These are residual stresses similar to thermal stresses.

10.6.1.2 � Moisture Concentration
This is the value that figures moisture amount absorbed per unit mass of the material, noted

	 ∆ =
−

×(%)
massof  moist  material mass  of  dry  material

massof dry material
100Mc

Thus, for a relative mass increase of → ∆ =0.006 0.6%Mc

Example of extreme value:

Temperature Relative Humidity ∆Mc

Epoxy °85 C 85% 1.5%
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10.6.2 �C oefficient of Moisture Expansion

Alongside with the coefficient of thermal expansion of a material, noted α and previously used, we 
define the coefficient of moisture expansion noted β defined as the quotient:

	 β =

∆





∆( ) 
−

%H2O
1

L

L
Mc

where /∆L L is the longitudinal strain measured by a dilatometer when varying by ∆Mc the moisture 
concentration.

We will bring this relation closer to the classic one of thermal expansion for the same material:

	 α =

∆





∆( )° −C 1

L

L
T

Note: For unidirectional plies, as with coefficients α, one observes a large difference between orders 
of magnitude of β f  and βm.

	 β βf m

For example, for carbon fibers and epoxy matrix (see Tables 1.3 and 1.4)

10.6.3 � Hygrothermal Behavior of a Unidirectional Layer

10.6.3.1 � Coefficients of Moisture Expansion along 


 and t Directions
Taking into account the previous remarks, hygroelastic properties for a unidirectional ply can be 
studied by following the same steps as those we saw in Section 10.5 for the thermoelastic properties. 
By resuming calculations similar to those adopted in paragraph 10.5.2 for the thermal expansion 
coefficients, we obtain β



 and βt formally identical to 10.7 and 10.8 where αm and α f  are, respec-
tively, replaced by βm and β f .

Taking into account that β βf m one can retain in practice expressions similar to Equation 10.9, 
that is to say here:

	 ( )β β ⇒ β ≈ β
+

β ≈ β + ν; ; 1� � �E E
E V

E V E V
Vf m m f

m m m

m m f f
t m m m 	 (10.11)

α( )° −C 1 β( ) 
−

%H2O
1

Carbon HR −0.2 6E < −1 6E

Epoxy −0.11 3E −3.2 3E
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10.6.3.2 � Constitutive Equation
Under the combined effects of stress, temperature, and moisture, the induced strains are as follows:

NOTES

	 1	 See Section 3.2.2.
	 2	 This point is referred to in Section 3.3.1.
	 3	 A few values of the shear modulus Gf  are shown in Section 3.3.1.
	 4	 See Section 1.6, Main Physical Properties.
	 5	 Ibid.
	 6	 For the Poisson coefficients of common fibers, see Section 3.3.1.
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t c t (10.12)



E  longitudinal modulus (see Equation 10.2)

Et  transverse modulus (see Equation 10.4)

ν
t Poisson coefficient (see Equation 10.3)



G t shear modulus (see Equation 10.5)

∆T  algebraic increase in temperature

∆Mc algebraic increase in moisture concentration

α


 coefficient of thermal expansion along the direction  (see Equation 10.7 or 10.9)

αt coefficient of thermal expansion along the transverse direction t (see Equation 10.8 or 10.9)

β


 coefficient of moisture expansion along the direction  (see Equation 10.11)

βt coefficient of moisture expansion along the transverse direction t (see Equation 10.11)
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11 Elastic Constants of a 
Ply in Any Direction

Studying the behavior of a laminate made up of many plies with different orientations requires 
knowledge of the behavior of each of these plies, along directions that are different from the principal 
material directions of the ply. We propose to determine the elastic constants corresponding to such 
a ply behavior using relatively simple calculations.

11.1 � FLEXIBILITY COEFFICIENTS

The ply was already defined in Chapter 31. Let ℓ, t, and z be the orthotropic axes of a ply as shown 
in Figure 11.12.

For a thin laminate made up by a stacking of several plies, we assume that the stress value σ zz is 
zero. It is then possible, for an orthotropic material, to write the stress–strain relation in plane (ℓ, t) 
starting from Equation 9.5 in the form
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	 (11.1)

Problem: How this relationship transforms when it is expressed in axes (x, y) distinct from (ℓ, t) and 
forming any angle θ with the (ℓ, t) coordinates as in Figure 11.1?3

First, let us recall the following:

•	 Recall 1: The stress 


σ acting on a facet with normal vector 


n is given by

	 	 (11.2)

•	 Recall 2: The coordinates of a same vector 


V  in two distinct coordinate systems (x, y) and 
(ℓ, t), such that ( , )

� �
� = θx , are

	
� �

�
� � �

�= + = +V V V t V x V yt x y

DOI: 10.1201/9781003195788-13

FIGURE 11.1  Orthotropic axes and arbitrary direction in the plane of a ply.

https://doi.org/10.1201/9781003195788-13
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with the relation
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In axes (ℓ, t), let us express, through the relationship in Equation 11.2, the stress acting on a facet of 
normal 



x:
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where
/{ }σ x is the stress vector

σ ij  is the stress matrix

And in axes (x, y), following Equation 11.3,
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In a similar manner, the stress acting on a facet with the normal 


y is written in the (x, y) axes as
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Therefore, the stress matrix in (x, y) axes is
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By setting
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and observing that matrix [ ]P  is orthogonal, that is, [ ] [ ] 1= −P Pt , where [ ]Pt  is the transpose of matrix 
[P], we have4
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in developing that expression,
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which can be rearranged to give
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Then
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•	 Note: this [T] transfer matrix is readily established when starting from the relationship that 
allows expressing the tensor components in a given base as functions of components of the 
same tensor in another base. For our case, this relation is (see Section 13.1)
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In this way, we can express Equation 11.1 in axes (x, y), since we have written
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From which by substituting
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After calculation, the following behavior relationship appears, written in technical form in coordi-
nates (x, y) that make an angle θ with axes (ℓ, t). It reveals the elastic moduli and Poisson’s ratios 
relating to these directions. The nonconventional coupling coefficients denoted by η and µ5 show, 
for example, that a normal stress induces a distortion6.
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11.2 � STIFFNESS COEFFICIENTS

When we invert Equation 11.1 written in coordinate axes (ℓ, t) of a ply, we obtain
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where appear elastic stiffness coefficients as opposed to those of Equation 11.1 referred to as flex-
ibility coefficients. To ease writing, it will be preferably noted:
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An identical procedure to that followed above to obtain strain–stress behavior leads to the stress–
strain relation:
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Recall that axes (x, y) are derived from axes (ℓ, t) by rotation θ about the third axis z. Substituting 
Equations 11.7 into 11.6, we obtain
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which can be rewritten as
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Once the calculation is performed, the following expressions of stiffness coefficients Eij are obtained, 
in which c = cos θ and s = sin θ:

(11.8)

The variation of these stiffness coefficients Eij as functions of angle θ is pictured in Figure 11.2 for 
a ply characterized by very different values of moduli 



E  and Et, corresponding, for example, to the 
case of unidirectional fiber/resin layers7.
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11.3 � CASE OF THERMOMECHANICAL LOADING

11.3.1 �C ompliance Coefficients

When considering the temperature variations8, the behavior relation in Equation 11.1 should be 
replaced with the amended form in Equation 10.10, namely,
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In which 


α  and αt  are the thermal expansion coefficients of the unidirectional layer along the lon-
gitudinal direction ℓ and transverse direction t, respectively. Following the same procedure as in 
Section 11.1 with the same notations, we can write
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From where, by substituting,
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In this relationship, we find again the flexibility matrix on the right side, the terms of which are 
described in details in Equation 11.5. The second term on the right side is written as
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Therefore, the thermomechanical behavior relationship for a unidirectional layer, written in axes (x, y)  
other than the specific coordinates (ℓ, t) of unidirectional, can be summarized as follows:
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� (11.9)

11.3.2 �S tiffness Coefficients

By inversion of Equation 10.10, we get
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Following the procedure of Section 11.2, with the same notations, we can write

	 ;, 1 ,

,

1

,





[ ] [ ]{ } { }σ = σ
ε
γ












=

ε
γ












T Tx y t

t

t

x y
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In the first term on the right side, we find again the matrix detailed in Equation 11.8. The second 
term can be developed as follows:
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Therefore, the thermomechanical behavior relationship written in axes (x, y) other than the specific 
unidirectional coordinates (ℓ, t) can be summarized as follows:

� (11.10)

11.4 � CASE OF HYGROTHERMAL LOADING

11.4.1 �P reliminary Remark

We noted in Chapter 10 formal similarities between thermal expansion and hygrometric expansion. 
We notice it, for example, on Equation 10.12. It is, thus, possible to resume the previous calculations 
from Section 11.3 with Equation 10.12. By following the same steps, one obtains the results below.

11.4.2 �C ompliance Coefficients

Expressed in axes ( , )x y  of the unidirectional ply, we obtain:

�
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∆T  algebraic increase in temperature
∆Mc algebraic increase in moisture concentration (see Section 10.6.2)
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11.4.3 �S tiffness Coefficients

Following the procedure of Section 11.3.2 leads to:

� (11.12)

NOTES

	 1	 See Section 3.2.
	 2	 The orthotropic axes (1, 2, 3) in Equation 9.3 are now called (ℓ, t, z), respectively.
	 3	 What follows is treated more globally and completely in Section 13.2.2.
	 4	 We have [ ] [ ][ ] [ ], ,σ = σP Px y t

t ; [ ] [ ] [ ][ ], ,

σ = σP Pt
t t

x y; [ ][ ] [ ] [ ], ,

σ = σP Pt x y ; [ ] [ ],σ = Pt
t [ ] [ ],σ Px y .

	 5	 Recall that the matrix of elastic coefficients is symmetric, that is, in particular, ( ) ( )η = ηG Exy xy x x  
and ( ) ( )µ = µG Exy xy y y .

	 6	 See a descriptive example in Section 3.1.
	 7	 See characteristics of the fiber/resin unidirectionals in Section 3.3.3.
	 8	 See Section 10.5.
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12 Mechanical Behavior of 
Thin Laminated Plates

The laminate has already been defined1 in Chapter 5. In the same chapter, practical calculation methods 
for the laminate have also been described. We propose here to justify these methods. The aim is to 
study the behavior of the laminate when subjected to combined loads. This study is essential in order to 
achieve correct sizing. The case of quadrangular symmetric laminates is examined (Quad laminates). 
Depending on the application case, it is necessary to verify either that the deformation of the laminate 
does not exceed the admissible value, or that the state of stress remains within an acceptable envelope2.

12.1 � LAMINATE WITH MID-PLANE SYMMETRY

12.1.1 �I n-plane Behavior

We consider in the following a plane laminate with Mid-plane symmetry property3, (x, y) being 
the plane of symmetry. The total thickness of the laminate is denoted as h. It consists of n plies. Ply 
number k has a thickness denoted as ek (see Figure 12.1).

12.1.1.1 � Loadings
The laminate is loaded in its plane. The stress resultants are denoted as N Nx y,  , and T Txy yx= . These 
are the In-plane stress resultants. They are defined as follows:

•	 Nx, normal stress resultant in the x-direction per unit width along the y-direction:

	 N dz ex x

h

h

x k k

k

n

∫ ∑( ) ( )= σ × × = σ ×
− =

1
/2

/2

1st ply

th ply

	 (12.1) 

DOI: 10.1201/9781003195788-14

FIGURE 12.1  In-plane loading.

https://doi.org/10.1201/9781003195788-14
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•	 Ny, normal stress resultant along the y-direction per unitary width along the x-direction:

	 N dz ey y

h

h

y k k

k

n

∫ ∑( ) ( )= σ × × = σ ×
− =

1
/2

/2

1st ply

th ply

	 (12.2)

•	 T Txy yx= , shear resultant per unit width along the y-direction (or, respectively, along the 
x-direction):

	 T dz exy xy

h

h

xy k k

k

n

∫ ∑( ) ( )= τ × × = τ ×
− =

1
/2

/2

1st ply

th ply

	 (12.3)

12.1.1.2 � Displacement Field
The elastic displacement at each point of the laminate is assumed to be two dimensional, in the  
(x, y) Mid-plane of the laminate. Its components are noted: u x y v x y( , ), ( , )0 0 . The corresponding 
plane strains and angular variation can be written as

	
u
x

v
y

u
y

v
x

x y xyε = ∂
∂

ε = ∂
∂

γ = ∂
∂

+ ∂
∂

; ;0
0

0
0

0
0 0

We have detailed in the previous chapter (Equation 11.8) how, in a given coordinate system, the 
stresses in a ply could be expressed as functions of the strains. Thus, the normal stress resultant Nx 
as defined in Equation 12.1 can be written as follows:

	 N E E E ex
k

x
k

y
k

xy k

k

n

∑ { }= ε + ε + γ ×
=

11 0 12 0 13 0

1st ply

th ply

Then

	 N A A Ax x y xy= ε + ε + γ11 0 12 0 13 0

with

	 A E e A E e A E ek
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k
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k
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∑ ∑ ∑= = =
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; ;11 11
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12 12
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thply

13 13
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thply

In the same manner, we obtain from Equation 12.2

	 N A A Ay x y xy= ε + ε + γ21 0 22 0 23 0

with

	 A E ej j
k

k

k

n

∑=
=

2 2

1st ply

th ply

And for the shear resultant Txy , we can write, starting from Equation 12.3,

	 T A A Axy x y xy= ε + ε + γ31 0 32 0 33 0
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with

	 A E ej j
k

k
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3 3
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Therefore, it is possible to express the stress resultants in the following matrix form4:

	

N

N

T

A A A

A A A

A A A

x

y

xy

x

y

xy



















=
















ε
ε
γ



















11 12 13

21 22 23

31 32 33

0

0

0

with
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	 (12.4)

Comments

•	 It can be noted from the above that coefficients Aij are independent of the stacking order 
of the plies.

•	 As seen in Equation 12.4, the normal stress resultants Nx or Ny give rise to angular distor-
tions. This coupling will disappear if the laminate is balanced, that is, in addition to the 
Mid-plane symmetry, it presents as many plies at an angle of +θ with the x-direction as 
plies at an angle of −θ, these plies being identical5. Indeed, E13 and E23 are antisymmetric 
with respect to θ (see Equation 11.8) and, therefore, cancel each other out for the pairs of 
plies at ±θ when the terms A13 and A23 are calculated. The result is then

	 A A= = 013 23

And the resultant stress–strain relationship for the laminate is reduced to
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•	 The overall average stresses (which are fictitious) may be a substitute for the stress resul-
tants N Nx y,  , and Txy . They take the following form:

	
N
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h
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y
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xyσ = σ = τ =; ;0 0 0 	 (12.6)

Then the In-plane stress–strain relationship for the homogenized laminate can be derived 
from Equation 12.4 in the form
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•	 According to Equation 12.4, the terms of the matrix (1/ )[ ]h A above can be written as

	
h

A E
e
h

ij ij
k k

k

n

∑× = ×
=

1

1st ply

th ply

It can be noted that the ratios e hk( ) can be rearranged to obtain each percentage of plies 
having the same orientation. In so far as these percentages were previously fixed (and so 
are numerically known), it becomes possible to calculate the terms 1/( )h Aij without knowl-
edge of the thickness h. For example, if the selected orientations are 0°, 90°, +45°, and 
−45°, and by denoting pk (%) the percentages of plies along these different orientations, 
we have

	
h

A E p E p E p E pij ij ij ij ij× = × + × + × + ×° ° ° ° + ° + ° − ° − °1 0 0 90 90 45 45 45 45 	 (12.8)

12.1.2 �A pparent Elastic Moduli of the Laminate

Inversion of Equation 12.7 allows obtaining the apparent elastic moduli and the associated cou-
pling coefficients that characterize the membrane behavior in plane (x, y). These coefficients appear 
through the identification that follows:
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	 (12.9)

12.1.3 �C onsequence: Practical Determination of a 
Laminate Subject to In-plane Loading

12.1.3.1 � Givens of the Problem

•	 The stress resultants are given and denoted as N Nx y,  , and Txy .
•	 Using these values, we can estimate the ply proportions in the four orientations6. We will 

assume in the following that all plies are identical, that is, made of same material with 
same thickness (see Figure 12.2).

FIGURE 12.2  Practical determination of a laminate subject to In-plane loading.
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The problem then is to determine

•	 The apparent elastic moduli of the laminate and the coupling coefficients, in order to esti-
mate strain under loading

•	 The minimum laminate thickness noted h in order to prevent failure of any constitutive ply

12.1.3.2 � Principle of Calculation

	 1.	Apparent moduli of the laminate: The matrix (1/ )[ ]h A  evaluated using Equation 12.8 can 
be inverted, and we obtain Equation 12.9 recalled here:

	

E E G

E E G

E E G

x

y

xy

x

yx

y

xy

xy

xy

x y

xy

xy

x

x

y

y xy

x

y

xy

ε
ε
γ



















=

− ν η

− ν µ

η µ



























σ
σ
τ



















1

1

1

0

0

0

0

0

0

And we have already determined the apparent moduli and the coupling coefficients of the 
laminate.

	 2.	Nonfailure of the laminate: Let tσ σ, 


, and tτ


 be the stress state in orthotropic axes (ℓ, t) 
of one of the ply orientations making up the laminate, when subject to the loadings N Nx y,  , 
and Txy. Let h be the thickness of the laminate (still unknown until now) such that this ply 
orientation is just reaching its failure strength within the meaning of the Tsai-Hill failure 
criterion.

Saturation of the Tsai-Hill criterion for the concerned orientation is written as7
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t t
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Multiplying the two sides of this equation with the square of thickness h,
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	 (12.10)

On the other hand, we obtain the values h( )σ ×


, ht( )σ × , and ht( )τ ×


 by multiplying 
with h the average stress values x yσ σ, 0 0 , and xyτ0  that apply on the laminate, to become 

hx( )σ ×0 , hy( )σ ×0 , and hxy( )τ ×0 , which are precisely the known stress resultants:

	 ; ;0 0 0( ) ( )( )= σ × = σ × = τ ×N h N h T hx x y y xy xy

So, for a given ply, calculation of the Tsai-Hill criterion can be done by substitution of the 
known stress resultants N Nx y,  , and Txy  to the unknown average stress values. This leads to 
the calculation of the thickness h necessary to ensure the nonrupture of the ply orientation 
under analysis.

In this way, each ply orientation k leads to a laminate thickness value denoted as hk. 
The final thickness value to be retained will be the highest one.
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12.1.3.3 � Calculation Procedure
	 1.	Complete calculation: The ply proportions are given, and the matrix (1/ )[ ]h A  in Equation 

12.7 is known. Then, after inverting, we obtain the elastic moduli of the laminate (Equation 
12.9)8. Multiplying Equation 12.9 with the laminate thickness h (unknown),
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Then the stress values in the group of plies corresponding to the orientation k are obtained, 
adjusted by the thickness h (see Equation 11.8):
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And in the ply coordinates for the considered orientation (see Equation 11.4):
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Saturation of the Tsai-Hill criterion leads then to Equation 12.10 where the above known 
stress resultant values h h tσ σ, 



, and h tτ


 appear in the numerator as

	
h h h h h

ht

t

t t

tτ
( ) ( ) ( )( ) ( )σ

σ
+ σ

σ
− σ σ

σ
+ τ = ×1

2

2

2

2 2

2

2
2
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











By writing this expression for each orientation k, we must retain for final thickness value 
the maximum of the values found for hk.

	 2.	Simplified calculation: Equation 12.10 can be written more quickly if, for each ply orien-
tation, the stress state due to an average unit stress acting on the laminate is already known: 
the average unit stress will be first x′σ = 10 , for example, 1 MPa; then y′′σ = 1 MPa0  and then 
again xy′′′τ = 1 MPa0 .

•	 Assume first the following state of stress:

	

x

y

xy

′σ =

′σ =

′τ =

1

0

0 

0 (MPa)

0

0
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Inverting Equation 12.9 leads to strain values:
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(MPa)

which can be considered as unitary strain values for the laminate. They are used to cal-
culate the stress values in each ply orientation through Equation 11.8 and then Equation 
11.4, that is successively (see Equation 11.8):
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and in the coordinates of the ply orientation in consideration (see Equation 11.4):
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•	 Consider then the second state of stress:

	

σ

σ

τ

=

=

=

′′

′′

′′

x

y

xy

0

1

0

0

0 (MPa)

0

Following the same procedure, t′′σ ′′σ,


, and t′′τ


 are calculated in orthotropic axes of 
each ply orientation for an average unit stress value on the laminate that is reduced to 

oy′′σ = 1 MPa.
•	 Finally, let us consider the third state of stress:

	

0

0

1

0

0

(MPa)

′′′σ =

′′′σ =

′′′τ =

x

y

oxy

Following the same procedure, ,


′′′σ ′′′σ t , and t′′′τ


 are calculated in orthotropic axis of each ply orien-
tation for an average unit stress value applied on the laminate, which is reduced to oxy′′′τ = 1 MPa9.

Note: In Appendix A at the end of the book are given the values ( t t′σ ′σ ′τ, ,
 

), ( t t′′σ ′′σ ′′τ, ,
 

), and  
( t t′′′σ ′′′σ ′′′τ, ,

 

) corresponding to the particular case of a balanced Quad carbon/epoxy laminate with various 
percentages of plies oriented at 0°, 90°, +45°, and −45°. These values are available in Figures A.1–A.12.
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It is then easy to determine by simple rule of proportion (or multiplication)10 the values 
,



( )( )σ × σ ×h ht , and ht( )τ ×


 in each ply orientation, corresponding to loadings that are no longer 
unitary but equal successively to

	 N hx x( )= σ ×0

Then

	 N hy y( )= σ ×0

Then again

	 T hxy xy( )= τ ×0

Subsequently, the principle of superimposition allows the determination of  h ht( )( )σ × σ ×,total total

,  
and ht( )τ × total

 in the ply orientation under consideration when N Nx y,  , and Txy  are applied simulta-
neously on the whole laminate. Hence, it is possible to write the modified Tsai-Hill expression for 
this ply orientation using Equation 12.10, which will provide the thickness needed for the laminate 
to avoid failure of the plies having the orientation in consideration.

If hk is the value of the laminate thickness obtained from the ply orientation k, after reviewing all 
the orientations (k = 1 … n), we will retain only the highest value

	 h hk{ }= suplaminate

Note: The calculation principle is retained even if the plies have different thicknesses with any ori-
entations. Then, it becomes necessary to computerize the procedure or to use existing software. A 
complete composition of the laminate can then be proposed, and it can be verified that the solution 
is satisfactory with regard to the criteria mentioned above (deformation, failure). The user-friendly 
aspect of the software, allowing for rapid consideration of input data, makes the process easier.11

12.1.4 �F lexure Behavior

In the previous paragraph, discussion was limited to loads of N Nx y,  , and Txy  applied in the Mid-
plane of the laminate. We will now examine the loading cases that cause out-of-plane bending of the 
laminate. As before, the laminate considered is supposed to have Mid-plane symmetry.

12.1.4.1 � Displacement Field
•	 Assumption: Assume that a line perpendicular to the Mid-plane of laminate before defor-

mation (see Figure 12.3) remains perpendicular to the mean surface that results, after 
bending, from the deformation of the previous Mid-plane12. 

•	 Consequence: If we denote as before by u x y( , ) 0  and v x y( , )0  the components of the 
displacement in the Mid-plane and by w x y( , )0  the displacement out of the plane (see 
Figure 12.3), the displacement of any point in the laminate, with coordinate z in the unde-
formed configuration, can be written as

	

u u z
w
x

v v z
w
y

w w

= − ∂
∂

= − ∂
∂

=
















0
0

0
0

0

	 (12.11)
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From which we deduce the nonzero strain values:
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y y

xy xy
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∂

ε = ε − ∂
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∂ ∂
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






 2

0

2
0

2

0

2
0

2

0

2
0

	 (12.12)

12.1.4.2 � Loadings
In addition to the In-plane stress resultants N Nx y,  , and Txy of the previous paragraphs, we can add 
the bending and twisting moments per unitary width about the x- and y-directions (see Figure 12.4).

As with the In-plane resultants, the bending and twisting moments also serve to synthesize the 
cohesive forces that appear on cuts normal to x- and y-axes, following a classic method common 
to all structures (beams, plates, etc.). They should be interpreted as unitary moments of cohesive 
forces13. They are written as 

•	 My, bending moment about the y-axis due to the stress xσ , per unitary width along the 
y-direction:

	 M z dzy x

h

h

∫= σ ×
− /2

/2

	 (12.13)

FIGURE 12.3  Bending of the laminate.

FIGURE 12.4  Bending and twisting moments.
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•	 Mx , bending moment about the x-axis, due to the stress yσ , per unitary width along the 
x-direction:

	 M z dzx y

h

h

∫= − σ ×
− /2

/2

	 (12.14)

•	 Mxy (or Myx− ), twisting moment about the x-axis (respectively, y-axis), due to the shear 
stress xyτ , per unitary width along the y-direction (respectively, x-direction):

	 M z dzxy xy

h

h

∫= − τ ×
− /2

/2

	 (12.15)

Taking Equation 11.8 into consideration, which allows expressing, in any coordinate system, the 
stress state in a ply as function of strains, the bending moment My (Equation 12.13) can be written as

	 M E E E z dzy
k
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y
k

xy

z

z

k

n

k

k
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Which becomes, when using Equation 12.12,
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Due to Mid-plane symmetry, every integral of the form E z dzj
k

z

z

k
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∫ ×
−

1

1

 in the above expression can be 

associated with an integral of the form E z dzj
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−

− −
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1

 from opposite sign. The sum of integrals of 

this type is zero and only remains
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with

	 C E
z z

j j
k k k
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1 1
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3
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By proceeding in a similar way with Mx  and Mxy (Equations 12.14 and 12.15), we obtain the fol-
lowing matrix form:
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(12.16)

12.1.4.3 � Notes
•	 It can be observed in Equation 12.16 that coefficients Cij depend on the stacking sequence 

of the plies.
•	 Does such a laminated plate bend under In-plane loading? To determine this, let us con-

sider the flexure displacement field in order to express, for example, the stress resultant Nx 
(Equation 12.11). This yields
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Making use of the remark mentioned above, the Mid-plane symmetry causes the elimination of 
integrals of the type

	 E z dzj
k

z

z

k

k

∫
−

1

1

As a consequence, we find again Equation 12.4 as

	 N A A Ax y xy= ε + ε + γ1 11 0 12 0 13 0
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For laminates with Mid-plane symmetry, the In-plane behavior is decoupled from the flexural 
behavior.

•	 Even for the balanced laminate case (same number of plies making angle θ with the 
x-axis, as plies making angle −θ in addition of Mid-plane symmetry), terms C13 and C23 
in Equation 12.16 are not zero. This modifies the deformed shape compared with the 
isotropic case as outlined in Figure 12.5.

•	 Terms C13 and C23 disappear only in the following cases:
	 a.	 The plies are oriented uniquely along the 0° and 90° directions. Then the product 

θ × θcos sin  is zero and14

	 E E kk k= = ∀013 23

	 b.	 The laminate [0°/90°/+45°/−45°] is made of:
–	 Balanced fabric layers (in each fabric layer, warp and weft fibers are first approxi-

mation15 overall at the same z-elevation)
–	 Almost isotropic mats layers
–	 A combination of the two types of layers above

•	 The stress state in each ply derives from Equation 11.8. For example, for ply number k,

	 E E Ex
k

x
k

y
k

xyσ = ε + ε + γ11 12 13

And considering Equation 12.12 for the strains,
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Which can be summarized by

	 x x x fσ = σ + σ0 (In-plane) (flexure)

The stress appears, therefore, along the thickness of the laminate as the superposition of a 
piecewise constant distribution and a piecewise linear distribution, as seen in Figure 12.6. 
One can also observe analogous forms for yσ  and for xyτ .

FIGURE 12.5  Isotropic and laminate plates in bending.
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12.1.5 �C onsequence: Practical Determination of a Quad-Laminate Subject to Flexure

Givens

•	 The bending and twisting moments M My x,  , and Mxy are known16.
•	 Using these resultants leads to estimate proportions of plies for a quadrangle symmetric 

laminate17, and to predict the stacking sequence.

Principle of Calculation

•	 Nonfailure of the laminate: Following a similar approach as in Section 12.1.3, it is possible 
to calculate for each of the plies the stress values tσ σ,



, and tτ


 in t( , )  axes. This allows 
checking the ply strength using the Tsai-Hill criterion. This requires user-friendly soft-
ware as already mentioned allowing optimization of the plies proportion in each direction 
within the laminate18.

•	 Bending deformation: Determination of the deformed configuration under bending is as 
complex as for an isotropic plate: apart from a few cases of academic interest, it is neces-
sary to use a computer program based on the finite element methods19.

12.1.6 �S implified Calculation for Bending

It appears possible, for a first estimate, to perform simplified calculations by considering that the 
moment My is related uniquely to the curvature w x( )∂ ∂2

0
2 , and the moment Mx  to the curvature 

w y( )∂ ∂2
0

2 . Then the following elements can be determined.

12.1.6.1 � Apparent Failure Strength in Bending
A test conducted on a coupon provides the moment value at failure, denoted by Mrupt. on Figure 12.7 
(moment per unitary width of the sample).

FIGURE 12.6  Total normal stress xσ  in a laminate.

FIGURE 12.7  Bending failure.
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Analogy with a beam in bending leads to

	
/2

12
then :
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×
= ×

M h
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12.1.6.2 � Apparent Flexure Moduli
These are obtained starting from a comparison between the behavior relationships for composite 
and for homogeneous samples. From Figure 12.8a, the relation between the bending moment and 
the curvature for a homogeneous beam with unitary width is obtained by integration of the local 
behavior relationship20:
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Equation 12.16 is recalled below:
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We note that it can be inverted, and by writing,
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2
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By comparing the Equation noted in Figure 12.8a with only the first part (moment My) on the 
right-hand side of Equation in Figure 12.8b,

FIGURE 12.8  (a) Homogeneous and (b) laminated beam.
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	 EI E
h⇔ × ×1

12
11

3

we obtain an approximate form for a modulus E that can be interpreted as a flexure modulus along 
the x-direction of the homogenized material:

	 E
h

EIx = ×12
flexure along 3 11

Note: When the plies of the laminate have only orientations 0° and 90°, or when the laminate 
[0°/90°/+45°/−45°] is made only of balanced fabrics and of mats, excluding the unidirectional lay-
ers, we then have in matrix [C]

	 C C= = 013 23

Then
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2

	 EI C
C
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= −11 11
12
2

22

12.1.7 �T hermomechanical Loading Case

12.1.7.1 � In-plane Behavior
When temperature variation has to be taken into account, the latter being assumed identical in 
all plies of the laminate, the stresses are given by the modified Equations 11.10. Following the 
procedure of Section 12.1.1, with the same assumptions and notations, the stress resultant Nx 
(Equation 12.1) becomes
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Then

	 N A A A T Ehx x y xy x= ε + ε + γ − ∆ × α11 0 12 0 13 0
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Following the same procedure for Ny and Txy , the In-plane resultants are expressed as
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Inversion of the above relation allows highlighting, in addition to the apparent moduli of the lami-
nate (see Section 12.1.2), the In-plane thermal strain:
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or with Equation 12.9
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which can be rewritten as
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Notes

•	 Evaluation of terms (1/ ) , (1/ )α αh Eh h Ehx y, and (1/ ) αh Eh xy only requires the knowledge 
of ply proportions along the different orientations and not the knowledge of thicknesses21.

•	 The matrix h[A]−1 already mentioned in Section 12.1.2 contains the global moduli of the 
laminate. Then we can write (see Equation 12.9)
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The last part of the right-hand side of equation above allows to note the global thermal expansion 
coefficients of the laminate, which are denoted as x yα α,0 0 , and xyα0 , with the correspondence
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	 (12.18)

In summary, the thermomechanical In-plane behavior of a laminate with Mid-plane symmetry can 
be written as
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	 (12.19)

In which, Equations 12.17 and 12.18 give x yα α,0 0 , and xyα0
22.

12.1.7.2 � Behavior under Bending
Following the procedure in Section 12.1.4 with the same notations, the bending moment My 
(Equation 12.13) becomes, using the modified Equations 11.10,
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The plate being assumed having Mid-plane symmetry, any integral of the form E z dz
k

z

z

k

k
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1

 at the 

right-hand side of equation is associated with another integral such as E z dz
k
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1

 that is equal and 

opposite in sign. After calculation, only the following expression with notations of Section 12.1.4 
remains:
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Due to the Mid-plane symmetry, the behavior under bending (Equation 12.16) is unchanged 
when the laminate is subjected to thermomechanical loading.

Note: Bear in mind that the temperature field is assumed uniform through thickness of the 
laminate.

12.1.8 � Hygrothermal Loading Case

When taking into account variations in the moisture content of the laminate, hygrometric behavior 
of plies has to be included in the preceding calculations by introducing the coefficients of moisture 
expansion and the increase in moisture concentration Mc∆  (see Section 10.6).

Equations 11.12 give the stresses. Following the procedure of Section 12.1.7, with the same 
assumptions and notations we obtain:
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	 b.	 In place of 12.18:

	 c.	 In place of 12.19:

12.2 � LAMINATE WITHOUT MID-PLANE SYMMETRY

12.2.1 �C oupled In-plane–Flexure Behavior

If we consider the calculations of Section 12.1.4 without Mid-plane symmetry, we note again the 
presence of integrals as
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This characterizes each ply k. This time, after summing over all plies of the laminate, these inte-
grals bring to nonzero terms with the form
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Thus, the development of the bending moment My will be (see Section 12.1.4)
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It should be noted in this relationship the coupling between bending and In-plane behavior.
In a similar manner, the normal stress resultant Nx that was developed in Section 12.1.4 is rewrit-

ten as
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where the previous coupling occurs again.
By using the same approach for M M Nx xy y,  ,  , and Txy , the relationships obtained can be grouped, 

bringing to the global behavior relationship hereafter:

� (12.20)

12.2.2 �C ase of Thermomechanical Loading

Considering the development for the bending moment My as shown in Section 12.1.7.2, the follow-
ing integral forms are found for each ply k:
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After summing over all plies of the laminate, it appears a nonzero term as
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A similar development for the other stress resultants and moments leads to the following relation-

ship, characterizing the thermomechanical behavior:
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� (12.21)

12.2.3 � Hygrothermal Loading Case

Hygrometric behavior of plies has to be included in the preceding calculations. Recalling below the 
stresses expressed from Equation 11.12
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By following the procedure of the preceding sections, one obtains the behavior equations taking 
into account the hygrothermal effects:
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� (12.22)

NOTES

	 1	 See Section 5.2.
	 2	 For stability criteria of the loaded laminate (buckling criteria), not discussed in this chapter, see 

Appendix B.
	 3	 Or mirror symmetry property; see Section 5.2.3.
	 4	 The entire expressions of Eij are given in Equation 11.8.
	 5	 See Figure 12.1 and Figure in Equation 11.8.
	 6	 See Section 5.4.3.
	 7	 For the Tsai-Hill failure criterion, see Section 5.3.2 and the detailed explanation in Section 14.3.
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	 8	 We can read directly these moduli in Tables 5.1 through 5.15 of Section 5.4.2 for balanced quad-
rangle symmetric laminates of carbon, Kevlar®, and glass/epoxy with 60%=Vf  fiber volume frac-
tion. As already mentioned in Section 5.4.2, for other marketed reinforcements not detailed in this 
book, a dedicated free access calculation tool can be readily download: www.think-composites.com 
(See Bibliography: S. Tsai et al., Composite Laminate Theory and Practice of Analysis, Design and 
Automated Lay-up, 2017).

	 9	 This calculation can be easily computerized: see Application 20.2.
	 10	 For example, noting the following correspondence, 
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	 11	 See footnote in Section 12.1.3.3.
	 12	 Such a simplification will be questioned in Chapter 18.
	 13	 In this way, My is written in integral form as
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	 14	 See Equations 11.8.
	 15	 See Section 5.2.3.5.
	 16	 For example, as nodal forces obtained from finite element analysis.
	 17	 See Section 5.2. For a more general framework, see Chapter 15.
	 18	 See footnote in Section 12.1.3.3.
	 19	 These elements are constituted on the basis presented above and can include other effects that were not 

taken into account previously: in particular, the transverse shear stress in flexure due to the transverse 
shear stress resultants as seen in Chapter 18.

	 20	 Recall that /ε = ∂ ∂u xx  with 0( )= − ×u z dw dx ; then 2 2
0

2( ) ( )× = − × σz d w dx z Ex , which can be inte-
grated through the thickness.

	 21	 See Application 20.4.
	 22	 In Charts 5.4, 5.9, and 5.14 of Section 5.4 are given the values of thermal expansion coefficients for 

balanced quadrangle symmetric laminates made of carbon/epoxy, Kevlar/epoxy, and glass/epoxy with 
60%=Vf  fiber volume fraction. For other marketed reinforcements not detailed in this book, see foot-

note in Section 12.1.3.3.

http://www.think-composites.com
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Part III

Justifications, D-D Laminates, 
Composite beams, and Transverse 
Shear Behavior of Multilayered Plates

A number of elements of fundamental interest for a better understanding of the calculation prin-
ciples applied to composite parts have been grouped in this section. Chapters 13 and 14 relate to 
anisotropic properties and strength properties of orthotropic materials and then of transversely iso-
tropic materials. Chapter 15 is devoted to quasi-orthotropic laminates also called “Double-Double”. 
It presents the recent work initiated by Pr. SW Tsai in order to define and manufacture more efficient 
and lighter laminates. Based on an original approach, Chapters 16 and 17 demonstrate that slender 
composite parts regarded as beams can be homogenized, making their study similar to ordinary 
homogeneous beams in classic literature. Finally, Chapter 18 based on a similar original approach 
describes the transverse shear behavior of laminated plates subject to transverse or buckling loads.
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13 Elastic Coefficients

A linear elastic anisotropic medium was defined in Chapter 9. At that stage, we reported, without 
justification, the elastic behavior relationships characterizing the particular case of orthotropic 
materials, then isotropic transverse. We propose now to examine more closely the elastic 
constants that appear in stress–strain relationship for these materials. In the case of transversely 
isotropic materials, we will study also the manner in which the constants change with the coor-
dinate system.

13.1  �ELASTIC COEFFICIENTS FOR AN ORTHOTROPIC MATERIAL

13.1.1 � Reminders

We consider here again the elastic behavior relationship written in Section 9.1.1 in the form

	 ε = ϕ × σmn mnpq pq	

It should be recalled that the ϕmnpq tensor components expressed in the coordinate system (1, 2, 3) 
take the form ΦIJKL  in another coordinate system (I, II, III) using the relationship

	 φ = × ϕcos cos cos cosIJKL I
m

J
n

K
p

L
q

mnpq 	 (13.1)

in which

	


( )=cos cos ,m II
m 	

By definition1, an orthotropic medium shows, at every point, two symmetries of elastic behavior, 
each with respect to a plane, the two planes being mutually perpendicular.

13.1.2 � Elastic Behavior Equation in Orthotropic Axes

Under these conditions, we consider two coordinate systems (1, 2, 3) and (I, II, III), which are built 
on these two planes and their intersection and which can be deduced from each other, thanks to a 
180° rotation around axis 3 as shown in Figure 13.1.

We deduce

	   =
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−
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
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The application of Equation 13.1 leads to

	

Φ = ϕ Φ = ϕ Φ = ϕ
Φ = ϕ Φ = ϕ Φ = ϕ
Φ = ϕ Φ = ϕ Φ = ϕ

; ;

; ;

; ;

I I I I 1111 I I II II 1122 I I III III 1133

II II II II 2222 II II III III 2233 III III III III 3333

II III II III 2323 I III I III 1313 I II I II 1212
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and

	 Φ = −ϕI I II III 1123	

However, due to identical elastic properties in coordinates (1, 2, 3) and (I, II, III), we must also have

	 Φ = ϕI I II III 1123	

From this,

	 Φ = ϕ = −ϕ = 0I I II III 1123 1123
	

In an analogous manner,

	

Φ = Φ =
Φ = Φ = Φ =
Φ = Φ =

0; 0

0; 0; 0

0; 0

II II II III III III II III

I I I III II II I III III III I III

II III I II I III I II

	

And finally,

	
Φ = ϕ Φ = ϕ Φ = ϕ

Φ = ϕ
; ;I I I II 1112 II II I II 2212 III III I II 3312

II III I III 2313
	

We have considered so far the symmetry with respect to plane (1, 3). Now coordinates (1, 2, 3) and 
(I′, II′, III′) (see Figure 13.1) are considered, which are deduced one from the other, thanks to a 180° 
rotation around axis 2 (symmetry with respect to plane (1, 2)). We have
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The same procedure as above will lead to

	
Φ = −ϕ = ϕ = Φ = −ϕ = ϕ =

Φ = −ϕ = ϕ = Φ = −ϕ = ϕ =
′ ′ ′ ′ ′ ′ ′
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' 0; 0

0; 0
I  I  I  II 1112 1112 II  II  I  II 2212 2212

III III  I  II 3312 3312 II III  I III 2313 2313
	

FIGURE 13.1  Orthotropic medium.
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Considering the symmetry of coefficients ϕmnpq indicated in Equation 9.12, we have written here the 
only nonzero terms. From the simplification of Equation 9.2, we obtain the behavior relationship
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It remains, therefore, nine distinct elastic coefficients, which can be written in the form of Young’s 
moduli and Poisson ratios as
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13.2 � ELASTIC COEFFICIENTS FOR A TRANSVERSE ISOTROPIC MATERIAL

13.2.1 � Elastic Behavior Equation

Reminders: By definition3, a transversely isotropic material (Figure 13.2) is such that any plane, includ-
ing a privileged axis, shall be a mechanical mirror plane. We may already point out that it is a special 
case of orthotropic material. Therefore, the only nonzero elastic constants are shown in Figure 13.2.4

The preferred direction referred to in the definition above being axis 1 in Figure 13.2, let us 
consider the coordinates (1, 2, 3) and (I, II, III) that can be deduced one from the other, thanks to a 
rotation of any angle θ. We then have

	   = −
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


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


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= θ
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0
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sin

c s
s c

c
s

I
m 	

From the definition of such material, the matrix of elastic coefficients has to remain invariant in this 
rotation. Equation 13.1 allows writing

·	 Φ = ϕI I I I 1111	

·	 Φ = ϕ + ϕ = ϕI I II II 1122
2

1133
2

1122c s 	
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Then,

	 ( )ϕ − + ϕ =1 01122
2

1133
2c s 	

	 ϕ = ϕ1122 1133	

·	




Φ = ϕ + ϕ + ϕ + ϕ

+ ϕ + ϕ + ϕ + ϕ

II II II II 2222
4

2233
2 2

2323
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2 2

3223
2 2

3232
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c s c s c s c

s c s c s c s
	

and

	 Φ = ϕII II II II 2222	

Then, taking the symmetries into account, we obtain

	 ( ) ( )ϕ − + ϕ + ϕ + ϕ =1 2 2 02222
4

3333
4 2 2

2233 2323c s s c 	 (13.4)

	




Φ = ϕ + ϕ + ϕ + ϕ

+ ϕ + ϕ + ϕ + ϕ

III III III III 2222
4

2233
2 2

2323
2 2

2332
2 2

3232
2 2

3223
2 2
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2 2

3333
4

s s c s c s c

s c s c s c s
	

and

	 Φ = ϕIII III III III 3333	

FIGURE 13.2  Transverse isotropic material.
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Then, taking into account the symmetry, we have

	 ( ) ( )ϕ + ϕ − + ϕ + ϕ =1 2 2 02222
4

3333
4 2 2

2233 2323s c s c 	 (13.5)

Subtracting the relationships shown in (13.4) and (13.5),

	 2222 3333ϕ = ϕ

Replacing in Equation 13.4,
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	 ϕ = ϕ − ϕ2 2323 2222 2233	

·	 Φ = ϕ + ϕ = ϕI III I III 1212
2

1313
2

1313s c 	

Then,

	 ( )ϕ + ϕ − =1 01212
2
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2s c 	

	 ϕ = ϕ1212 1313	

Four relations for the nine coefficients have been written. There remain, thus, five distinct elastic 
coefficients. Equation 13.2 is reduced to
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Or, in the form of Young’s moduli and Poisson ratios,
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13.2.2 � Rotation about an Orthotropic Transverse Axis

13.2.2.1 � Problem
Rather than the orthotropic axes (ℓ, t, z)5, we propose to rewrite the behavior relationship in axes  
(x, y, and z) deduced thanks to a rotation of any angle θ around the z-axis, as shown in Figure 13.3. 
This is in order to know how the previous elastic coefficients are changing according to angle θ.

Let us recall Equation 13.1 that allows the calculation of components ΦIJKL  in coordinate axes  
(x, y, and z) as functions of components ϕmnpq in coordinate axes (ℓ, t, and z):
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Noting that the only nonzero coefficients ϕmnpq appear in Equation 13.6, we obtain
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When expressed as a function of technical constants, which appear in Equation 13.7, this coefficient 
becomes
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FIGURE 13.3  Rotation about an orthotropic transverse axis.
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All the nonzero coefficients ΦIJKL  found above allow writing the elastic behavior relationship in the 
form10
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13.2.2.2 � Technical Form
By analogy with the technical form of Equation 13.7, in orthotropic axes, the constitutive equation 
in axes (x, y, z) can be written in terms of equivalent moduli and Poisson coefficients as follows:
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	 (13.9)

In this equation, the coupling terms characterized by the coefficients ηxy, µ ζ,xy xy, and ξxz should be 
noted, which are not similar to Poisson coefficients.

The values of elastic constants that appear above can be deduced immediately from the technical 
forms of coefficients ΦIJKL . These constants are detailed below, and subsequently, the elastic moduli 
and Poisson coefficients in axes (x, y, z) are obtained:
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� (13.10)

13.3 � CASE OF A PLY

In Equation 13.9, we may note that the stress–strain relationship in axes (x, y) appears to be decou-
pled when σ = 0zz . We will assume this to be the case for a thin laminate. Each ply will be, therefore, 
characterized in its plane by what follows, extracted from Equations 13.711 and 13.9:
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•	 In orthotropic axes (ℓ, t),
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•	 In axes (x, y), making an angle θ with the orthotropic axes (ℓ, t) (Figure 13.4)
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The values of elastic constants above are listed in Equation 13.10.

NOTES

	 1	 See Section 9.2.
	 2	 Recall the symmetry properties: ; ;ϕ = ϕ ϕ = ϕ ϕ = ϕijkl ijlk ijkl jikl ijkl klij .
	 3	 See Section 9.3.
	 4	 By involving symmetries in Equation 9.1, which are also mentioned in the footnote in Section 13.1.2.
	 5	 From now on, orthotropic axes (1, 2, 3) of Equation 13.7 are denoted as (ℓ, t, z).
	 6	 See Equations 9.2 and 13.6.
	 7	 See Equations 9.2 and 13.6.
	 8	 See Equations 9.2 and 13.6.
	 9	 See Equations 9.2 and 13.6.
	 10	 This is deduced from the general Equation 9.2.
	 11	 Orthotropic axes (1, 2, 3) of Equation 13.7 are denoted as (ℓ, t, z) for a ply (see Section 3.3.1).

FIGURE 13.4  Axes (x, y), making an angle θ with the orthotropic axes (ℓ, t).



14 Damage in Composite 
Parts; Failure Criteria

In Section I, Chapters 5 and 6, we have reported some specific degradation processes of laminated 
composite parts (see Sections 5.3.1, 5.4.5, and 6.1). We return more broadly in this chapter to the 
damage and failure criteria. First of all, we focus on the overall problem of damage and degrada-
tion of composite parts. We then talk about the characteristics and the general shape of a fracture 
criterion, in particular in the case of an orthotropic material. Then, we concentrate on the general 
form of the quadratic failure criterion for the particular plane stress case with the Tsai-Wu criterion 
and the Tsai–Hill criterion. Finally, to allow an application in the next chapter to D-D laminates, 
we translate the Tsai-Wu stress criterion in the strain space and take into account the mechanical 
properties of the damaged ply.

14.1 � DAMAGE IN COMPOSITE PARTS

14.1.1 �I ndustrial Emphasis of the Problem

14.1.1.1 � Causes of Damage
As an example with regard to the field of aviation, we know the crucial importance of sizing for the 
various structural elements of an aircraft, in order to withstand the relevant loads. During the life 
of appliance, in addition to this sizing aspect, which takes already account of fatigue, consideration 
should also be given to the incidence of damage in service. As shown in the graph in Figure 14.1, 
this occurs for most of the parts during maintenance or during stopovers.

14.1.1.2 � Diversity of Composite Parts
The term composite covers a wide scope of

•	 Ranges and geometries of reinforcements
•	 Matrices

DOI: 10.1201/9781003195788-17

FIGURE 14.1  Damage in transport aircraft.

https://doi.org/10.1201/9781003195788-17
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•	 Manufacturing processes
•	 Shapes of parts

In such a context, initialization of damages and monitoring of their growth appear to be a very 
broad topic of studies. Such studies are aimed at the construction of reliable digital models tak-
ing into account the degradation processes in the part area where a defined load that is growing is 
imposed. These models must rely upstream on experimental damage study and then be validated 
by the experience. After that, they are incorporated into numerical simulation tools, the goal being 
to try virtually an industrial part (virtual testing) in order to limit too expensive physical testing1. 
The expected time and money savings are a crucial economic issue today. They involve a consider-
able scientific work upstream, as well as a coordination of efforts the most extensive possible, often 
exceeding the national level.

14.1.2 �I nfluence of Manufacturing Process

Even before considering the specific shape of a part, should be noted the importance of manufactur-
ing process and its impact on mechanical properties.

14.1.2.1 � Example: Injected Part with Short Fibers
The diagram in Figure 14.2 shows the cross section through thickness of a mold and a plate injected 
with short fibers (e.g., a plate of a few millimeters thick, with short fibers of average length about 
250 μm, average slenderness of the order of 1/25). We note that the proximity of the mold wall 
guides the fibers along the flow direction. These are indeed areas of high values for velocity gradi-
ent, that is, the boundary layers of the flow following the injection.

Thus, the microscopic arrangements of reinforcement in this composite part are varying depend-
ing on the areas. Therefore, there is a variability of the mechanical properties relating to stiffness, 
thermoelasticity, and strength (mass fraction of short glass fiber today is reaching 50%=M f  and 
volume fraction 30%>Vf ).

FIGURE 14.2  Injected plate with short fibers.
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14.1.2.2 � Example: Parts with Pronounced Curvatures
Figure 14.3 shows the draping of a fabric ply over a mold with a double curvature, which is a 
frequent geometrical characteristic in applications. The fabric must be equipped with appropriate 
draping weave, for example, a satin of high modulus (see Section 3.4.1).

Here also, the mechanical properties of the fabric ply will evolve following the level of curvature 
of the areas concerned. In these areas, the ply remains orthotropic but shows different orthotropic 
directions with different mechanical and strength characteristics, due to the high level of curvature. 
And this phenomenon is repeated during stacking of successive plies of fabric, with their specific 
orientations, to constitute the final layered part.

14.1.3 �S mooth Area and Singularities in a Same Part

Structural composite parts generally show areas so-called regular or smooth, or typical, as well 
as specific local adaptations allowing their fastening or their reinforcement, called singularities. 
Figure 14.4 illustrates such a composite laminated part under solicitation of In-plane tension. Within 
the smooth area, the state of plane stress is uniform. The singularities, characterized by localized 
geometry changes, are the seat of rapidly varying In-plane stresses (stress gradient), as well as out-
of-plane stresses, as shown in Figure 14.4 and also Figure 5.28c for the free edge effect2.

The accidental defects create localized damage, as already indicated (see Figure 14.1). The most 
common are impact damages, and their consideration is very important (see the typical example of 
aerospace industry in Section 5.4.5).

14.1.4 �D egradation Process within the Smooth Area

Geometric imperfections and microdefects, such as localized absence of sizing agent on fiber sur-
face and porosity in the matrix, are always at the microscopic scale. That will foster initiation of 
degradation process.

FIGURE 14.3  Draping of a fabric ply over a mold.
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14.1.4.1 � Example: Composite Short Fiber Plate
In the case of the abovementioned composite plate (see Section 14.1.2.1), Figure 14.5 shows the 
process at microscopic scale that leads to failure under tension along the direction of injected short 
fibers.

Notes

•	 The matrix separates from the fiber by adhesive rupture (matrix disbonding, subsequent 
to a sizing defect) or cohesive rupture (rupture of matrix in the vicinity of the fiber wall).

•	 Here, short fibers are not broken, even at ultimate failure stage.

14.1.4.2 � Example: Laminate Consisting of Unidirectional Plies
When the load gradually increases, for example, in the x-direction of Figure 14.6, initiation of deg-
radation usually takes the form of microcracks development in the resin, in areas of stress concen-
tration, due to the presence of microdefects. This is the microscopic-level phenomenon. In a second 
step, there is growth or coalescence of these defects that reach the fibers and cause fiber disbonding.

The cracking now propagates across a ply and its mechanical and strength characteristics change. 
The damage has reached the mesoscopic level.

As loading continues to grow, so-called macroscopic phenomena appear across the plies 
themselves: longitudinal cracking of plies (along the fiber direction), delamination between two 

FIGURE 14.4  Typical smooth area and singularities in a part.
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consecutive plies having different orientations, and finally breaking of fibers themselves, which 
corresponds generally to the ultimate failure of the laminate.

Notes

•	 Stiffness and strength characteristics of the degraded ply: degradation of the unidirectional 
ply as described results in an alteration of the elastic properties and mainly of the Et and 



G t  
modulus, and of Poisson’s ratio ν

t
3. We return in Section 14.5 on these degraded moduli 

(see Equation 14.17).
•	 The previous illustration is linked to a laminate made of unidirectional plies and should 

not be extrapolated to woven plies. Interlacing of warp and weft threads (the weaving) is 
the source of specific stress concentration, and this can significantly change the process of 
degradation.

•	 We did not mention the nature of mechanical behavior of components. This behavior var-
ies within the plies: linear elastic along the direction governed by the reinforcement but 
which may become nonlinear or anelastic in the direction governed by the matrix.

•	 The damage process in the singularities abovementioned is specific for these singularities.

FIGURE 14.5  Degradation of a short fiber composite: (a) Microcracks and voids at the end of fibers (note: 
at the end of short-cut fiber, there is no sizing agent); (b) initiation and propagation of microcracks along the 
surface of fibers; (c) development of a plasticized zone; (d) small cracks coalesce and grow together in the 
plasticized zone; and (e) the cracked ductile zone reaches a critical size resulting in the brutal spread of a 
brittle cracking.
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•	 The allowable damage limit does not necessarily correspond to final failure but should be 
related to the envisaged application.

Example: Composite pipe carried out by filament winding. When the internal pressure is increasing, 
microcracking of resin causes fluid leakage. The outer layer begins to weep, a weeping phenomenon 
that, while linked to a microscopic damage level, is particularly problematic (see Application 19.8).

Thus, we can note that detailed study of a failure process in a composite part requires knowledge 
of the following features:

•	 State of stress in the typical areas or in the singular areas concerned
•	 Local mechanical properties of each phase
•	 Nature of the cracks in order to consider their propagation
•	 Mechanical properties of the interface between reinforcement and matrix

Then, the modeling coupled to a progressive and homogeneous loading of the part should allow 
following up the damage, up to a limit characterizing the failure of the area under study.

FIGURE 14.6  Different levels of damage in a laminate consisting of unidirectional plies.
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14.2 � FORM OF A FAILURE CRITERION

14.2.1 �F eatures of a Failure Criterion

14.2.1.1 � Failure Criterion Is a Design Tool
•	 A failure criterion must, therefore, provide a convenient means for predicting the loss of 

integrity that could lead to ultimate strength of the area studied in the part.
•	 Directly usable by the designer, a failure criterion must provide a result at the macroscopic 

level, which is the area studied in the composite part (the part itself being representative 
of the global level).

•	 It should integrate the results of tests from specimens, the structure of which must be 
consistent with that of areas under study.

•	 The implementation of a failure criterion should not take into account the details of damage 
evolution. It is positioned downstream from studies based on fracture mechanics where the 
microscopic and mesoscopic phenomena above are successively evoked.

Note: In the case of a smooth laminate area, damage starts in a certain ply orientation. The plies 
referred to this orientation have their mechanical properties (elastic properties and, later, strength) 
degraded, mainly in the transverse direction to fibers. Thus, the initial laminate definition should 
be replaced with a new definition, structurally degraded as compared to the initial laminate, and on 
which the loading continues to grow. The criterion must be able to adapt to this iterative approach 
to lead to ultimate failure4.

14.2.1.2 � Many Criteria
Many criteria have been proposed, more or less in line with this philosophy, since the 1960s. The 
approach followed here is not to establish an exhaustive list (many works from literature are doing 
this). However, the problem arises of their choice, based on their assessment.

In the early 2000s, the first results of an international campaign (Worldwide Failure Exercises) 
designed to compare the rupture criteria of monolayers or laminates in typical area were published. 
The comparisons of criteria were made both among themselves and with experimental results, 
which come almost entirely from biaxial testing with well-defined protocols.

Some twenty criteria were evaluated. No final conclusion could be drawn on the emergence of a 
dominant criterion that could provide an accurate rupture prediction for all the loading combinations.

So probably, there will never be a single criterion resulting from a theory of rupture of laminates, 
which would provide a sufficient range of precision to be fully accepted.

Therefore, we will limit ourselves here to present the bases on which a criterion is built, before 
examining in detail convenient forms among the most commonly used for examination of smooth 
areas.

14.2.2 �G eneral Form of a Failure Criterion

14.2.2.1 � Development of a Criterion
The development of a criterion results in a mathematical expression built on the stress tensor Σ 
prevailing in the study area, which also contains experimental strength values of the concerned 
material.

The condition of no damage takes the general form of a scalar inequality such as

	 ( ) 1Σ ≤f

When equality is achieved, the criterion is said to be saturated, leading to a boundary surface in 
the space of stresses, or failure envelope, which marks the occurrence of failure.
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14.2.2.2 � Case of an Orthotropic Material
We should define an orthotropic-for-damage material on a similar basis than already used 
for the elastic coefficients in the previous chapter (see Section 13.1), that is, assuming the 
existence of two mechanical symmetry planes for damage5. These two planes are supposed to 
be orthogonal. The mechanism of damage is characteristic of the symmetry plane considered. 
Starting from these two planes of symmetry and their intersection (z-axis noted on Figure 14.7), 
we define three orthogonal axes, which are the axes of orthotropy (z, ℓ, t)6. When changing from 
coordinate system by 180° rotation around ℓ-axis or around t-axis, the scalar form constituting 
the failure criterion should in principle remain invariant for the given state of stress resulting 
from the loading.

Notes

•	 Experimental values of failure strength are algebraically measured in the orthotropy axes, 
and the criterion is expressed in the corresponding coordinate system.

•	 The criterion depends on a final state of stress, but not on the loading path. Therefore, 
it masks the microscopic and mesoscopic evolutionary phenomena that lead to the 
rupture.

•	 However, any linearly increasing loading path must pierce the failure envelope of the cri-
terion at a single point. This is a sufficient condition to refer f Σ( ) as a convex functional 
of the stress tensor.

We describe below some forms of criteria built on these principles.

14.2.3 �L inear Failure Criterion

	 ( ) 1Σ = σ ≤f aij ij

14.2.3.1 � Example: Plane State of Stress in an Orthotropic Material
In orthotropic axes (ℓ, t), the expression above is reduced to7

	 ( ) 1( )Σ = σ + σ + + τ ≤
    

f a a a att t t t t

FIGURE 14.7  Orthotropic axes built on planes of mechanical symmetry for damage.
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For simple states of stress, results of test on samples provide failure strength values for traction, 
compression, and shear, that is, in algebraic form,

	 0; 0; 0; 0; 0tens. comp. tens. comp.
rupt. rupt. rupt. rupt. rupt.σ > σ < σ > σ < τ
  

t t t

Stating that the criterion is saturated for each simple state of stress corresponding to each of the 
failure strength taken successively, the criterion takes the form

	 1
rupt. rupt. rupt.

σ
σ

+ σ
σ

+ τ
τ

≤







t

t

t

t

In the 3D space defined by the coordinate system ,σ σ
 t, and τ

t, this criterion translates into eight 
equations of planes corresponding to the different failure strengths seen above.

Thus, the boundary surface or failure envelope in the coordinate system ,  ,( )σ σ τ
 t t corresponds 

to the volume bounded by these eight planes. It is an octahedron, as shown in Figure 14.7.
It should be noted8 that this criterion form provides quite satisfactory results for a unidirectional 

ply in plane (σt, τℓt) for the quadrant I and in plane ,( )σ σ
 t  for the quadrants II and IV. However, 

it is too pessimistic in the same plane ,( )σ σ
 t  for the quadrants I and III (biaxial state of stress in 

tension and especially in compression).
Note: Possibly because of that, or due to a lack of sufficient experimental knowledge until 

recently, this criterion is apparently never cited in the literature. This is surprising because it has the 
merit of never being dangerously optimistic and a little regrettable given its simplicity.

14.2.3.2 � Example: Maximum Stress Failure Criterion
The previous criterion is most commonly replaced by a simplistic derivative that is to neglect the 
physical stress coupling that is observed on the previous relationship. We then get the following 
maximum stress failure criterion:

	 1; 1; 1
rupt. rupt. rupt.

σ
σ

≤ σ
σ

≤ τ
τ

≤







t

t

t

t

where the algebraic failure strength value corresponding to the numerator algebraic stress value 
is placed at denominator. The failure envelope now is the parallelepiped shown in Figure 14.8. 

FIGURE 14.8  Failure envelope in the coordinate system ,  ,( )σ σ τ
 t t .



294 Composite Materials

This gets an often optimistic criterion, that is, where the actual failure occurs before saturation of 
the criterion. From the reliability perspective, this is no better than the previous criterion. However, 
this criterion is commonly used as a first approximation by linking it to safety factors.

14.2.3.3 � Note: Maximum Eligible Strain Criterion
In such a simple way, a noninteractive failure criterion based on maximum deformation by intro-
ducing practical values of maximum allowable strains can be defined. Then a cuboid in the space 
of strains ,  , ( )ε ε γ

 t t  is obtained for boundary surface. It will be recalled that allowable strains 
are a major concern of aircraft industry, as we have already reported (see Section 5.4.5). We return 
in more detail below to the conversion of a stress criterion in terms of strains (see Sections 14.4 
and 15.4.1).

14.2.4 � Quadratic Failure Criterion

14.2.4.1 � General Form

	 ( ) 1Σ = σ σ + σ ≤f b aijkl ij kl ij ij 	 (14.1)

Because of the symmetry property σ = σij ji , the developed form of this criterion shows linear terms 
characterized by 6 separate coefficients, by grouping of terms aij, and quadratic terms with 21 sepa-
rate coefficients, by grouping9 of terms bijkl .

14.2.4.2 � Orthotropic Material
As reported in Section 14.2.2, when changing axis system by pivoting 180° around the ℓ-axis, or 
around the t-axis, the quadratic form making up the criterion should remain invariant for a same 
stress state. Thus, 12 coefficients among the 21 of this quadratic form disappear10, and it is expressed 
by means of 9 separate coefficients. Similarly, separate coefficients of linear part are reduced to 3.

14.2.4.3 � Specific Case of Plane Stress: The Tsai-Wu Criterion
For an orthotropic material and a plane state of stress in symmetry plane (ℓ, t), the criterion can be 
written in the following form11:

	 ( ) 2 12
0

2 2Σ = σ + × σ σ + σ + τ + σ + σ ≤
      

f b b b b a at t t t t t t 	 (14.2)

which can also take the form:

	












 
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0

0f
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t

t t 	 (14.3)

When this criterion is saturated, the representative point of stresses ,  ,( )σ σ τ
 t t  moves on the fail-

ure envelope. In fact, this surface is an ellipsoid provided that the three matrix eigenvalues in 
Equation 14.3 are positive, i.e., if:

	 0; 0; 0; 00
2( )> > > − >

  

b b b b b bt t t 	 (14.4)

In order to evaluate the bi  and ai coefficients in Equation 14.3, one can perform five strength tests in 
order to provide the stresses for rupture:

	 0; 0; 0; 0; 0tens. comp. tens. comp.
rupt. rupt. rupt. rupt. rupt.σ > σ < σ > σ < τ





t t t
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By using these experimental stress values that saturate the criterion:

•	 Uniaxial tension along :

	 1tens. 2 tens.
rupt. rupt.( )× σ + × σ =

   

b a

•	 Uniaxial compression along :

	 1comp. 2 comp.
rupt. rupt.( )× σ − × σ =

   

b a

etc. Remembering that due to the predominant influence of fibers:

	 tens. comp.
rupt. rupt.σ > σ
 

and due to the matrix prevalence:

	 tens. comp.
rupt. rupt.σ < σt t

one obtains for coefficients in Equation 14.3 and for the condition 00
2( )− >



b b bt :

� (14.5)

Note: We note that the coupling term 0b  is just framed. Its experimental determination involves 
biaxial stresses tests difficult to implement and providing scattered values. If limiting ourselves to:

	 1 00
*− < ≤b

We, thus, obtain the criterion known as the Tsai-Wu criterion. To mark the start of damage on ini-
tially intact ply, the following is commonly used:

	 0.50
* = −b 	 (14.6)
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This is the most used value because when the material becomes isotropic (identical rupture strengths 
in tension and in compression), one brings back to the von Mises criterion for normal stresses as 
described in Section 14.3.2.1.

Example: Consider the unidirectional carbon/epoxy ply whose characteristics are presented in 
Table 3.4. Starting from Equation 14.5 and writing the Tsai-Wu criterion with 0.50

* = −b , we obtain 
the coefficients in Table 14.1.

14.2.4.4 � Note: Simplified Form for the Quadratic Criterion
It consists of the homogeneous form

	 ( ) 1Σ = σ σ ≤f bijkl ij kl

Such writing provides significant advantages:

	 a.	For a given state of plane stress ,  ,( )σ σ τ
 t t  such as

	 , , 12( )σ σ τ = α <
 

f t t

It is possible to multiply the loading by a specific loading factor k in order to reach satura-
tion, that is,

	 , , , , 12 2 2( ) ( )σ σ τ = σ σ τ = α =
   

f k k k k f kt t t t

which allows setting the safety margin:

	 1
1

1
σ − σ

σ
= − =

α
− 



k
k

It should be noted that this is not as simple when using a nonhomogeneous criterion (e.g., 
the previous failure criterion), in which

	 , , , ,2( ) ( )σ σ τ ≠ σ σ τ
   

f k k k k ft t t t

	 b.	This simplified criterion form appears as an extension toward composite materials of the 
classical von Mises criterion characterizing the yield strength. Then for an orthotropic 
material, the constants in the general quadratic form can be derived from nine basic tests:
•	 Six longitudinal tests: three tensile and three compression testing
•	 Three shear tests

This results in the so-called Tsai–Hill criterion, which is studied in Section 14.3.
	 c.	As noted above, there is no criterion that would totally fit everyone. Nevertheless, the Tsai–

Hill criterion is the most used among quadratic criteria, particularly for Quad laminates, 
and in the aeronautic industry, as shown in Figure 14.9.

TABLE 14.1
Unidirectional Carbon/Epoxy Ply (See Table 3.4)

Pa 2b ( )−
 Pa 2b

t ( )− 0  Pa 2b ( )− Pa 2b
t ( )−
 Pa 1a ( )−

 Pa 1a
t ( )−

7 E 19− 1.7 E 16− 0.54 E 17− − 2.5 E 16− 9.8 E 11− − 1.7 E 8−

( ) 2 12
0

2 2f b b b b a at t t t t t tΣ = σ + × σ σ + σ + τ + σ + σ <
      
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So we will expose the detailed approach leading to the best known form of this stress 
criterion. Its application to laminates in typical regular areas is already being used in 
Sections 5.3, 5.4, and 12.1.3. This criterion is also used in several Applications in Section IV 
of the book12.

14.3 � TSAI–HILL FAILURE CRITERION

14.3.1 �I sotropic Material: The von Mises Criterion

14.3.1.1 � Distortion Strain Energy 
In Figure 14.10, we denote by (I, II, III) the principal directions of the stress tensor Σ for a given 
point. The corresponding matrix is

	

σ
σ

σ

















0 0

0 0

0 0

I

II

III

FIGURE 14.9  Use of failure criteria in aerospace industry.

FIGURE 14.10  Principal directions of the stress tensor.
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The general formula of the strain energy totaldW  for an elementary volume dV surrounding the point 
under consideration can be written as

	
1
2

total ∑∑= σ εdW dVij ij

ji

which is reduced here to

	
1
2

total I I II II III III( )= σ ε + σ ε + σ εdW dV

,  , I II IIIε ε ε  are the principal strain values that can be expressed as functions of stress using the 
constitutive Equation 10.1 as

	 εε = + ν Σ − ν × Σ I
E E

(1 )
trace( )

This leads to

	 { }( ) ( )



 = + ν σ + σ + σ − ν σ + σ + σ1

2
(1 )

total
I
2

II
2

III
2

I II III
2dW

dV E E

(Note that ( / )dW dV  represents the strain energy density.)
The total elastic deformation above is due to the dilatation and distortion of the material. The 

von Mises criterion postulates that the material resists to an isotropic (or spherical) state of stress 
but will plastify when the distortion strain energy density reaches a critical value. This latter is 
written as

	 



 = 



 − 



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distortion total spherical stress

dW
dV

dW
dV

dW
dV

Here, the isotropic portion of the stress state is written as 3I II III( )σ + σ + σ . It creates an isotropic 
dilatation (Equation 10.1):

	
(1 )

3
I II III

I II III( )ε = + ν σ + σ + σ



 − ν σ + σ + σ

E E

Then

	 
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

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
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3
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I II IIIdW
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
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

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1
2

(1 )
3spherical stress

I II III
2

I II III
2dW

dV E E

We obtain then by replacing

	





{ ( )

( )

( )

( )





 = + ν σ + σ + σ − ν σ + σ + σ

− + ν σ + σ + σ + ν σ + σ + σ




1
2

(1 )

(1 )
3

distortion
I
2

II
2

III
2

I II III

2

I II III
2

I II III
2

dW
dV E E

E E
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Hence,

	
1

4 3distortion
I
2

II
2

III
2 I II III

2

( ) ( )



 = σ + σ + σ − σ + σ + σ











dW

dV G
	 (14.7)

We can rewrite the quantity in brackets as follows:

	
2
3

I
2

II
2

III
2

I II II III III I{ }σ + σ + σ − σ σ − σ σ − σ σ

	
2
3

3I II III
2

I II II III III I{ }( ) ( )σ + σ + σ − σ σ + σ σ + σ σ

	
1

6
3

distortion
I II III

2
I II II III III I{ }( ) ( )



 = σ + σ + σ − σ σ + σ σ + σ σdW

dV G
	 (14.8)

14.3.1.2 � Notes
Following Figure 14.10, if we denote as 



n the direction making the same angle with each of the 
principal directions, we observe on the facet with the normal 



n a stress vector σ


 such that ( )σ = Σ




n .
That is,

	

3

3

3

I

II

III

{ }σ =

σ

σ

σ



















which can be decomposed as follows:

•	 A normal stress:

	 σ = σ ⋅



nn

Then,

	
3

I II IIIσ = σ + σ + σ
n

It is the average stress value or isotropic stress from stress tensor13.
•	 A shear stress:

	 2 2τ = σ − σn

Then,

	
1
3 3

2
I
2

II
2

III
2 I II III

2

τ = σ + σ + σ − σ + σ + σ













which can be compared with Equation 14.7. Thus,

	
1

2
3
2distortion

2



 = τ





dW

dV G
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This shear value τ appears to be characteristic of the distortion energy.

•	 We should recognize in Equation 14.8 the presence of the first and second scalar invariants 
of the stress tensor that are independent of the coordinate system. In coordinate axes other 
than the principal directions, the second invariant can be written as

	 ( ) ( ) ( )σ σ − τ + σ σ − τ + σ σ − τ11 22 12
2

22 33 23
2

33 11 31
2

Then we have for any coordinate system

	
1

6
3

distortion
11 22 33

2
11 22 12

2
22 33 23

2
33 11 31

2{ }( ) ( ) ( )( )



 = σ + σ + σ − σ σ − τ + σ σ − τ + σ σ − τ 

dW

dV G

or

	 { }( )( ) ( )( )



 = σ − σ + σ − σ + σ − σ + τ + τ + τdW

dV G

1

12
6

distortion
11 22

2
22 33

2
33 11

2
12
2

23
2

31
2

The elastic domain, that is, where the distortion energy is below a certain critical value, can then be 
characterized by the following condition:

	 { }( )( ) ( )( )σ − σ + σ − σ + σ − σ + τ + τ + τ <a 6 111 22
2

22 33
2

33 11
2

12
2

23
2

31
2 	 (14.9)

To determine the constant, a single uniaxial test is sufficient. Indeed, if we denote by σe the elastic 
limit obtained from a tension–compression test, we have

	 2 12× σ =a e

Then,

	
1

2 2=
σ

a
e

14.3.2 �O rthotropic Material: the Tsai–Hill Criterion

14.3.2.1 � Notes
For an orthotropic material, a parallel with the von Mises criterion can be seen with the following 
observations:

•	 For an orthotropic material, the principal directions for the stresses do not coincide with 
the orthotropic directions, unlike the isotropic case.

•	 A uniaxial test is not enough to determine all the terms of the criterion equation, because 
the mechanical behavior varies with the direction of loading.

•	 For the application to fiber/resin composites, the limit of elasticity corresponds to the rup-
ture limit.

We should then write in an orthotropic coordinate system noted (ℓ, t, z) an expression similar to 
Equation 14.9, that is,

	 12 2 2 2 2 2( ) ( )( )σ − σ + σ − σ + σ − σ + τ + τ + τ ≤
   

a b c d e ft t z z z tz t 	 (14.10)

That must now be regarded as a failure criterion and no longer as a yield criterion.
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14.3.2.2 � Case of a Transversely Isotropic Material
As a simplification, in the following, we shall limit ourselves to the consideration of a transversely 
isotropic material14. It is represented in Figure 14.11 with the plane of isotropy (t, z). Then,

•	 The failure strength values are very different depending on whether we load the longitudi-
nal direction ℓ or the transverse direction t.

•	 The failure strength values are different in uniaxial tension and compression.
•	 The constants a, b, c, d, e, f in Equation 14.10 will be determined from the following test 

results:
•	 Test along the longitudinal direction ℓ:

	
1
2

rupt.

+ =
σ


a c

•	 Test along the transverse direction t:

	
1
2
rupt.

+ =
σ

a b
t

•	 Test along the transverse direction z, due to transverse isotropy:

	
1
2
rupt.

+ =
σ

b c
t

Then,

	
1

2 2
rupt.

= =
σ


a c

	
1 1

22 2
rupt. rupt.

=
σ

−
σ


b
t

•	 Shear tests:

	
1

2
rupt.

τ → =
τ



ft
t

FIGURE 14.11  Transversely isotropic material.
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1

2
rupt.

τ → =
τ

etz
tz

	
1

(due to transverse isotropy)2
rupt.

τ → =
τ



dt
t

Replacing in Equation 14.10,

	 { } ( )( ) ( )( )
σ

σ − σ + σ − σ −
σ

−
σ







σ − σ +

τ
τ + τ + τ

τ
≤t z

t
t z

t
t z

tz

tz

1

2

1

2

1 1
12

2 2
2 2

2

2
2 2

2

2
rupt. rupt. rupt. rupt. rupt.

 

 

 

And after calculation15

    ( )σ
σ

+ σ + σ
σ

− σ
σ

σ + σ + σ σ
σ

−
σ







+ τ + τ

τ
+ τ

τ
≤t z

t
t z z t

t

t z

t

tz

tz

1 2
1

2

2

2 2

2 2 2 2

2 2

2

2

2
rupt. rupt. rupt. rupt. rupt. rupt. rupt.







 

 



	 (14.11)

Note: For the case of a 3D orthotropic material, similar reasoning starting from Equation 14.10 
leads to a more general writing of the criterion, which takes the form
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σ

+ σ
σ

+ σ
σ

−
σ

+
σ

−
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
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rupt. rupt. rupt. rupt. rupt. rupt.

rupt. rupt. rupt.

…

… …

…

�

� �
�

� �
�

�

�

�

�

14.3.2.3 � Case of Unidirectional Ply under In-plane Loading
For a plane state of stress in the plane (ℓ, t) (see Figure 14.9), we have

	 0σ = τ = τ =
z z tz

Equation 14.11 simplifies, and we obtain what is called the Tsai–Hill criterion for a ply that works 
within its plane:

	 1
2

2

2

2 2

2

2
rupt. rupt. rupt. rupt.

σ
σ

+ σ
σ

− σ σ
σ

+ τ
τ

<











t

t

t t

t

	 (14.12)

Notes

•	 As already pointed out, the failure strength values of the fiber/matrix plies are different 
in tension and in compression16. Do not forget to place in denominator of each of the first 
three terms in Equation 14.12, the algebraic failure strength values corresponding to the 
nature of solicitations that are represented in numerators (tension or compression).

•	 Safety factor: Let α2 < 1 the Tsai–Hill expression found for a state of stress ,  , ( )σ σ τ
 t t . 

As reported at the end of Section 14.2.4, we then can increase the loading via a multiplica-
tive load factor k up to a limit value such as
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	 1
2

2

2

2 2

2

2
2 2

rupt. rupt. rupt. rupt.

( ) ( ) ( )( ) ( )σ
σ

+ σ
σ

− σ σ
σ

+ τ
τ

= α =











k k k k k
kt

t

t t

t

We define as safety margin the ratio

	 1
( )σ − σ

σ
= − 



k
k

which can also be written as

	 Safety margin
1

1=
α

−

•	 The Tsai–Hill criterion generally provides quite satisfactory results for unidirectional plies 
in plane ,( )σ τ

t t , in quadrants I and II. In the plane , ( )σ τ
 t , the results are never danger-

ously optimistic in quadrants I and II. In plane , ( )σ σ
 t , it gives good results for quadrants 

I and II. It is dangerously optimistic for quadrant III (biaxial state of stress in compression). 
In quadrant IV, the linear criterion that was already seen in Section 14.2.3 is of similar 
accuracy17.

14.3.3 �E volution of Strength Properties of a Unidirectional 
Ply Depending on the Direction of Solicitation

14.3.3.1 � Tensile and Compressive Strength
We intend evaluating the maximum stress σx that can be exerted on the ply in the x-direction in 
Figure 14.12.

The stress values ,  ,( )σ σ τ
 t t  in orthotropic axes are given by Equation 11.4 as

	

2

2 0
0

2 2

2 2

2 2( )

σ
σ
τ

















=
−

− −



















σ



















c s cs

s c cs

cs cs c s

t

t

x

where we recall that c = cos θ and s = sin θ. Thus,

	 ; ;2 2σ = × σ σ = × σ τ = × σ
 

c s scx t x t x

FIGURE 14.12  Loading direction distinct from orthotropic axes.



304 Composite Materials

Substituting into the Tsai–Hill criterion of Equation 14.12, we have

	 12
4

2

4

2

2 2

2

2 2

2
rupt. rupt. rupt. rupt.

σ
σ

+
σ

−
σ

+
τ



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

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c s c s c s
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t t

Then,

	
1

1 14

2

4

2
2 2

2 2

rupt.

rupt. rupt. rupt. rupt.

σ =

σ
+

σ
+

τ
−

σ





  

c s
c s

x

t t

Notes

•	 If σx is a tensile stress, then rupt.σ


 and rupt.σ t  are failure strength values in tension. Indeed:
When θ = 0°: rupt. rupt.σ = σ

x .
When θ = 90°: rupt. rupt.σ = σx t .

•	 When θ varies, the progression of rupt.σ x  is represented by the curve in Figure 3.8 (see 
Section 3.3.2).

14.3.3.2 � Shear Strength
For pure shear state as represented in Figure 14.13, we will have in an analogous manner:

	

2

2
0
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2 2( )

σ
σ
τ












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

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
 τ





















c s cs

s c cs

cs cs c s

t

t xy

	 2 ; 2 ; 2 2( )σ = − × τ σ = × τ τ = − × τ
 

cs cs c sxy t xy t xy	 (14.13)

Using this in the Tsai–Hill criterion in Equation 14.12,

	
4 4 4

12
2 2

2

2 2

2

2 2

2

2 2 2

2
rupt. rupt. rupt. rupt.

( )
τ

σ
+

σ
+

σ
+

−
τ












≤
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c s c s c s c s
xy

t t

FIGURE 14.13  Pure shear in (x, y) axes.
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Then,

	
1

4
2 12 2

2 2

2 2 2

2

rupt.

rupt. rupt. rupt.

( )
τ =

σ
+

σ






+

−
τ

 

c s
c s

xy

t t

Note: Here, taking into account the arrangement in Figure 14.13 0( )τ >xy  and Equations 14.13, rupt.σ


 
will be the compression failure strength and rupt.σ t  the tensile failure strength, and this applies for 
0° ≤ θ ≤ 90°.

14.4 � STRESS CRITERION TRANSLATED INTO STRAIN SPACE

14.4.1 �A dvantage of the Approach

•	 A maximum allowable strain-based criterion is often preferred for high performance 
applications. A typical example being aircraft construction, as already mentioned (see 
Sections 5.4.5, 14.2.3 and Figure 14.9). Particularly suited to quasi-orthotropic D-D lami-
nates, this approach will be detailed and implemented in Chapter 15.

•	 Consider a laminate made up of plies of different orientations with respect to reference 
axes. When this laminate is subjected to In-plane loading or to bending and torsional 
moments, we saw in Chapter 12 how to calculate stresses in each ply constituting the lami-
nate. Along a transverse cut of the laminate, these stresses vary depending on the orienta-
tion of considered plies (see Figure 12.6). On the other hand, strains of every ply coincide 
with the overall laminate strain18.

•	 Finally, one can notice that the quadratic criterion (see Equation 14.3) built on a positive 
definite symmetric matrix is analogous to an energy quadratic form built on the elastic 
constitutive law and transforms in the same way.

14.4.2 �F orm of the Criterion in the Ply Axes ( , ) t

Using Equation 11.6 that we recall:
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	 (14.14)

and rewriting the Tsai-Wu criterion (see Equations 14.5, 14.6) as:

	 ( )

0

0

0 0 0 0

1
0

0Σ =
ε
ε
γ

















 

















 

ε
ε
γ

















+
ε
ε

















 

















<






















f E

b b

b b

b

E E

a

a

t

t

t

t

t t

t

t t

t

t

t
t

t t



306 Composite Materials

leads to:

� (14.15)

14.4.3 �E xample: Unidirectional Carbon/Epoxy

With elastic characteristics as defined in Table 3.4, we will have the values in (Table 14.2):
Considering these values and writing the Tsai-Wu criterion (see Equation 14.15) expressed in 

strains with 0.50
*b = −  (see Equation 14.5), one obtains the dimensionless coefficients in Table 14.3.

Later in Section 15.5 of Chapter 15, we return to the advantages of such writing.

14.5 � TAKING INTO ACCOUNT THE PLY FAILURE

14.5.1 � Mechanical Properties of Damaged Ply

Saturation of failure criterion indicates that plies in a same orientation deteriorate according to the 
process described in Section 14.1.4. The laminate is at the first stage of ply failure, or “First Ply 
Failure”. The first damage is considered to relate to stiffness, not to strength. The damaged plies 
see some of their elastic properties reduced while initial mechanical strengths remain unchanged, 
as indicated in Table 14.4.

One has to use semi empirical relations to estimate the degraded properties values. In 
Equation 14.16, Em and Gm are the resin moduli and Vf  the volume content of fibers19.
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TABLE 14.2
Unidirectional Carbon/Epoxy
Table 3.4 (%)Vf (GPa)



E (GPa)Et (GPa)


G t ν
t Equation 11.6 (GPa)



E (GPa)Et
(GPa)



G t (GPa)ν
 

Et

60% 134 7 4.2 0.25 134.4 7 4.2 1.75

TABLE 14.3
Tsai-Wu Criterion Converted in Strain
b′


bt′ 0b′ b t′ a′


at′
10,600 8,200 −2,850 4,400 17 118

( ) 2 12 2
0

2f b b b b a at t t t t t tΣ = ′ε + ′ε + ′ε ε + ′ γ + ′ε + ′ε <
      
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� (14.16)

14.5.2 �E xample

For the unidirectional carbon/epoxy ply, the characteristics of which are given in Section 3.3.3, and 
with the epoxy resin properties in Table 1.4, we obtain the results in Table 14.5.

14.5.3 �C onsequences for Strength-Laminate Analysis

When analyzing a loaded laminate with initially intact plies and when some plies are damaged, 
their mechanical properties have to be modified according to Table 14.4. A new “damaged” lami-
nate is, thus, recomposed. From there:

TABLE 14.4
Matrix Degradation: Degraded and Intact Properties
Degraded 
properties

 ′
E

E
t

t
↘�

�′
G

G
t

t
↘�

�

ν
′ν

t

t

0
*

0
*

′
b

b

Intact properties


E tens.
rupt.

σ comp.
rupt.

σ tens.
rupt.σ t

comp.
rupt.

σ t rupt.

τ t

1 0.516
1

1

1
0.516

1
1

1 5.67
E

V

E V E E

t
f

t f t m

′ =
+ × −







+ × −






+






1 0.316
1

1

1
0.316

1
1

1 5.67
G

V

G V G G

t
f

t f t m

′ =
+ × −







+ × −






+








 

0.15 ; 0.150
*

0
*b bt t′ν = × ν ′ = ×

 

TABLE 14.5
Intact and Degraded Carbon/Epoxy Unidirectional Ply

60%=Vf Intact Degraded Epoxy Resin

(GPa)


E 134 134 (GPa) 4.5=Em

(GPa)Et 7 2.15

ν
t 0.25 0.04

(GPa)


G t 4.2 1.17 (GPa) 1.6=Gm

(MPa)tens.
rupt. σ


1,270 1,270

(MPa)comp.
rupt. 

σ


1,130 1,130

tσ (MPa) tens.
rupt. 

42 42

(MPa)comp.
rupt. σ t

141 141

(MPa)rupt.τ
t 63 63

0
*b –0.5 –0.075
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•	 One can constitute a model with progressive damage. The damaged laminate obtained is 
analyzed again ply by ply. The process continues until failure occurs for all plies20.

•	 Alternatively, a possible ply failure can also be taken into account from the start. This 
method is implemented in Chapter 15 (see Section 15.5).

NOTES

	 1	 In this context, dedicated numerical finite element models are helpful in order to simulate the degrada-
tion process in the part area where the loads are concentrating.

	 2	 See also Figure 6.1 for damage around a drilled hole.
	 3	 See Application 20.7.
	 4	 See Application 20.7.
	 5	 Such an assumption, made without any consideration of the limitations of a strict analogy, should be 

taken with caution.
	 6	 The modeling implicitly assumes that these axes are identical to the orthotropic ones considered up to 

now.
	 7	 It should be noted that after a 180° rotation around the ℓ-axis, on Figure 14.7, we observe a change in the 

sign of shear τ
t  leading to an antisymmetric term in the criterion, which, thus, should disappear. We 

will retain, however, here the term τ
t  in the criterion, in order to take into account reality of physical 

stress coupling effects.
	 8	 Based on the results of the World Wide Failure Exercises already mentioned (see Bibliography).
	 9	 For example, the coefficient of term in σ13σ23 is written as

	 1323 1332 2313 2331 3123 3132 3213 3231( )+ + + + + + +b b b b b b b b 	

	 10	 For example, after a rotation by 180° about the ℓ-axis, the change in sign of stresses σ
z and σ

t can be 
observed, giving rise to antisymmetry of terms in , , ,σ σ σ σ σ σ σ σ

   zz z zz t tt z tt t , etc.
	 11	 It remains then four coefficients for the quadratic part and two for the linear part.
	 12	 See Applications 19.6, 20.2, 20.4, 20.8, 20.10, 20.12, and 20.16.
	 13	 Recall the expression I II III( )σ + σ + σ  that constitutes the first scalar invariant of the stress tensor.
	 14	 For an orthotropic material, the procedure is identical. See hereafter.
	 15	 Beware, this is not valid for a fabric that is not transversely isotropic! See Application 20.10.
	 16	 See values in Section 3.3.3.
	 17	 See Bibliography: Hintona M.J. et al., World Wide Failure Exercises.
	 18	 For example, the midplane strains are the same regardless the considered ply.
	 19	 See Bibliography: Tsai S.W. and Melo J.D.D., Composite Materials/Design and Testing, 2015.
	 20	 See Application 20.7.



15 Quasi-Orthotropic 
Homogenized Laminates 
or D-D Laminates

This chapter presents a recent approach to enable an optimized design of high-performance lam-
inates. Based on the work of Professor Stephen Tsai and his team, the concept allows to build  
quasi-orthotropic laminates by stacking Sub-Laminate sets so-called D-D Sub-Laminates. In so doing,  
each set is composed of four plies and characterized by two privileged directions ( , )Φ Ψ , each 
doubled according to the pattern ±Φ and ±Ψ. This approach includes numerous advantages over 
Quadrangle Symmetric laminates 0 ; 45 ; 90° ± ° °  so-called Quad laminates previously described 

(see Section 5.2). Furthermore, manufacturing of such D-D laminates is well suited to the auto-
mated tape laying (ATL). The digital implementation of the laminate optimization process requires 
a specific calculation tool. Given at the end of the chapter is useful information about this tool and 
its free access.

15.1 � TSAI MODULUS AND STIFFNESS CHARACTERIZATION OF A LAMINATE

15.1.1 �T sai Modulus

15.1.1.1 � Constitutive Equation of a Ply
Starting from the general relationship ε = ϕ × σ

 ij ijk k  (see Section 9.1), reduced to plane stresses 
; ;{ }σ σ τ

 tt t  for a transversely isotropic ply (see Equation 9.51) leads to
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	 (15.1)

The first of the three behavior tensor invariants is the trace of the matrix above, constituting the 
so-called “compliance” invariant:

	
1 1 1

2
compliance = + +

 

I
E E Gt t

When inverting the previous constitutive equation and with the more convenient notations  and t 
already seen:
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With

	
1

;
1

=
− ν ν

=
− ν ν



   

E
E

E
E

t t
t

t

t t

In the matrix above, the trace is the first “stiffness” invariant so-called the Tsai modulus2 as

	 2Tsai = + +
 

I E E Gt t	 (15.3)

15.1.1.2 � Unidirectional Ply in a Plane Laminate
Laminate axes are denoted ( , )x y  in Figure 15.1. As already shown (see Figure 11.1), the x axis of the 
laminate makes an angle θ with the fiber direction of the ply.

Writing the behavior of a ply in the ( , )x y  axes by following the procedure of Chapter 11, 
Section 11.2 leads to an equation similar to relation 11.8 with 2γ = εxy xy, that is:
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With off-axis stiffnesses Eij given by Equation 11.8.
The Tsai modulus can therefore be written alternatively:

	 2 2Tsai 11 22 33= + + = + +
 

I E E G E E Et t 	 (15.4)

It can be noted that the Tsai modulus synthesizes the main stiffness properties of the layer.

15.1.1.3 � Trace-Normalized Moduli
Trace-normalized moduli *Eij are thus defined as:

	 ; ; and*

Tsai

*

Tsai

*

Tsai

*

Tsai

= = = =






E
E

I
E

E

I
G

G

I
E

E

I
t

t
t

t
ij

ij 	 (15.5)

•	 Example: For the carbon/epoxy unidirectional of Table 3.4, the trace-normalized values 
are summarized in Table 15.1.

The stiffness components vary with orientation θ as in Figure 11.2 (see Chapter 11). 
For example, for the previous carbon/epoxy ply, we obtain with trace-normalized form the 
values in Figure 15.2 where:

	 2  111
*

22
*

33
*+ + =E E E

FIGURE 15.1  Ply n°k.
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15.1.2 � Master Ply

Concerning carbon/resin (CFRP) unidirectional plies, there is a range of about 15 marketed plies 
(thermosetting or thermoplastic resin) with fiber volume contents varying from 60% to 70%. 
Comparing the mechanical characteristics of these 15 products3 revealed a remarkable property: 
the trace-normalized moduli as defined in the previous paragraph show a low scatter. So much that 
they can all be assimilated to a single trace-normalized ply so-called the “master ply”. The char-
acteristic values for this master ply are in Table 15.2 as well as the standard deviations observed for 
the 15 marketed plies.

Thus, to characterize the moduli of a unidirectional CFRP layer, it appears essential to know the 
value of its Tsai modulus (its stiffness trace), as well as the variations of the latter with environmen-
tal conditions.

TABLE 15.1
Carbon/Epoxy Unidirectional: Moduli and Trace-Normalized Stiffness Components

Ply Moduli

Vf 

E  (GPa) Et (GPa)


G t  (GPa) ν
t

60% 134 7 4.2 0.25



E  (GPa) Et (GPa)


G t  (GPa) ν
 

Et  (GPa) TsaiI  (GPa) *


E *Et
*


G t
*ν

 

Et

134.4 7 4.2 1.75 149.8 0.897 0.047 0.028 0.012

FIGURE 15.2  Trace-normalized stiffness coefficients varying with θ.

TABLE 15.2
Characteristic Values of Master Ply

*


E
/( )



E IT

*Et

/( )E It T

*


G t

/( )


G It T ν
t

*


E

/( )

E IT

*Et

/( )E It T

*


G t

/( )


G It T

*ν
 

Et

/( )ν
 

E It T

Master ply 0.880 0.052 0.031 0.32 0.885 0.052 0.031 0.017

Standard deviations 1.3% 0.05% 0.06%
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The Tsai modulus makes it possible to go back to the stiffness components of the ply from the 
knowledge of the master ply.

•	 Example: We want to determine the elastic moduli of a certain CFRP unidirectional. To 
this end, a tensile test is carried out on a coupon specimen in the fiber direction. This test 
provides the value (GPa)measured

E . We then deduce the Tsai modulus from Table 15.2:

	 0.880
0.880

*

Tsai
Tsai

measured measured= = ⇒ =


 E
E

I
I

E

Then, from Table 15.2, the other moduli can be deduced as follows

	 0.052 ; 0.031Tsai Tsai = × = ×


E I G It t

It is worth to note greater precision than that which one would obtain from tests, par-
ticularly for the shear modulus 



G t , the experimental determination of which remaining 
difficult.

In the following we examine the extension of the use of the Tsai modulus.

15.1.3 �T sai Modulus of a Laminate

15.1.3.1 � Reminder: Behavior Relationship
Let us first limit ourselves to the elastic behavior relationship of a laminated plate given by 
Equation 12.20 which we recall here (each of the n transversely isotropic plies being a priori 
different, with its own thickness ek):

� (15.6a)

Remember that:

•	 In equation above, off-axis stiffnesses Eij
k  are given by Equation 11.8, zk  and 1−zk  being the 

heights of the upper face, respectively lower of the ply n° k.
•	 ,  , N N Tx y xy are the In-plane resultants, and ,  , M M My x xy are the bending and twisting 

moments acting on the laminate (Cf. Equations 12.13, 12.14, and 12.15).
•	 The displacement field in the plate is described in Chapter 12 (see Section 12.1.4) and 

shown in Figure 12.3. We recall its form:
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Where ( , )0u x y  and ( , )0v x y  are the displacement components in the mid-plane, and ( , )0w x y  
the displacement out of this initial plane. Recall that for a laminate thickness h, we have
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•	 From this the strain field in the plate (Equation 12.12):
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	 (15.6b)

where ,  , 0 0 0ε ε γx y xy are the Mid-plane strains and
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are curvatures of the middle surface.

15.1.3.2 � In-plane Stiffness Matrix [ ]A
In the following, we limit ourselves to a laminate obtained by stacking of identical unidirectional 
layers with any orientations.

Writing the diagonal terms of [ ]A , we have successively:

	 11 11
1

11
2

11 11

1

∑= × + × + + × = ×= = =

=

=

A E e E e E e e Ek k k n k

k

k n

	 ;22 22

1

33 33
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A e E A e Ek
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Then considering the sum 211 22 33+ +A A A
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Where we recognize the Tsai modulus (See Equation 15.4), a unique value whatever the ply orienta-
tion, namely:

	 2 211 22 33 Tsai( ) ( )+ + = + + = ∀
 

E E E E E G I kk k k
t t

The laminate thickness being noted = ×h n e we have:

	 2 211 22 33 Tsai( )+ + = × × + + = ×
 

A A A n e E E G h It t

From which we deduce:

	
1

2Tsai 11 22 33( )= + +I
h

A A A 	 (15.7)

15.1.3.3 � Flexural Stiffness Matrix [ ]C
We have successively, writing the diagonal terms of matrix [ ]C  and starting from the underside of 
the laminate:
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Then considering the sum 211 22 33+ +C C C :
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where appears the Tsai modulus of the ply. From where:
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h being the laminate thickness: /2, /20= = −z h z hn . Then:
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C C C 	 (15.8)
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15.1.3.4 � Coupling Stiffness Matrix [ ]B
The diagonal terms of matrix [ ]B  are written:
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Considering the sum + + 211 22 33B B B :
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•	 Conclusion: the stiffness properties of a unidirectional ply and of any laminate constructed 
from this ply are summarized by a unique invariant, the Tsai modulus, independently of 
any ply stacking sequence.

15.1.3.5 � Guide Values for the Stiffness of a Carbon/Resin Laminate
Recall that in Equation 15.6, [ ]A  represents the In-plane stiffness matrix of the laminate. Since the 
plies are of identical properties, we have:

	
1 1

1

∑ ∑ ( )
= × = × = ×

+ +

=

=

=

=


A E e e E h
E E

n
ij ij

k
k

k

k n

ij
k

k

k n
ij ij

n

By introducing the Tsai modulus:
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For example, for the longitudinal stiffness, we note the trace-normalized value:
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Stiffness components 11
*E  are obtained for various orientations θ starting from Equation 11.8 and 

from the master ply characteristics in Table 15.2.
When considering the four orientations 0 ; 45 ; 90° ± ° °  of classical Quadrangle Symmetric 

laminates or “Quad” laminates, one obtain for the above dimensionless longitudinal stiffness 
some typical values summarized in Figure 15.3, valid for all marketed unidirectional CFRP 
plies.
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15.2 � THE DOUBLE-DOUBLE SUB-LAMINATED SET

15.2.1 �N otes on Classical Quadrangle Symmetric Laminates or “Quad Laminates”

From Figure 15.3, the four-orientation design 0 , 45 , 45 , 90° + ° − ° °  of classic Quad Laminates 
leads to the following remarks:

•	 The values of (1/ ) 11
*h A  which can be obtained in this way are necessarily discrete. It appears 

difficult to envisage covering continuously the entire range [0.017–0.885] using a realistic 
number of plies.

•	 We have seen4 in Chapter 5 that Mid-plane symmetry generally requires a minimum ply 
percentage of 10% in each of the four orientations. Consequently and apart from a local-
ized minimum of 7 plies, the number of plies is more frequently greater than ten when 
directional stiffness must be reinforced (tensile-compression, shear, etc.).

•	 When increasing the loads acting on the laminate, it is necessary to increase the plies num-
ber, while respecting the symmetry. Recalling that one must avoid the accumulation of 
plies with same orientation (see Section 5.2.4.1) in order to limit free edge stresses (see 
Figure 14.3), and provide for minimal angular deviation as the orientation changes, it 
becomes very difficult to adopt a systematic approach to define the stacking order of plies. 
Indeed, the number of possible combinations quickly becomes too high.

•	 As a result, the final thickness of the Quad laminate has other disadvantages:
•	 It can become too bulky, with an unacceptable mass for the envisaged application.
•	 It is difficult to vary the thickness along the part because the progressive ply-elimina-

tion modifies the initial composition (see Figure 5.16).
•	 Patch repair is tricky in order to restore the original composition.
•	 A panel with thick edges is subject to edge effects (see Figure 14.3).

In what follows, the purpose is to define laminates offering greater simplicity and flexibility, both at 
the design stage and at the implementation stage in order to overcome these drawbacks.

15.2.2 �D efinition of the “Double-Double” Sub-Laminated Set

A so-called “Double-Double” Sub-Laminated set, or more briefly “D-D set” is defined as consisting 
of four plies arranged in two “doubled” directions (sign + and sign −). With respect to the laminate  
x-axis in its plane ( , )x y , we locate the orientation of these plies respectively by ±Φ and ±Ψ, with the 
conventions already used (see Figure 15.1).

This is shown schematically in Figure 15.4.

FIGURE 15.3  Dimensionless longitudinal stiffness of carbon/epoxy Quad laminates.
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15.2.3 �P roperties of the “Double-Double” Set

•	 The “Double-Double” set thus defined is balanced but does not present mirror symmetry.
•	 The possibility of varying continuously and independently the angles Φ and Ψ leads to a 

doubly continuous field of Sub-Laminates. This greatly expands the potential of perfor-
mance. It can be seen, for example, in Figure 15.6 that it is possible to continuously cover 
the whole range of values of 1/ 11

*( )h A  unlike Quad-type laminates.
•	 Example: Figure 15.5 shows “Quad versus D-D” equivalence for the quasi-isotropic5 

“historical” laminate6.
•	 In all cases, the “D-D” set has only four plies. It is thin. For example with the carbon/resin 

ply from Table 3.2, a D-D set will have a thickness of 4 0.13 0.52 mm× = .
•	 Let us compare the “Quad” and “D-D” designs based on the trace-normalized stiffnesses 

built on the Tsai modulus, that is to say:

	
1

;
1

;
1

11
*

22
*

33
*

h
A

h
A

h
A

Table 15.3 shows equivalences between (non-symmetrical) Quad sets and D-D sets.
Figure 15.6 shows some D-D sets on the scale of trace-normalized longitudinal stiffness for all 

CFRP laminates. It is worthy to note the possibility of very significant stiffness values.

FIGURE 15.4  “Double-Double” sublaminated set.

FIGURE 15.5  Quasi-isotropic D-D set.
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15.2.4 �A rrangement of Plies

As shown in Figure 15.4, we have for the four plies constituting the D-D set:

	 0
2

≤ Φ < Ψ ≤ π

A laminate built on the basis of such a D-D set will result in a stack of “r” identical D-D sets or 
“blocks”, r being the number of repeats.

By adopting the convention:

	 1 ; 2 ; 1 ; 2↔ +Ψ ↔ +Φ ′ ↔ −Ψ ′ ↔ −Φ

Among the possible basic arrangements for the laminate, we can mention for example7:

… 1 2 2’ 1’ 1 2 2’ 1’ 1 2 2’ 1’ 1 2 2’ 1’ 1 2 2’ 1’ …
Ψ Φ −Φ −Ψ Ψ Φ −Φ −Ψ Ψ Φ −Φ −Ψ Ψ Φ −Φ −Ψ Ψ Φ −Φ −Ψ

… 1 1’ 2 2’ 1 1’ 2 2’ 1 1’ 2 2’ 1 1’ 2 2’ 1 1’ 2 2’ …
Ψ −Ψ Φ −Φ Ψ −Ψ Φ −Φ Ψ −Ψ Φ −Φ Ψ −Ψ Φ −Φ Ψ −Ψ Φ −Φ

« » repetitions 	 (15.9)

TABLE 15.3
Some Typical Equivalences between Sub-Laminated Sets (Quad versus 
D-D)

Equivalence
Quad Set ⇔ D-D set

1
11
*

h
A

1
22
*

h
A

2
33
*

h
A

0/ 45/90[ ]±  (4 plies) 22.5 / 67.5[ ]⇔ ± ±  (4 plies)
quasi-isotropic

0.37 0.37 2 × 0.128

90/ 45 /04[ ]±  (10 plies) [ ]⇔ ± ±29/ 60  (4 plies)
shear resistant (soft laminate)

0.33 0.33 2 × 0.17

90/ 45/05[ ]±  (8 plies) 0/ 53[ ]⇔ ± ±  (4 plies)
strongly oriented along x (hard laminate) 

0.56 0.22 2 × 0.11

FIGURE 15.6  Trace-normalized longitudinal stiffness (1 / ) 11
*h A  of Quad versus D-D Sub-Laminated sets.
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15.3 � CONTRIBUTIONS FROM A D-D SUB-LAMINATED SET

15.3.1 �A rrangement 

15.3.1.1 � Notations
Let retain as an example the arrangement , that is / / / ; ( )[ ]+Ψ +Φ −Φ −Ψ Φ < Ψ . On this basis, 
we propose to evaluate the contributions of a block or D-D set to the matrices [ ], [ ], [ ]A C B  of the 
behavior relation (Equation 15.6). The D-D set is shown in Figure 15.7. It is located at altitude 0Z  
above the middle plane of the entire laminate. The ply-thickness is denoted e. The number of repeats 
being r, the total thickness of the laminate is noted

	 (4 )= ×h r e

15.3.1.2 � In-plane Stiffness Matrix [ ]A
Recalling (Equation 15.6) that:

	
1st ply

th ply

∑= ×
=

=

A E eij ij
k

k

k

k n

Noting ∆Aij the D-D set contribution to the term Aij, we have:

	 ∆ = × + × + × + ×+Ψ +Φ −Φ −ΨA E e E e E e E eij ij ij ij ij

The coefficients θEij are detailed in Equation 11.8.

•	 =ij 11; 22; 12; 33

Then =+Ψ −ΨE Eij ij ; =+Φ −ΦE Eij ij  and:

	 2 2
2

4∆ = × + × = +





×+Ψ +Φ
+Ψ +Φ

A E e E e
E E

eij ij ij
ij ij

FIGURE 15.7  Stacking of Sub-Laminated D-D sets.
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where 4e is the D-D set thickness

•	 = ;ij 13 23

Then = −−Ψ +ΨE Eij ij ; = −−Φ +ΦE Eij ij  and 0∆ =Aij

When considering the stacking of “r” repeats of D-D sets, we obtain as terms of [ ]A  matrix for 
the full laminate with thickness (4 )= ×h e r:

11; 22; 12; 33 :
1
2

( )= = + ×+Ψ +Φij A E E hij ij ij

13; 23 : 0= =ij Aij

15.3.1.3 � Flexural Stiffness Matrix [ ]C
Recalling (Equation 15.6) that:

	
3

3
1

3

1st ply

th ply

∑ ( )
= ×

− −

=

=

C E
z z

ij ij
k k k

k

k n

Let ∆Cij  be the D-D set contribution to the term Cij

•	 ; ; ;ij = 11 22 12 33

We then note for the Sub-Laminate D-D set, in Figure 15.7 a contribution ∆Cij  such that:

	
3

2 2
3

0
3

0
3

0
3

0
3

0
3

0
3( ) ( ) ( ) ( ) ( ) ( )∆ = − − − + + − +  + + − − 

+Ψ +Φ

C
E

Z e Z e Z e Z e
E

Z e Z eij
ij ij

i.e. after development:

	
1
2

4
1
8

7
16
3

0
2 3( ) ( )∆ = + × × + + ×+Ψ +Φ +Ψ +ΦC E E e Z E E eij ij ij ij ij

When considering a stacking with a number r of D-D sets, we get:

	
1
2

4
1
8

7
16
3

3( ) ( )= + × × + + × ×+Ψ +Φ +Ψ +ΦC E E e S E E e rij ij ij ij ij

With S such as, 1,= …n r , n identifying the successive D-D sets

	 0 ( 1)
2

0 ( 2)
2

0 ( )
2= + + += = =S Z Z Zn n n r

	 a.	 if r is odd, then S  takes the form (Figure 15.8)8

	

0 2 (4 ) (8 ) (12 ) (16 )

1
2

 terms

2 2 2 2= + × + + + 
−





S e e e e

r

	
0 2 (4 ) 1 2 3 4

(4 )
12

1
2

 terms

2 2 2 2 2
2

3( )= + × + + +  = × −

−





S e
e

r r

r

(15.10)
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From which

	
1
2

(4 )
12

1
8

7
16
3

3
3 3( ) ( ) ( )= + × × − + + × ×+Ψ +Φ +Ψ +ΦC E E

e
r r E E e rij ij ij ij ij

	
1
2

(4 )
12

1
2

4
3

3( ) ( )= + × × + − × ×+Ψ +Φ +Ψ +ΦC E E
e r

E E e rij ij ij ij ij

That is to say:

	 ( 11; 22; 12; 33)
1
2 12

1
2

3
2( ) ( )= = + × + − ×+Ψ +Φ +Ψ +Φij C E E

h
E E e hij ij ij ij ij

	 b.	 if r is even: by modifying accordingly the diagram in Figure 15.8, the D-D set occupying 
the middle plane disappears. One can check that S  is then written9:

	
0 2 (2 ) 1 3 5 7

(4 )
12

2
 terms

2 2 2 2 2
2

3( )= + × + + +  = × −







S e
e

r r

r

The expression for Cij is unchanged.

•	 ij = 13; 23;

For the D-D set of Figure 15.7 and taking into account the form of off-axis stiffnesses θEij detailed 
in Equation 11.8: = −−Ψ +ΨE Eij ij ; = −−Φ +ΦE Eij ij

FIGURE 15.8  Odd number of repeats “r”.
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Then:

	
3

2 2

3

0
3

0
3

0
3

0
3

0
3

0
3

0
3

0
3

( )

( )

( ) ( ) ( ) ( )

( ) ( )

∆ = − − − − + − +





+ − − − + −





+Ψ

+Φ

C
E

Z e Z e Z e Z e

E
Z Z e Z e Z

ij
ij

ij

And after calculation:

	 3 2 2
0( )∆ = − + × ×+Φ +ΨC E E e Zij ij ij

Hence for the entire laminate and remembering that ( , )x y  is the middle plane:

	 ( 13; 23) 3 2 02
0

1

( )∑( )= = − + × × =+Φ +Ψ

=

=

ij C E E e Zij ij ij

n

n r

n

Summarizing the matrix [ ]C :

15.3.1.4 � Coupling Stiffness Matrix [ ]B
We recall that (see Equation 15.6):

	
2

2
1

2

1st ply

th ply

∑ ( )
= ×

− −

=

=

B E
z z

ij ij
k k k

k

k n

Let ∆Bij be the contribution of a D-D set to the term Bij .

•	 ij = 11; 22; 12; 33

Following the diagram in Figure 15.7, we have

	
2

2 2
2

0
2

0
2

0
2

0
2

0
2

0
2( ) ( ) ( ) ( ) ( ) ( )∆ = − − − + + − +  + + − − 

+Ψ +Φ

B
E

Z e Z e Z e Z e
E

Z e Z eij
ij ij

After calculation:

	
1
2

4 0( )∆ = + × ×+Φ +ΨB E E e Zij ij ij

Hence for the full laminate:

	
1
2

4 00

1

( )∑( )= + × × =+Φ +Ψ

=

=

B E E e Zij ij ij

n

n r

n

•	 ij = 13; 23

11; 22; 12; 33 :
1
2 12

1
2

3
2( ) ( )= = + × − − ×+Φ +Ψ +Φ +Ψij C E E

h
E E e hij ij ij ij ij

13; 23 : 0= =ij Cij [ ]

0

0

0 0

11 12

21 22

33

=
















C

C C

C C

C

(15.11)
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Remember that in this case = −−Ψ +ΨE Eij ij ; = −−Φ +ΦE Eij ij

According to (Figure 15.7):

	
2

2 2

2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

0
2

( )

( )

( ) ( ) ( ) ( )

( ) ( )

∆ = − − − − + − +





+ − − − + −





+Ψ

+Φ

B
E

Z e Z e Z e Z e

E
Z Z e Z e Z

ij
ij

ij

After calculation:

	
1
4

3 4 2( )∆ = − + ×+Φ +ΨB E E eij ij ij

And for the full laminate:

	
1
4

3( )= − + × ×+Φ +ΨB E E e hij ij ij

Summarizing the matrix [ ]B :

15.3.1.5 � Thermomechanical Loading
On the basis of the thermomechanical behavior (Equation 12.21), we evaluate the terms related to 
the temperature effects, noted αEh  and 2αEh .

•	 Terms 〈α 〉Eh :

•	 ∑〈α 〉 = α ×
=

=

1

1

Eh E ex
k

k

k

k n

For the D-D set in Figure 15.7:

	 1 1 1 1∆ α = α × + α × + α × + α ×+Ψ +Φ −Ψ −Φ
Eh E e E e E e E ex

Since (Equation 11.10): ;1 1 1 1α = α α = α−Φ +Φ −Ψ +Ψ
E E E E

	 21 1( )∆ α = α + α ×+Φ +Ψ
Eh E E ex

And for the full laminate with thickness (4 )= ×h e r, r being the D-D set repeats number:

	
1
2

1 1( )〈α 〉 = α + α ×+Φ +Ψ
Eh E E hx

•	 ∑〈α 〉 = α ×
=

=

2

1

Eh E ey
k

k

k

k n

We obtain in a similar way:

	
1
2

2 2( )〈α 〉 = α + α ×+Φ +Ψ
Eh E E hy

11; 22; 12; 33 : 0= =ij Bij

13; 23 :
1
4

3( )= = − + × ×+Φ +Ψij B E E e hij ij ij 0 0

0 0

0

13

23

31 32

=
















B

B

B

B B
ij

(15.12)
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•	 ∑〈α 〉 = α ×
=

=

3

1

Eh E exy
k

k

k

k n

Noting in Equation 11.10 that ;3 3 3 3α = −α α = −α−Φ +Φ −Ψ +Ψ
E E E E

	 0α =Eh xy

•	 Terms 2αEh :

•	 ∑ ( )〈α 〉 = α × − −

=

=

22
1

2
1

2

1

Eh E z zx
k

k k

k

k n

The contribution of D-D set (Figure 15.7) becomes:

	

1
2

2 2

1
2

2
1 0

2
0

2
0

2
0

2

1 0
2

0
2

( ) ( ) ( ) ( )

( ) ( )

∆ α = α − − − + + − + 

+ α + − − 

+Ψ

+Φ

Eh E Z e Z e Z e Z e

E Z e Z e

x

And after calculation:

	
1
2

42
1 1 0( )∆ α = α + α × ×+Φ +Ψ

Eh E E e Z
x

For the full laminate, ( , )x y  being the mid-plane,  02α =Eh
x

; in a similar way  02α =Eh
y

.

•	 ∑ ( )〈α 〉 = α × − −

=

=

22
3

2
1

2

1

Eh E z zxy
k

k k

k

k n

Noting in Equation 11.10 that ;3 3 3 3α = −α α = −α−Φ +Φ −Ψ +Ψ
E E E E

	
2

2 2

2

2 3
0

2
0

2
0

2
0

2

3
0
2

0
2

0
2

0
2

( )

( )

( ) ( ) ( ) ( )

( ) ( )

∆ α = α − − − − + − +





+ α − − − + −





+Ψ

+Φ

Eh
E

Z e Z e Z e Z e

E
Z Z e Z e Z

xy

And after calculus:

	
1
4

3 42
3 3

2( )∆ α = − α + α ×+Φ +Ψ
Eh E E e

xy

For the full laminate with thickness (4 )= ×h e r (r being the D-D set repeats number):

	
1
4

32
3 3( )α = − α + α × ×+Φ +Ψ

Eh E E e h
xy

Summarizing:

1
2

1 1( )α = α + α ×+Φ +Ψ
Eh E E h

x
;  1

2
2 2( )α = α + α ×+Φ +Ψ

Eh E E h
y

;  0α =Eh
xy

 02α =Eh
x

;   02α =Eh
y

;  1
4

32
3 3( )α = − α + α × ×+Φ +Ψ

Eh E E e h
xy

(15.13)
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15.3.1.6 � Hygromechanical Loading
When taking into account the variations in moisture content (assumed to be identical for all plies), 
terms denoted βEh  and 2βEh  in Equation 12.22 have to be evaluated. Using Equations 11.11 and 
11.12 leads to the following analogous results:

15.3.1.7 � Resulting Constitutive Relationship
Equations 15.10–15.14 obtained for arrangement A lead to the following constitutive relationship 
where hygrothermal effects are taken into account.

		  (15.15)

1
2 1 1( )β = β + β ×

+Φ +Ψ
Eh E E h

x
;  1

2 2 2( )β = β + β ×
+Φ +Ψ

Eh E E h
y

;  0β =Eh
xy

 02β =Eh
x

;  02β =Eh
y

;  1
4

32
3 3( )β = − β + β × ×
+Φ +Ψ

Eh E E e h
xy

(15.14)

Arrangement  : / / / ; ( )[ ]+Ψ +Φ −Φ −Ψ Φ < Ψ .

−
−































=



























ε
ε
γ

− ∂ ∂

− ∂ ∂

− ∂ ∂ ∂

































− ∆

〈α 〉
〈α 〉

α







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












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
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

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− ∆
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








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


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0 0 0
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0 0 0 2

0
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0
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0
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2
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M
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T
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y
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y
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11; 22; 12; 33=ij 13; 23=ij

[ ]A
1

2
( )= + ×+Φ +ΨA E E hij ij ij 0=Aij

[ ]C
1

2 12

1

2

3
2( ) ( )= + × − − ×+Φ +Ψ +Φ +ΨC E E

h
E E e hij ij ij ij ij 0=Cij

[ ]B 0=Bij 1

4
3( )= − + ×+Φ +ΨB E E ehij ij ij

1

2
1 1( )α = α + α ×+Φ +Ψ

Eh E E h
x

1

2 1 1( )β = β + β ×
+Φ +Ψ

Eh E E h
x

1
2

2 2( )α = α + α ×+Φ +Ψ
Eh E E h

y

1
2 2 2( )β = β + β ×

+Φ +Ψ
Eh E E h

y

0α =Eh
xy

0β =Eh
xy

02α =Eh
x

02β =Eh
x

02α =Eh
y

02β =Eh
y

1
4

32
3 3( )α = − α + α ×+Φ +Ψ

Eh E E eh
xy

1
4

32
3 3( )β = − β + β ×
+Φ +Ψ

Eh E E eh
xy
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15.3.2 �A rrangement B

Recall that the previous result (Equation 15.15) was obtained on the basis of the D-D sublaminate 
set defined in Equation 15.9 as the arrangement

	  [ ]→ +Ψ +Φ −Φ −Ψ Φ < Ψ/ / / ; ( )

When watching at the angular deviations between two consecutive plies when draping either of 
arrangements   or  , we find a greater standard deviation by using arrangement  . With this 
second arrangement the calculation of the matrices [ ], [ ], [ ]A C B  with an identical approach to that 
followed for arrangement   leads to the results summarized in Equation below.

Arrangement  (Equation 15.16) presents a greater number of couplings. Arrangement  makes it 
possible to approach more quickly the behavior of a homogeneous orthotropic material as presented 
in the following section. Nevertheless we will see hereafter that when “r” increases, the results 
obtained from the constitutive relations corresponding to arrangements  and  merge.

15.4 � HOMOGENIZATION OF A DOUBLE-DOUBLE LAMINATE

15.4.1 � Behavior of a Homogeneous Orthotropic Plate

15.4.1.1 � Recall
Consider a plate made of homogeneous orthotropic material, the Mid-plane ( , )x y  being a plane 
of mechanical symmetry, and ( , )x y  being orthotropy-axes. We can deduce from Equation 9.3 the 
behavior relationship reduced to the ( , )x y  In-plane behavior as follows:
The strain field in the plate remains unchanged (see Equation 15.6b)

Arrangement : / / / ; ( )[ ]+Ψ −Ψ +Φ −Φ Φ < Ψ .

11; 22; 12; 33=ij 13; 23=ij

[ ]A ( )= + ×+Φ +Ψ1

2
A E E hij ij ij

0=Aij

[ ]C 1

2 12

3

( )= + ×+Φ +ΨC E E
h

ij ij ij

1

2
2( )= − − ×+Φ +ΨC E E e hij ij ij

[ ]B 1

2
( )= − ×+Φ +ΨB E E ehij ij ij

1

2 2
( )= − + ×+Φ +ΨB E E

e
hij ij ij

1

2
1 1( )α = α + α ×+Φ +Ψ

Eh E E h
x

1

2 1 1( )β = β + β ×
+Φ +Ψ

Eh E E h
x

1

2
2 2( )α = α + α ×+Φ +Ψ

Eh E E h
y

1

2 2 2( )β = β + β ×
+Φ +Ψ

Eh E E h
y

0α =Eh
xy

0β =Eh
xy

1

2
2

1 1( )α = α − α ×+Φ +Ψ
Eh E E eh

x

1

2
2

1 1( )β = β − β ×
+Φ +Ψ

Eh E E eh
x

1

2
2

2 2( )α = α − α ×+Φ +Ψ
Eh E E eh

y

1

2
2

2 2( )β = β − β ×
+Φ +Ψ

Eh E E eh
y

1

2 2
2

3 3( )α = − α + α ×+Φ +Ψ
Eh E E

e
h

xy

1

2 2
2

3 3( )β = − β + β ×
+Φ +Ψ

Eh E E
e

h
xy

(15.16)
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15.4.1.2 � Constitutive Relationship with In-plane Forces and Flexure Moments
We should write the equivalent of Equation 15.15 for this homogeneous orthotropic plate. With the 
In-plane forces ,  , N N Tx y xy we have successively for a plate of thickness h:
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And for the bending and twisting moments (cf. Equations 12.13, 12.14, and 12.15)
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Hence the constitutive relationship for a homogeneous and orthotropic plate:
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That we rewrite in the form:
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We can observe the absence of coupling between In-plane and bending behaviors, and note the 
proportionality of In-plane stiffness matrix [ ]A  and flexural stiffness matrix [ ]C , that is:
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h

C 	 (15.19)

15.4.1.3 � Stress-Strain Constitutive Relationship
Starting from the previous form 15.18, we wish to show the most significant stresses and strains in 
the plate of thickness h.

•	 For the stresses: we will have, for example, from the behavior equation and the strain field 
that are recalled above (see Section 15.4.1.1)
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That is to say also:
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	 a.	 In-plane stress: ,  , 0 0 0σ σ τx y xy
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•	 For the corresponding strains: recalled above (see Section 15.4.1.1)
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Analogously:
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Carrying in Equation 15.18
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	 (15.20a)

Note: Recall that this relation is also written (see Equation 15.17):
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15.4.1.4 � Comparison with D-D Laminate
We propose to reconsider the constitutive relationship (see Equation 15.15) of a laminate made up 
of r repeats of D-D sets in order to highlight the differences with the homogeneous orthotropic plate 
above.

•	 Strains
Across the D-D laminate thickness, strain evolves following Equation 15.6b, like for the 

homogeneous plate. One can thus take again the preceding expressions where appear the 
extreme bending strains:
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•	 Stresses
On the other hand, we note stress discontinuity when going from one ply to the next. For 

example, we will have for a ply orientation Φ
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And considering Equation 15.6b for the strains,
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which can be summarized by

	
In plane flexure

σ = σ + σΦ Φ Φ
( ) ( )x x x

We can see the corresponding stress-distribution on Figure 15.9b for a laminate made up 
of 19 repetitions ( 19=r ).

Let us consider In-plane forces and bending moments, and substitute for them the ficti-
tious overall stresses defined as

	 ; ;0 0 0= σ × = σ × = τ ×N h N h T hx x y y xy xy
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These stresses look like average stresses for both the In-plane and bending stresses, as 
observed when comparing (a) and (b) in Figure 15.9. Note that they are expressions of 
simple and convenient form drawn from the actual stress resultants and from thickness h.

By considering these extrema for flexural strains and the corresponding equivalent 
average stresses we obtain from Equation 15.15 the following (Equation 15.21) in which 
the hygrothermal effects have been preserved:
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15.4.2 �E volution of the Laminate Behavior with the Number of Repeats r

15.4.2.1 � Evolution of the Constitutive Equation
Let us examine the terms of matrices in Equation 15.21:

From Equation 15.15 and remembering that the laminate thickness is written (4 )= ×h e r where 
r is the number of repeats of D-D sets:

•	 Terms , ( 11, 22,12, 33)=A ijij
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FIGURE 15.9  Flexure and In-plane stress in orthotropic plate (a) and D-D laminate (b).
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•	 Terms , ( 13, 23)=B ijij
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•	 Terms ,α αEh Ehx y
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•	 Term 2αEh
xy
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And formally identical terms for hygrometric effects:
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;
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h
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15.4.2.2 � Consequence: Homogenized Laminate
We see from these expressions that while the number r of D-D blocks increases, some terms sta-
bilize while others decrease and become negligible. For example for 5 D-D sets, the terms of the 
matrix 12 3( )h Cij become

	
12 1

2
[1 ] with 3%3 ( )= + − ε ε <+Φ +Ψ

h
C E Eij ij ij

And to the limit

	
12 1

3 =
h

C
h

Aij ij

In the same way the coupling terms responsible for the warping lose their influence:

	
2

,
6

,
6

as2 2
2

2
2 ↘ ↗α β ε

h
B

h
Eh

h
Eh rij

xy xy

Practically, for 5>r  11 one observes for the laminate a quasi-orthotropic behavior (see 
Equation 15.20a).

Note that for 5=r  the laminate is still relatively thin. For example, for carbon/epoxy (see 
Table 3.2), we will have:

	 4 5 20 0.13 mm 2.6 mm= × = × =h e

A “homogenization threshold” is thus reached for the laminate.

•	 Notes
•	 With the equality

	
12 1

3 =
h

C
h

Aij ij
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Only four constants (1/ ) , 11, 22,12, 33=h A ijij  characterize the homogenized D-D lam-
inate, and we note

	
1 1

2
( )= ++Φ +Ψ

h
A E Eij ij ij

•	 Particularly, the notion of stacking sequence for the plies, fundamental for Quad lami-
nates, disappears here.

•	 Also equality 12 (1/ )3( ) =h C h Aij ij makes it possible to simplify the characterization 
tests on coupons taken from the laminate. It is thus possible to substitute bending tests 
for tensile-compression tests (see Section 12.1.6). They are easier to implement and 
less expensive.

•	 Moreover, as we have seen (see Section 15.1.2.5), we can substitute values normalized 
with the Tsai modulus, that is (1/ ) *h Aij, which further reduces the number of character-
istics. Thus we will have as coefficient characterizing the laminate stiffness along the 
x direction:

	
1

2
11
* 11

* 
11
* ( )

=
++Φ +Ψ

h
A

E E

•	 Example: We know, based on the characteristics of the master ply (See Table 15.2 and 
Equation 11.8) the trace-normalized values 11

* +ΦE  and 11
* +ΨE  and therefore the term (1/ ) 11

*h A . 
The result of a bending test on a DD-laminate with carbon/resin plies provides the numeri-
cal value (1/ ) 11h A . Thus we derive the value of the Tsai modulus of the unidirectional used, 
namely:

	
1 1

Tsai 11 11
*=I

h
A

h
A

From which we deduce the elastic constants of the ply with Table 15.2.
•	 Equation 15.21 was written considering the arrangement

 [ ]+Ψ +Φ −Φ −Ψ Φ < Ψ: / / / ; ( ) (see Section 15.3.1). As already seen, the 
arrangement
 [ ]+Ψ −Ψ +Φ −Φ Φ < Ψ: / /  / ; ( ) involves other forms for coupling terms. 

However, the latter have the same orders of magnitude and the homogenization process 
works the same when the number of repetitions r increases.

•	 Thus, for 5>r , it can be considered that a D-D laminate is quasi-orthotropic in 
its plane, that is to say characterized by the constitutive equation derived from 
Equation 15.21:
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Or without hygrothermal effects:
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That we can compare to Equation 15.20a
By explaining terms (1 / )h Aij , this equation is therefore written as
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That we can compare to Equation 15.20b. A form which better shows the quasi-
orthotropic state of the laminate, because the thickness h is no longer involved in the 
matrix terms.
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To sum up, the paralleling of Equation 15.23 above with Equation 15.20 for an 
orthotropic plate shows what can be called an equivalent orthotropic plate associated 
with the homogenized D-D laminate, with the main characteristics:

15.4.3 �P articular Case of Very Thin Laminates

This is the case when the number r of repeats of D-D Sub-Laminated sets is low (1 5)< <r . One 
must then consider the constitutive law Equation 15.15 with its couplings, that is to say:

	 ; ; ;13 23
2 2α βB B Eh Eh

xy xy

Consequently, due to the non-zero terms 13B  and 23B , applying, for example, an In-plane stress resul-

tant induces a warping of the laminate, i.e. non-zero value of 2 2
0( )− ∂ ∂ ∂w x y .

Moreover, even in the case of zero applied forces, warping can also occur due to temperature (or 
humidity) variations, especially when cooling the plate after curing (see Application 20.17). Here 
this warping is also influenced by the non-zero term 2αEh

xy
.

In such cases with a low number of repetitions (typical example 1=r ), one cannot of course claim 
quasi-homogeneity. On the other hand, from 2even ≥r , it is possible to remove the above couplings if 
necessary. In this way, it just has to mirror each new D-D set with respect to the previous one, that 
is to say to change the strict repetition such as:

	 / / / / / / / / / / /[ ] [ ] [ ] [+Ψ +Φ −Φ −Ψ + +Ψ +Φ −Φ −Ψ + +Ψ +Φ −Φ −Ψ + +Ψ +Φ …

In an alternating repetition such as:

	 / / / / / / / / / / / ΨΨ ΦΦ ΦΦ ΨΨ ΨΨ ΦΦ[ ] [[ ] [ ]+Ψ +Φ −Φ −Ψ + − − + + + +Ψ +Φ −Φ −Ψ + − − …

Thus when considering the coupling terms detailed above, the contributions of two consecutive sets 
involving odd stiffness coefficients in Φ and Ψ cancel each other out. As an example for 13; 23=ij  
and for a set / / /[ ]+Ψ +Φ −Φ −Ψ  (see Section 15.3.1.4):
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[ ]+Ψ +Φ −Φ −ΨB E E eij ij ij

And for the next set / / /[ ]−Ψ −Φ +Φ +Ψ

Homogenized D-D Laminate
Equation 15.23a,b

Associated Orthotropic Plate
Equation 15.20a,b
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1
4

3 4 2
/ / / / / /( )∆ = − + × = −∆−Φ −Ψ

ΨΨ ΦΦ ΦΦ ΨΨ[ ] [ ]− − + + +Ψ +Φ −Φ −ΨB E E e Bij ij ij ij

The same property is valid for 2∆ αEh
xy

 (see Section 15.3.1.5) and for 2∆ βEh
xy

(See Section 15.3.1.6).
In return arise coupling terms 13C  and 23C  for evenr 12. But it should be noted that very thin lami-

nates are not designed to withstand bending moments13. They essentially resist to traction In-plane 
stress resultants.

Anyway, this is a convenient arrangement to “accelerate” the homogenization of thin laminates. 
A means which combines the advantages, including by limiting in this way the path of movement 
made by the laying machine during layup.

15.4.4 �T ransverse Shear Behavior

Transverse loading of laminates induces transverse shears denoted τxz and τyz . Then we are led to 
take into account additional stress resultants, i.e. the transverse shear resultants:

	 ;
/2

/2

/2

/2

∫ ∫= τ = τ
−

+

−

+

Q dz Q dzx xz

h

h

y yz

h

h

Studying bending with transverse shear is carried out in Chapter 18.
Notes:

•	 In all cases of laminates it may happens necessary to take into account the transverse shear 
stiffness. This is typically the case in a buckling stability study.

•	 In Section 18.8, we study the transverse shear stresses in a laminate with a particular D-D 
sequence and we compare the transverse shear behavior of this D-D laminated plate with 
that of its equivalent homogeneous orthotropic plate.

15.4.5 �T ape Laying of D-D Laminates

15.4.5.1 � A Look Back on Sub-Laminate D-D Sets Arrangements
We have used as an example in Section 15.2.4 two types of D-D set arrangements denoted  and . 
Of course, they are not the only ones. When we come back to the order of ply stacking, we can note 
other combinations that can be summarized by the two types of successions:

	 a.	…1 1 2 2 1 1 2 2…, for example 1 2 2’ 1’ that is to say also / / /[ ]+Ψ +Φ −Φ −Ψ , which is 
the arrangement  . For example, 1 1’ 2 2’ which is the arrangement  , but also 1 2’ 2 1’.

There are four distinct D-D laminates with the succession ...11221122...
	 b.	…1 2 1 2 1 2 1…, for example 1 2 1’ 2’, i.e. / / /[ ]Ψ Φ −Ψ −Φ  (let us call this arrangement 

C), and also 1’ 2 1 2’. It is worthy to note that arrangement C appears to be the one which 
leads the most rapidly to homogenization14. This homogenization begins when 3 5≤ ≤r .

There are two distinct D-D laminates with the succession ...12121212...

It has already been seen (see Equations 15.15 and 15.16) that the laminate stiffness characteristics 
obtained with   or   were similar and merged when the number of repetitions increased. It is the 
same with the arrangements mentioned above in b). For example, for arrangement C, the matri-
ces [ ],[ ],[ ]A C B  as well as the hygrothermal characteristics are almost identical to those shown in 
Equation 15.16. In other words, the homogenized constants are the same regardless of the stacking 
sequence in a set. Only matter the values of the angles Φ and Ψ to define the homogenized laminate.
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15.4.5.2 � Classical Tape Laying
The layup of D-D laminates can be done with the conventional method so-called Automated Tape 
Laying (ATL) (see Section 2.2.5) which allows to deposit plies of preimpregnated fibers.

When using this usual method of laying, it is preferable to limit the angular standard deviation 
when draping the four plies constituting the D-D set. Thus, arrangement   combines the advan-
tages of a moderate average angular deviation ∆θ when going from one layer to the next and of a 
low standard deviation σ, for example:

	  { }Φ = ° Ψ = ° ⇒ ∆θ = π σ = π = °: 10 ; 60
4

;
12

15

15.4.5.3 � Bidirectional Tape Laying
This variant of the process consists in ATL with bidirectional Non-Crimp Fabric (NCF)15. The tape 
is made up of two unidirectional plies superimposed and joined together. A first ply along the direc-
tion of the tape (long fibers) and a second ply making an angle ( )Ψ − Φ  with the previous one (short 
fibers). Each ply is thinner than a conventional unidirectional ply, in view of rapid homogenization. 
With such a tape, the D-D set is draped in two passes16.

15.5 � STRENGTH OF HOMOGENIZED D-D LAMINATES

15.5.1 �P ly Failure Criterion in Any Orientation

15.5.1.1 � Criterion Expressed in Laminate Axes
We start from the Tsai-Wu stress criterion translated previously into strain space and in the ( , ) t  
axes of a unidirectional ply (see Equation 14.15) in the form:
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This ply is oriented in the ( , )x y  axes of the laminate with angle θ (see Figure 15.10). The failure 
criterion, initially written in stress terms, transforms like the components of the elasticity tensor 
(invariant criterion). For that purpose, we use Equations written in Section 11.5 and that we recall 
in Figure 15.10.

Or also:
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FIGURE 15.10  Ply n°k with its orientation in the ( , )x y  laminate axes.
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The criterion in the form 15.24 becomes for the ply n°k:
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Terms , , ,0′ ′ ′ ′
 

b b b bt t have been written in Equation 14.15. We obtain:

15.5.1.2 � Notes
•	 The strains , ,ε ε γx y xy of any constitutive ply coincide with the strains of the laminate.
•	 The failure envelope corresponding to saturation of the criterion, that is to say ( ) 1Σ =f  is 

an ellipsoid. It intersects the plane ,( )ε εx y  following an ellipse with equation:

	 2 111
2

12 22
2ε + ε ε + ε + ε + ε =g g g g gx x y y x x y y 	 (15.26)

This ellipse is not centered due to the presence of first-degree terms for ,( )ε εx y . We note also 

that its axes are distinct from the axes ,( )ε εx y  and that the origin is well inside the ellipse (see 

Figure 15.11).

15.5.2 �E xtension to Laminate Level

15.5.2.1   �Variation with Angle θ
As already pointed out, laminates built on the basis of D-D Sub-Laminate sets form a doubly contin-
uous field when the angles Φ and Ψ are varied between 0° and 90°. This gives all possible laminates  
built on unidirectional plies, unlike Quad laminates built on four angles. Thus considering D-D 
laminates, to every value θ = Φ or θ = Ψ corresponds in these laminates a certain set of unidirec-
tional plies, and to each value of θ corresponds an ellipse with the form of Equation 15.26. The 
ellipsoid (see Equation 15.25) is conserved while its orientation in space ,  , ( )ε ε γx y xy  changes with 

θ. Thus its intersection with ,( )ε εx y  plane evolves in shape and direction.
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0
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cos ; sin= θ = θc s

(15.25)
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15.5.2.2 � Example
Let us consider the laminate made of unidirectional carbon/epoxy plies from Table 14.2. When θ 
varies, we obtain the network of ellipses shown in Figure 15.12. Note that these ellipses are sym-
metrical in pairs with respect to the first bisector (see coefficients in Equations 15.25 and 15.26).

We note as domain  the common intersection to all ellipses when θ varies between 0° and 90°.
Although characterizing every θ, this domain is in fact only delimited by the extreme plies 0° 

and 90°. The laminate will not undergo any deterioration if the applied average stresses, for example 
(see Equation 15.23)17,

FIGURE 15.12  Domain  for the First Ply Failure (FPF).

FIGURE 15.11  Intersection of Σ =( ) 1f  with ( )ε ε,x y  plane.
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	 ; ;0 0 0{ }σ σ τx y xy 	 (15.27)

lead to laminate strains within domain . The domain envelope thus signals the First Ply Failure (FPF).
When increasing the loading, for example proportionally with the loading written in Equation 

15.27, some plies deteriorate and neighboring plies are overloaded. So Figure 15.12 is no longer 
representative because we must take into account the degraded plies.

Degraded ply characteristics were discussed in Section 14.5. Thus for the carbon/epoxy plies 
here considered, “intact ply” and “degraded ply” characteristics appear in Table 14.5. Rewriting 
Equation 15.26 for degraded plies leads to a new network of ellipses shown in Figure 15.13. It is 
shown superimposed on the previous network. Intersection common to the two networks is denoted 
′. It reflects the area in which none loading causes permanent damage.

15.5.3 �P ractical Form of the Failure Criterion

15.5.3.1 � Preliminary Remarks
•	 Remember that here the D-D laminate /[ ]±Φ ±Ψ  consists of plies with orientations:

0 , 90 ; 0 , 90[ ] [ ]Φ ∈ ° ° Ψ ∈ ° ° . The envelope limiting the domain ′ in Figure 15.13 con-
cerns all laminates built in this way. And we must consider all the possible orientations 
from 0° to 90° even if we are dealing with a single Double-Double laminate, i.e. with twice 
two orientations. We justify this in the following.

FIGURE 15.13  The First (FPF) and Last (LPF) Ply Failures. Domain ′.



342 Composite Materials

•	 The network with orientations noted in Figure 15.13 relates to the ( , )x y  axes of a laminate. 
Let us choose for this laminate another set of axes distinct from the previous ones, let 
( , )I II , such that ( , )x y  make the angle δ with ( , )I II , i.e. ( , ) = δ



x I . If we sweep in the same 
way all the possible ply orientations as before, we will obtain in axes ( , )I II  a network of 
identical ellipses. Simply an ellipse which in Figure 15.13 characterizes a ( , ) t  ply such that 

= θ( , )x
� �
�  (see Figure 15.10) will now represent another ply ( , )′ ′ t  such that ( , )′ = θ + δ

�
�
��

x . 
In fact this other ply makes an angle ( , )′ = θ

�
�
��

I  with respect to the new axes ( , )I II . We will 
see in what follows the usefulness of this remark.

15.5.3.2 � Principal Strain Components , ε εI II

The overall stresses in Equation 15.27, i.e. ; ;0 0 0{ }σ σ τx y xy  cause plane strains (see Equation 15.23) 
written as:

	 ; ;0 0 0{ }ε ε γx y xy 	 (15.28)

With generally a non-zero shear strain 0γ xy. The latter is not taken into account in ,( )ε εx y  plane, 
in Figure 15.13. To make it appear, it would be necessary to show the intersections of the enve-
lope in Equation 15.25 with , ( )ε γx xy  and , ( )ε γy xy  planes. One get around this by calculating from 
Equation 15.28 the principal strain-components noted εI  and εII  and their associated directions 
( , )I II  shown in Figure 15.14.

For this, we draw the Mohr circle (see Section 5.2.2) for strains ; ; 20 0 0 0{ }( )ε ε ε = γx y xy xy  of the 

loaded laminate. We can deduce

•	 The principal strain-components:

	
2 2 2

0 0 0 0
2

0
2ε

ε
= ε + ε



 ± ε − ε



 + γ





I

II

x y x y xy

FIGURE 15.14  Principal strain components ( )ε ε,I II  and associated directions.
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•	 The angle ( , ) = δ



x I  between axes ( , )x y  and principal directions ( , )I II

	 tan2 0

0 0( )δ = γ
ε − ε

xy

x y

As already noticed in the previous section, the failure criterion will be shown in ( , )I II  
directions by the same network of ellipses. The envelope ′ in Figure 15.13 is thus usable 
for all possible cases of plane loadings, each of these cases creating distinct orientations for 
the principal strain directions. Hence the possibility of replacing ,( )ε εx y  axes with εI  and 
εII , on which are plotted the principal strain values.

Note:
It has already been noted that ′, constructed from all the ply orientations, is valid for all the 

D-D laminates produced from the same basic unidirectional ply. ′ therefore appears as a charac-
teristic of the material constituted by a given unidirectional layer.

15.5.3.3 � Unit Circle
For a more convenient use of the criterion, one substitutes for the outline of domain ′  (see 
Figure 15.13) a more restrictive contour but with simpler definition. An auxiliary unit circle is 
used for that purpose as shown in Figure 15.15. The so-normalized circle is defined with the 
correspondences:

Along : *′ ε = ε
ε

OA I
I

A

;   along : *′ ε = ε
ε

OB II
II

B

; along : *′ ε = ε
ε

OC I
I

C

; along : *′ ε = ε
ε

OD II
II

D

The unit circle allows to construct an outline delimiting the domain ′′ limited by two quarter 
circles and two quarter ellipses. For example with the ply in Table 14.2, definition of domain ′′ is 
done from the only values:

	 6,000 ; 8,960ε = ε = µε ε = ε = − µεA B C D

It should be noted that the domain ′′, more conservative, is also more convenient to handle 
digitally.

FIGURE 15.15  Limitation of criterion to the “unit circle”.



344 Composite Materials

15.5.3.4  �The Nettles Circle
We have already pointed out (see Section 5.4.5.2) that for certain applications and notably in 
aeronautics, the risk of delamination in compression was significant, particularly at the lami-
nates outer surfaces. For a first faster approach, one can then simplify by substituting for the pre-
ceding envelope-outline a circle of radius εA as in Figure 15.16, also called “Nettles circle”18. We 
thus obtain the domain ′′′ , a more restrictive criterion in compression, which is the intended 
purpose.

15.6 � INCIDENCE FOR THE DESIGN

15.6.1 �P reliminary Remarks

•	 Remember that the sizing of a loaded structure is subject to a set of specifications, i.e. for 
the most basic:

•	 Strength calculation: The structure must withstand a set of loads. For example, an aero-
nautical structure must remain intact under external and internal loads and overloads, in 
flight or on landing. These loads can act on:
•	 regular (or smooth) areas, and can remain constant or vary when moving through these 

areas.
•	 singular areas: open or filled holes, free edges (see Figure 14.3).

•	 Stiffness sizing: One must control the structure stiffness to ensure:
•	 Control of overall deformations that must be limited to ensure proper operation 

(airplane wing, aeroelastic control, etc.).
•	 Vibration control (natural frequencies)
•	 Control of local or overall stability (buckling)

•	 Another dimensioning characteristic specific to composite structures: the starting material 
is not the final material. It must be defined during the sizing process, which involves loops 
within the digital process. For example, prior modeling by orthotropic finite elements pro-
vides nodal forces (stress resultants and moments) making it possible to initiate the process 
on the basis of specifications to be respected including the above ones.

FIGURE 15.16  The Nettles circle.
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15.6.2 �D efining the Laminate Anisotropy

We have noted in Equation 15.23 that the stiffness of homogenized D-D laminates was character-
ized by (1/ ) , (1/ ) , (1/ ) , (1/ )11 22 12 33h A h A h A h A . We have also described in Section 15.1.2.5 the normal-
ization of these stiffness coefficients by means of the Tsai modulus TsaiI  leading to trace-normalized 
stiffnesses that can be applied to all marketed CFRP unidirectionals. One thus obtains for the 
stiffness characterization (In-plane and bending) the only values:

	
1

;
1

;
1

;
1

11
*

22
*

12
*

33
*

h
A

h
A

h
A

h
A

with

	
1 1 2

111
*

22
*

33
*+ + =

h
A

h
A

h
A 	 (15.29)

These normalized values are shown in Figure 15.17 for the homogenized D-D laminates field 
/{ }±Φ ±Ψ  and for some values of Ψ.

FIGURE 15.17  Normalized characteristics for homogenized CFRP D-D laminates.
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These values are linked to the stiffness coefficients of plies (see Equation 11.8).
When one specifies a pair of values, for example (1 / ) 11

*h A  and (1 / ) 33
*h A  ((1 / ) 22

*h A  can be deduced 
with Equation 15.29), the database characterizing the laminate field allows to obtain the appropriate 
definition for /{ }±Φ ±Ψ .

15.6.3 �S trength of the Laminate

15.6.3.1 � Preliminary Remark
The strength sizing approach takes into account coefficients that increase loading. These are the 
safety factors specific to each of applications in consideration. This is assumed to be already 
included upstream to lead to the applied loads considered in what follows.

15.6.3.2 � Load Factor
Let us consider the relationship in Equation 15.23a limited to the In-plane behavior, that is to say:
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	 (15.30)

Remember that this Equation can be written indifferently as (see Equation 15.23b)
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•	 Simple loading: let us reduce the loading to the only average stress 0σ x , in practice taken 

equal to the unit, i.e. a unit stress 1 N/mm0
2( )σ =x . Then:

	 [ ] 0
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Thus one deduces the principal strains 0ε I and 0ε II 19 (see Section 15.5.3.2). As shown in 
Figure 15.18, they are associated with the domain ′′  already defined in Figure 15.15.

Point noted 0E  characterizes the loading 0
1 N/mm2σ ( )x . Extending 0OE  gives point E  on the 

outline of domain ′′ . For that purpose, one must multiply 0OE  by a positive factor R so-
called “load factor” such as:

	
0

=R
OE

OE

In other words, the laminate can withstand without any damage a maximum average stress 
corresponding to
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	 , i.e.equal to0 0
1 N/mm2= × × σ ( )OE R OE R x

15.6.3.3 � In-plane Loading
•	 Simple loading:

Given the actual stress-resultant N/mm( )Nx  that the laminate of thickness h must with-

stand, the corresponding overall stress ( )N hx  should be such that

	 0
1 N/mm2≤ × σ ( )

N

h
Rx

x

i.e.

	 (mm)
0

(N/mm)

1N/mm2

≥
× σ

=
( )

h
N

R

N

R
x

x

x 	 (15.31)

•	 Example:
Given the loading 3,000(N /mm)=Nx  leads to check the inequality:

	
3,000

(mm) ≥h
R

which allows the calculus of h when R is known.
Note: The above implies that Nx and 0

1N/mm2σ ( )x are of the same sign chosen here as 

positive. If 0,<Nx  then 0σ x  should be chosen as 1 N/mm 00
2σ = − <x  which leads in 

Figure 15.18 to opposite values of the principal strains 0ε I and 0ε II and therefore to a 
load factor ′ ≠R R. Then from Equation 15.31:

	 (mm)≥
′

h
N

R
x

•	 Complex loading:
Consider the combined loading , ,{ }N N Tx y xy

Let us define a unit average stress, for example 10 N/mm2σ = ( )x  if 0>Nx .

FIGURE 15.18  Load factor “R”.
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We will define the other two average stresses 0σ y and 0τ xy such that , ,0 0 0
1  N/mm2σ σ τ






( )x y xy

is taken homothetic with , ,{ }N N Tx y xy .

Then we obtain the laminate strains from Equation 15.30
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These strains are converted into principal strains 0ε I and 0ε II in the domain ′′ in Figure 
15.18. They allow definition of a load factor R, i.e. the laminate can withstand the loading 

; ;0 0 0
1  N/mm2

× σ × σ × τ





( )R R Rx y xy . By returning to the actual loading , ,{ }N N Tx y xy , this 

leads to:
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Or, by considering the homothetic values
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	 (15.32)

•	 Example:
Given the stress resultants

	 3,000 ; 1,500 ; 1,500N/mm N/mm N/mm= = − = −( ) ( ) ( )N N Tx y xy

We define the average stresses ; ;0 0 0
1  N/mm2σ σ τ






( )x y xy  as the homothetic values:

	 1 ; 0.5 ; 0.50 N/mm 0 N/mm 0 N/mm2 2 2σ = σ = − τ = −( ) ( ) ( )x y xy

After determining the load factor R we have (See Equation 15.32)
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which allows the calculation of h.

15.6.3.4 � Flexure Loading
Considering Equation 15.23a limited to the bending behavior, that is to say:
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Remember that this Equation can be written indifferently (See Equation 15.23b)
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The average bending stresses considered exert on the upper face ( /2)=z h . As for the previous 
loadings, these bending stresses are deduced from the nodal forces obtained from finite element 
analysis, namely ; ;N N N( ) ( ) ( )M M My x xy

20. With N( )My  for example, we will have (See Section 15.4.1.3):

	 a.	Upper face of the laminate:
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Mxf h y

Let us define a unit average bending stress with the same sign as N( )My , for example 
10

2
N/mm2( )σ = ( )xf h  provided that 0N >( )My

The corresponding strains are written as:
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From that we deduce the upper surface strains 0
2

( )ε xf h  and 0
2

( )ε yf h  which allow defining a 

load factor upperR  (See Figure 15.19). The laminate can therefore withstand:

	 upper 0
2

1N /mm2
��� ��
σ( )×

( )

R xf h

FIGURE 15.19  Upper and lower face to define load factors upperR  and lowerR .
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If now it is subjected to the actual loading N( )My , the laminate thickness being noted h, we 
must respect:
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	 b.	Lower face of the laminate:
The bending stress is then opposite in sign: 0

2
0

2
( ) ( )σ = − σ

−xf h xf h . This case should 

also be considered. For this stress we will obtain a load factor lower upper≠R R  as shown in 
Figure 15.19 where
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To summarize, we have: (a) on the upper face of the laminate:
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We must therefore retain:
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Which allows the calculation of thickness h.

Note: When using the Nettles circle (See Figure 15.16) instead of the domain ′′, then lower upper=R R  
and the above case simplify.

15.7 � PRACTICAL BENEFITS OF HOMOGENIZED D-D LAMINATES

15.7.1 �I mpact on Design

Taking into account the properties resulting from the D-D laminates homogenization, it is possible 
to vary the thickness of laminated parts by interrupting the layup of plies (ply drop) on any of outer 
surfaces without alteration of the laminate stiffness matrix (1 / )[ ]h A  (see Equation 15.22).
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Consider, for example, the basic arrangement   (see Section 15.3.1) which we recall:

Twenty plies resulting from five D-D Sub-Laminated sets are shown here. Either a thickness for 
a unidirectional CFRP21 of 2.6 mm considered as a minimum for homogenization. The plies not 
shown on either side (dotted lines) reinforce the homogenized nature. By increasing the ply-number 
beyond what is shown, thickness can vary by adding plies on either lower or upper surface, or both, 
according for example to the schemas in Figure 15.20. Another arrangement is to use the so-called 
“card-sliding technique” scheme, as shown in Figure 15.21. Figure 15.22 shows an Omega stiffener 
obtained with this method, with an important weight saving.

•	 Note: In this way internal structure of the D-D laminate remains intact. This advantage 
does not occur in Quad laminates where mirror symmetry has to be maintained. Thus, 
when the thickness has to vary, ply drop has to be done within the draping, causing internal 
defects. In addition, the stiffness characteristics related to the ply-percentages in the four 
directions are altered (see Figure 5.16).

It will therefore be retained that for D-D laminates one can vary the thickness h in sig-
nificant proportions when the In-plane and moment resultants vary, while keeping constant 
the stiffness terms (1 / )h Aij, with as consequences:
•	 Weight saving which can be a decisive advantage when choosing a manufacturing process.
•	 Possibility of obtaining tapered edges reducing edge effects (out of plane stresses, see 

Figure 14.3).
•	 Possibility of more efficient repair of a damaged area by means of a D-D patch to rigor-

ously restore the homogenized characteristics.
It is worthy to note that such advantages – not possible with Quad laminates – are in line 
with the development and possibilities of unidirectional and NCF tapes and with tape lay-
ing machines.

Figure 15.22 shows an Omega stiffener obtained with the card sliding technique22.

FIGURE 15.20  Varying thickness.

FIGURE 15.21  Card-sliding technique.
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15.8 � CALCULATION TOOL

15.8.1 �P resentation

The calculation tool is based on the principles explained in the previous section. It also incorporates 
additional functions. In its directly available and usable form, it consists of an Excel® or MATLAB® 
spreadsheet entitled “LAM SEARCH”, freely accessible and accompanied by a user manual.

15.8.2 �C haracteristics

This tool first incorporates elements presented in this chapter, summarized as follows:

•	 Elastic properties of plies synthesized thanks to the Tsai modulus.
•	 The concept of homogenized laminate resulting from repeatedly stacked D-D sets.
•	 Resistance properties transferred to the maximum allowable laminate strains.

Moreover the tool also integrates additional functions not mentioned in the above, and 
particularly:

•	 Taking into account of other constituent plies such as glass / resin or extension to sandwich 
plates, while we have limited ourselves here to unidirectional CFRP plies.

•	 Taking into account of singularities in laminated parts (see Figure 14.3) and particularly 
open and filled holes that is dimensioning case for many applications such as aeronautics.

•	 Sizing of laminated parts stiffened by means of ribs network.
•	 Study of partial or overall part buckling.
•	 Blending of areas subject to spatially non-uniform loads.
•	 Sizing of predefined substructures such as tubes, pressure tanks, and beams.

•	 Note: With regard to this last point, some particular substructures work under well-defined 
single loading rather than under multiple loadings. The example of pressure vessel envelopes 
is typical. It is well known that, depending on the case, the envelope requires two or three 
winding angles23. These types of laminates appear as simplifications of D-D laminates, and 
lend themselves better to optimization due to the particular loading.

15.8.3 �C omputerized Integration

Association of the tool in question with several marketed calculation codes24 is constantly evolving. 
The goal is always to build an iterative procedure capable of providing optimized stratified zones, 
for example by following the diagram in Figure 15.23.

15.8.4 �R eferences

The LAM SEARCH tool was created within the non-profit association THINK COMPOSITES25, 
the aim of which is to promote composite materials in industry and education. Composed of an inter-
national network of high-level scientists working around Professor Stephen Tsai26 this association 

FIGURE 15.22  Example: Omega stiffener, weight saving 41.5%. (Cf. Bibliography: Arteiro A. et al., A case 
of Tsai Modulus, an Invariant-based Approach to Stiffness /2020.)
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has been working since the early 1980s for composite materials in various fields ranging from 
theoretical aspects to manufacturing and characterization. The association also offers services to 
industry by means of advice, specific design tools, training.

As already mentioned, the LAM SEARCH tool is completely open and available free of charge 
to interested parties, manufacturers and academics.

For more information and to take advantage of it: www.think-composites.com

NOTES

	 1	 Remember that in Equation 9.5: 2
 

γ = εt t.
	 2	 Cf. Bibliography: Arteiro A. et al., A case of Tsai Modulus, an Invariant-based Approach to Stiffness 

/2020.
	 3	 See Bibliography: Tsai S.W. et al., Composite Laminate Theory and Practice of Analysis, Design and 

Automated Lay-up /2017.
	 4	 See Section 5.2.3.
	 5	 See Application 19.14.
	 6	 « Historical » because chronologically it is the first carbon / epoxy laminate designed during the 1960s 

(General Dynamics (US)) to obtain mechanical characteristics similar to those of an aluminum alloy 
with a much lower density and therefore known as “black aluminum”.

	 7	 Choices for arrangements will be considered later (see Section 15.4.5.1).
	 8	 Recall that 1 2 3 4 ( 1)(2 1)/62 2 2 2 2

+ + + +  = + +N N N N .

	 9	 Recall that 1 3 5 (2 1)(2 1)/32 2 2

terms
+ +  = − +N N N

N
.

	 10	 We can also write: 
( / 2) 6

2

2

2

2

0
2

2

2

0
2

2

∫ ∫ ∫ ( ) ( )= σ = σ = σ × × × = σ ×
− − −

M z dz z dz
z

h
z dz

h
y x

h

h

xf

h

h

xf h

h

h

xf h .

	 11	 Cf. Bibliography: Tsai S.W. et al., Composite Laminate Theory and Practice of Analysis, Design and 
Automated Lay-up /2017.

	 12	 Such couplings do not appear for oddr . For evenr , relative values of these terms decreases rapidly in the 
same way as seen in Section 15.4.2.2.

	 13	 Except in special cases of buckling risk.
	 14	 Cf. Bibliography: Tsai S. W., Double–Double: New Family of Composite Lamina /2021.
	 15	 Cf. for example Chomarat (FR, US, CN, TN).
	 16	 In addition, the laying involves more complexity in that the short fibers should alternate with the long 

ones following each direction.
	 17	 More generally, one can see from Equation 15.23 how obtaining (after inversion) global strains from the 

addition of average In-plane and flexural stresses.
	 18	 See Bibliography: Nettles A.T., 2021.
	 19	 Note that in this pure traction case, principal strains merge with ,0 0ε εx y.
	 20	 Remember that My is expressed in (N mm / mm)×  that is to say in (N).
	 21	 See Table 3.2.
	 22	 Cf. Bibliography: Tsai S.W., AIAA Journal, 2021 and Keppel E./2022.

FIGURE 15.23  Searching an optimal composition and thickness.

http://www.think-composites.com
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	 23	 See Applications 19.9 and 19.10.
	 24	 Among which stand out ®: ANSYS, CATIA, NASTRAN, ABAQUS, MATLAB.
	 25	 Association which has been operating since 1983 by Pr. Stephen W. Tsai and Dr. Thierry Massard. 

https://www.think-composites.com.
	 26	 Cf. Bibliography: Arteiro A. et al., A case of Tsai Modulus, an Invariant-based Approach to Stiffness/ 

2020.

https://www.think-composites.com


16 Bending of Composite Beams 
of Any Section Shape

Due to their slenderness, a number of composite elements (mechanical components or structural 
parts) can be considered as beams. A few typical examples are shown schematically in Figure 16.1. 
The behavior under loading of these elements (evaluation of stress and displacements) becomes a 
very complex problem when the 3D aspect is discussed. We propose in this chapter a monodimen-
sional approach of the phenomenon through an original method. It is based on the definition of 
resultants for displacements, which will constitute the counterpart of the traditional stress resultants 
(shear force, normal force, and bending moment). This leads to a homogenized formulation for bend-
ing and for torsion. This means that equilibrium and behavior relationships are formally identical 
to those of classical homogeneous beams. Then using similar equations to those of classical beams 
does the application of these relationships to the calculation of stress values and displacements.

We shall limit the study to composite beams with constant characteristics from one cross section 
to another (geometry, materials), with any-shaped components that we will call phases, which are 
assumed to be perfectly bonded to each other.

To clarify the procedure, a maximum simplicity in calculation is reached with isotropic phases. 
The extension to transversely isotropic phases is immediate. When the phases become orthotropic, 
with orthotropic directions changing from one point to another in the cross section, the study is 
analogous, with a much more complicated formulation1.

16.1 � BENDING OF BEAMS WITH ISOTROPIC 
PHASES AND PLANE OF SYMMETRY

In the following, D symbolizes the cross-sectional domain in the (y, z) plane. The external bound-
ary is denoted as ∂D. The internal boundaries are denoted by  ij  for two contiguous phases i and 
j (see Figure 16.2). The area of phase i is denoted as Si. Ei and Gi denote its moduli of elasticity.  

DOI: 10.1201/9781003195788-19

FIGURE 16.1  Composite beams.

https://doi.org/10.1201/9781003195788-19
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The elastic displacement at any point of the beam has the following components: ( , , )u x y zx , ( , , )u x y zy ,  
and ( , , )u x y zz .

The beam is bending in the symmetry plane (x, y) under external loads that are also symmetric 
with respect to this plane.

16.1.1 �D egrees of Freedom

16.1.1.1 � Equivalent Stiffnesses
We will note in condensed form the following integrals, taken on the whole cross section and that 
we define as the equivalent stiffnesses for bending2:

	

or

or

or

number  of  phases

2

number  of  phases

number  of  phases

∫ ∑

∫ ∑

∫ ∑

〈 〉 = =

= =

〈 〉 = =

ES E dS E S

EI E y dS E I

GS G dS G S

i

D

i i

z i

D

i z

i

D

i

i

i

i

i

i

	 (16.1)

16.1.1.2 � Longitudinal Displacement
By definition, the longitudinal displacement denoted by ( )u x  is written as

	 ( )
1

( , , )∫=
〈 〉

×u x
ES

E u x y z dSi x

D

Such definition of ( )u x  allows writing

	 ( , , ) ( ) ( , , )= + ∆u x y z u x u x y zx x

where it should be noted that

	 0∫ ∆ =E u dSi x

D

	 (16.2)

FIGURE 16.2  Composite beam with a plane of symmetry.
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16.1.1.3 � Rotation of the Section
By definition, this is the fictitious rotation or equivalent rotation given by the following:

	 ( )
1

( , , )∫θ = − ×x
EI

E u x y z y dSz
z

i x

D

Or, with the above:

	 ( )
1

( ) ( , , )( )∫ ∫θ = − + ∆











x

EI
u x E y dS E u x y z y dSz

z
i

D

i x

D

16.1.1.4 � Elastic Center
Origin O of coordinate y is chosen such that the following integral is zero:

	 0∫ × =E y dSi

D

We refer this point O as the elastic center. Then ∆ux  takes the form

	 ( , , ) ( ) ( , , )∆ = − θ + ηu x y z y x x y zx z x

with3

	 0∫ ∫η = η =E y dS E dSi x

D

i x

D

The displacement , ,( )u x y zx  can then take the form

	 ( , , ) ( ) ( ) ( , , )= − θ + ηu x y z u x y x x y zx z x

16.1.1.5 � Transverse Displacement along y-Direction
By definition, this is ( )v x  given by the following:

	 ( )
1

( , , )∫=v x
GS

G u x y z dSi y

D

From this definition,

	 ( , , ) ( ) ( , , )= + ηu x y z v x x y zy y

where we should note that

	 0∫ η =G dSi y

D

16.1.1.6 � Transverse Displacement along z-Direction
By definition, this is ( )w x  given by
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	 ( )
1

( , , )∫=w x
GS

G u x y z dSi z

D

It follows from this definition and from the existence of the symmetry plane (x, y) a zero average 
transverse displacement as ( ) 0=w x :

	 ( , , ) 0 ( , , ), with 0∫= + η η =u x y z x y z G dSz z i z

D

In summary, we obtain the elastic displacement field:
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= + η
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u x y z

x z x

y y

z z

	 (16.3)

The origin of axes is the elastic center O such that

	 0∫ × =E y dSi

D

	 (16.4)

The 3D incremental displacement field (ηx, ηy and ηz) is superimposed on the unidimensional 
approximation ( ),  ( ),  ( )( )θu x v x xz  and verifies the following:

	

0

0

0

∫ ∫

∫

∫

η = × η =

η =

η =

E dS E y dS

G dS

G dS

i x

D

i x

D

i y

D

i z

D

	 (16.5)

Notes:

•	 ηx represents the longitudinal warping of a cross section, that is, the displacement of each 
point in this section, out of the plane that would represent this section if it were moving in 
accordance with the unidimensional displacement field ( ),  ( ),  ( )( )θu x v x xz .

•	 ηy and ηz  are displacements that characterize the change of cross-sectional shape in its 
initial plane.

16.1.2 �P erfect Bonding between the Phases

16.1.2.1 � Displacements
The bonding of phases is assumed to be perfect. Therefore, the displacements are continuous when 
crossing through the interface between two phases in contact. Thus, on the interface between two 
phases i and j, we have

	 ; ;= = =( ) ( ) ( )( ) ( ) ( )u u u u u ux i x j y i y j z i z j
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16.1.2.2 � Strains
Strains are identical for phases i and j (see Figure 16.3) in the plane of an elemental interface with 
normal vector 



n. εε being the strain tensor, we will, thus, have in phases i and j
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   
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which can also be written as
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16.1.2.3 � Stresses
The stress vector 


∑∑( )σ = n , where Σ represents the stress tensor, remains continuous across an 

interface element with normal 


n as
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	 (16.6)

16.1.3 �E quilibrium Relationships

Starting from the local equilibrium, in the absence of body forces, we have

	 0
∂
∂

σ =
x

ij

j

By integrating over the cross section, we have the following successively.

FIGURE 16.3  Interface between two phases.
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16.1.3.1 � Longitudinal Equilibrium

	 0∫ ∫ ∂
∂

∂
∂

σ + τ + τ





=d
dx

dS
y z

dSxx

D

xy xz

D

Where the normal stress resultant Nx appears as

	 ∫= σN dSx xx

D

Then, converting the second integral into an integral over the external boundary ∂D of D4,

	 0∫ ( )+ τ + τ Γ =
∂

dN

dx
n n dx

xy y xz z

D

In which ny and nz are the cosines of the outward normal 


n and dΓ  is an element of external 
boundary ∂D. Assuming the absence of shear stress over the lateral surface of the beam, then 

0τ + τ =n nxy y xz z  along the external boundary ∂D. Thus, for longitudinal equilibrium, we have5

	 0=dN

dx
x

16.1.3.2 � Transverse Equilibrium

	 0∫ ∫ ∂
∂

∂
∂

τ + σ + τ



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=d
dx

dS
y z

dSxy

D

yy yz

D

Where we recognize the shear stress resultant

	 .∫= τT dSy xy

D

Then transforming the second integral into an integral over the external boundary ∂D of the cross-
sectional domain D6,

	 0∫∂
∂ ( )+ σ + τ Γ =

∂

T

x
n n dy

yy y yz z

D

Noting that

	 (N/m)∫ ∫ ∫( ) ( )σ + τ Γ = ⋅ Σ Γ = ⋅ σ Γ =
∂ ∂ ∂

  


n n d y n d y d pyy y yz z

D D D

y

which is the transverse load per unit length acting on the lateral surface of the beam, transverse 
equilibrium can be written as

	 0+ =dT

dx
py

y
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16.1.3.3 � Moment Equilibrium

	 0∫ ∫ ∂
∂

∂
∂

− σ + − τ + τ



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=d
dx

y dS y
y z

dSxx

D

xy xz

D

Where appears the bending moment

	 .∫= − σM y dSz xx

D

Then transforming the second integral7,

	 0∫∫ ( )+ − τ + τ Γ + τ =
∂

dM

dx
y n n d dSz

xy y xz z xy

DD

It should be noted that

	 (m N/m)∫ ∫ ∫( ) ( )( )− τ + τ Γ = − ⋅ Σ Γ = − σ ⋅ Γ = µ ×
∂ ∂ ∂

 



y n n d yx n d y x dxy y xz z

D D

z

D

which can be called a moment per unit length exerted on the beam. Then we obtain the following 
equilibrium relationship:

	 0+ + µ =dM

dx
Tz

y z

A loading giving a moment per unit length in statics being highly exceptional, we will, therefore, 
assume that 0µ =z  in what follows.

In summary, we obtain the following equations of equilibrium:
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	 (16.7)

16.1.4 �C onstitutive Equations

Taking into account the isotropic nature of the different phases, the constitutive equation can be 
written in tensor form for phase i as

	
1

tr( ) ( unity tensor)εε ∑∑ ∑∑( )=
+ ν

− ν =I I
E E

i

i

i

i

We deduce, by integrating over the domain D occupied by the cross section of the beam,

	 a.	∫ ∫ ∫ ( )ε = σ − ν σ + σE dS dS dSxx i

D

xx

D

i yy zz

D
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Taking into account the displacements in Equation 16.3, we can write

	 ∫ ∫ ∫∂
∂

∂
∂

ε = = − θ ∫ + + ∫ ηE dS
u
x

E dS
d
dx

yE dS
du
dx

E dS
x

E dSxx i
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x
i

D

z

D
i i

D
D

i x

which leads, with notation of Equation 16.1, to

	 ∫ ( )= + ν σ + σN ES
du

dx
dSx i yy zz

D

	 (16.8)

	 b.	∫ ∫ ∫ ( )− ε = − σ + ν σ + σy E dS y dS y dSxx i

D

xx

D

i yy zz

D

Taking into account the displacements in Equation 16.3, we can write

	 2∫ ∫ ∂
∂

− ε = θ − ∫ − ∫ ηy E dS
d
dx

E y dS
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E ydS
x

E y dSxx i

D

z
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D
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i
D
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This leads, with notation of Equation 16.1, to

	 ∫ ( )= θ − ν σ + σM EI
d

dx
y dSz z

z
i yy zz

D

	 (16.9)

	 c.	 2∫ ∫ε = τG dS dSxy i

D

xy

D

Similarly, with the displacements in Equation 16.3,
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And with notation in Equation 16.1,

	 ∫ ∂
∂

= − θ



 + η

T GS
dv
dx

G
y

dSy z i
x

D

	 (16.10)

16.1.5 �T echnical Formulation

16.1.5.1 � Assumptions
The classical assumptions made for homogeneous beams are extended here to composite beams:

	 1.	We assume that σ yy and σ σzz xx  at almost every point of the cross section8.
	 2.	When calculating the flexure stress values , σ τxx xy and τxz, we neglect the warping varia-

tion ,  , ( )η η ηx y z  between two cross sections that are infinitely close to one another9.
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15.1.5.2 � Expression of Normal Stress
Considering the constitutive equation

	 ( )ε = σ − ν σ + σ
E E

xx
xx

i

i

i
yy zz

and taking into account the previous simplifications, we can extract the following simplified form:

	
∂
∂ ∂

∂
∂

σ ≈ = − θ + + η
E

u
x

y
d

x
du
dx x

xx

i

x z x

Then, with ( )≈ × θM EI d dxz z z  (see Equation 16.9) and ( / )≈ ×N ES du dxx  (see Equation 16.8),

	

bending extension

σ = − +
〈 〉

E
M

EI
y E

N

ES
xx i

z

z
i

x
	 (16.11)

Note: The strain continuity10 ( ) ( )ε = εxx i xx j at the interface between phases i and j leads to

	
( ) ( )σ

=
σ

E E
xx i

i

xx j

j

which shows the discontinuity of normal stress due to different values of longitudinal moduli, as 
illustrated in Figure 16.4.

16.1.5.3 � Expression of Shear Stress

	 1.	Characterization of warping
Starting from the local equilibrium described by

	 0
∂
∂

σ =
x

ij

j

we study the flexure shear stress in the cross section, noted as

	 τ = τ + τ


 

y zxy xz

FIGURE 16.4  Normal and bending stresses.
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Taking into consideration Equations 16.11 and 16.7 and the aforementioned Assumption 2,
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∂

∂
∂
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and inserting the displacement field of Equation 16.3
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Putting ηx in the form

	 ( , )η = ×T

GS
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y 	 (16.12)

leads to
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And Equation 16.10 becomes
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In the above relationship appears a coefficient k, which is the analog of the shear coeffi-
cient for homogeneous beams and which is worked out in what follows.

	 2.	External boundary condition
Recalling that the lateral surface of the beam is assumed free from shear, this gives, 

along the external contour ∂D of the cross section,

	 n n nxy y xz z

τ ⋅ = τ + τ = 0

Then, using the displacement field of Equation 16.3 and assumptions above (see Section 
16.1.5.1),
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Introducing the function g y z( , ) (Equation 16.12) with Equation 16.14,

	 g n
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= −grad

Let us substitute g y z( , ) with g y zo( , ) defined as

	 g y z g y z k yo = + ×( , ) ( , ) 	 (16.15)

Then, g y zo( , ) appears as the solution to the problem:

	

g
E
G

GS
EI

y D

g
n

D

o
i

i z

o

∇ = − ×

∂
∂

= ∂











in domain 

0 on the boundary           

2

g y zo( , ) will be referred to as the longitudinal warping function of the cross section under 
consideration.

	 3.	Internal boundary conditions
Due to continuity conditions already described in Section 16.1.2, we can note at the 

boundary ij  between two phases i and j:

	 g goi oj=

and

	 n n n nxy i y xz i z xy j y xz j zτ + τ = τ + τ( ) ( ) ( ) ( )

By using the displacement field, where is introduced the warping function,
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	 4.	Uniqueness of the solution
Given by Equation 16.5 that translates here into

	 E g dSi o

D
∫ = 0

	 5.	Form of shear stress
We can easily verify the following expressions for shear stress:
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or equally

	 gradτ =
� � ����

G
T

GS
gi

y
o

16.1.5.4 � Shear Coefficient for the Section
When the warping function go is known, the shear coefficient for the section is obtained starting 
from Equation 16.5:

	 0∫ η =E dSi x

D

Noting that this relationship can be rewritten as

	 0∫ ( )− × × =E
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D

We obtain
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i o

D

16.1.5.5  �Summary
In summary, in the absence of body forces (e.g., inertia forces), the bending of a composite beam 
in its plane of symmetry (see Figure 16.5) can be characterized by a homogenized formulation 
equivalent to that of a classical homogeneous beam in the following manner:

� (16.16a)

Summary (see Figure 16.5)

•	 Elastic center O: it is such that
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•	 Equivalent stiffnesses:
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•	 Equilibrium relationships: (stress resultants calculated at elastic center O)
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•	 Constitutive equations:
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FIGURE 16.5  Notations.
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� (16.16b)

16.1.6 �E nergy Interpretation

16.1.6.1 � Energy Due to Normal Stress σ xx

Denoting σdW  as the deformation energy of an elementary beam portion with length dx, under 
normal stress σ xx , we have
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Taking into account Equation 16.11 for the normal stress,
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•	 Longitudinal warping function g y zo ( , ): in domain D of the cross section, it is the solution to the problem

g
y

g
z

E
G

GS

EI
yo o i

i z

∂
∂

+ ∂
∂

= − ×
2

2

2

2

with on the external boundary D∂
g
n

o∂
∂

= 0

and internal continuities along internal boundaries ij

g g G
g
n

G
g

n
oi oj i

oi
j

oj= ∂
∂

=
∂
∂

;

Uniqueness condition

E g dSi o

D
∫ = 0

•	 Shear coefficient k: it is given by the formula11

k
EI

E g ydS
z

i o

D
∫= 1



368 Composite Materials

The above expression simplifies due to the definition of elastic center O in Equation 16.16. Therefore,
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16.1.6.2 � Energy Due to Shear Stress τ


Due to shear stress τ


, the deformation energy τdW  of an elementary beam portion with length dx 
takes the form
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Taking into account the form of shear stress in Equation 16.16,
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With the Laplacian value of the warping function go taken from Equation 16.1612,
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In the above, we can recognize the shear coefficient k for the section (see Equation 16.16). Then,
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In summary, the strain energy density can be written as
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Notes:

•	 Note the analogy between this expression and that for the strain energy of a classical 
homogeneous beam, which should be written here:
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•	 As a practical consequence of this homogenization, it becomes possible to determine the 
equivalent characteristics that are necessary in the process of data entry into a com-
puter program utilizing finite elements of classical homogeneous beams. The problem then 
comes to the numerical evaluation of the following values:
•	 Equivalent moduli: , equiv. equiv.E G , (or equiv.ν )
•	 Geometrical characteristics: , equiv. equiv.S Iz , and k

Taking equiv. =S S (actual area of the cross section), we can easily verify that
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However, as for classical beams, knowledge of the shear coefficient k is not direct, as noted 
in the following (see Section 16.2.2).

16.1.7 �E xtension to the Dynamic Case

16.1.7.1 � Inertia Forces
Equilibrium relationships of Section 16.1.3 were written in the absence of body forces. During 
vibratory motions, these body forces exist as inertia forces. Then we have
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By repeating the main calculation steps as described in Section 16.1.3, we obtain the following for 
a beam that oscillates freely13:
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yG  appears here as the mass center ordinate of the section. It should be noted that we have neglected 
the secondary coupling due to ηx.

(b)
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With Equation 16.3 and neglecting the secondary coupling due to ηx:
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With Equation 16.3, posing 2∫ρ = ρI y dSz i

D

 and neglecting the secondary coupling due to ηx:
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The above relations are to be linked to constitutive relationships in Equation 16.16. However, we 
should note that the latter were written in the absence of body forces. Nevertheless, we will consider 
them as relevant, under the condition that the concerned frequencies are not too high. Generally, this 
corresponds to the mechanical frequency domain, also denoted as quasistatic domain.

16.1.7.2 � Summary
In summary, for the dynamic case, we must replace the equilibrium and behavior relationships, 
which appear in Equation 16.16, with the following:

� (16.18)

Note: We can observe in the above relations a nonclassical coupling between longitudinal 
oscillations ( , )u x t  and flexural oscillations ( , )v x t  and ( , )θ x tz . This coupling disappears when the 
elastic center O is coincident with the mass center (or center of gravity)14.

16.2 � CASE OF BEAMS OF ANY CROSS SECTION (ASYMMETRIC)

16.2.1 �T echnical Formulation

Now, the beam cross section does not present any particular symmetry (see Figure 16.6).
The procedure adopted in Section 16.1 for symmetric beams is still considered for this general 

case. First, we note the supplementary equivalent stiffness:
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It follows from definitions of , θ uy , and zθ  (Section 16.1.1) that
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This expression simplifies if we choose the origin of z-coordinate such that
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This, together with the condition already established in the previous paragraph, that is, 0∫ × =E y dSi

D

,  

allows us to define the position of the elastic center O of the section, as well as the orientation of 
axes y and z that will be called principal axes of the section. Then, in summary,

The contribution ηox to the longitudinal displacement ux, which appears above, can then be 
rewritten as

	 ( , , ) ( , , )η = × θ + ηx y z z x y zox y x

And from the definition of the degree of freedom θy, it can be verified that

	 0∫ η =E z dSi x

D

The displacement ( , , )u x y zx  then takes the form

	 ( , , ) ( ) ( ) ( ) ( , , )= − θ + θ + ηu x y z u x y x z x x y zx z y x

FIGURE 16.6  Composite beam with any cross-sectional shape.
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In addition, due to the disappearance of symmetry in the section, the average displacement ( )w x  
(see Section 16.1.1.6) is not zero.

We then obtain the elastic displacement field
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The incremental displacement field ,  , ( )η η ηx y z  verifies (see Section 16.1.1.6)
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D
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Analysis may be carried out starting from the above and following the same procedure as in Section 
16.1, successively for bending in (x, y) plane, with identical results, then in (x, z) plane. We sum-
marize these in the following.

16.2.2 �S ummary

� (16.19a)

•	 Degrees of freedom:
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•	 Elastic center O: See Figure 16.6. It is such that
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� (16.19b)

� (16.19c)

•	 Equilibrium relationships: (stress resultants calculated at elastic center O)
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� (16.19d)

16.2.2 �N otes

•	 In fact in Equation 16.19b, instead of the constitutive relationship,
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where appears a coupling shear coefficient kyz . This means that a unique shear resultant Tz  
leads also to flexure in the y-axis direction, which is perpendicular to it. This secondary 
effect has been neglected here. Analogous remark holds for the constitutive relationship
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where we are led in a similar way to neglect a coupling coefficient kzy (which furthermore 
checks the equality =k kzy yz).

•	 As already mentioned in Section 16.1.6 for a symmetric beam, it is possible to evaluate the 
equivalent characteristics that are necessary in the process of data entry in order to utilize 
computer programs for finite element calculation of classical beams15. The characteristics

	 ; ; ; andequiv. equiv.  equiv.  equiv.E G I Iz y

can be obtained right away.
•	 On the contrary, as for classical beams, calculation of shear coefficients ky and kz is not 

direct. At first, it is necessary to calculate the warping function values og  and oh , solutions 
of Poisson problems in the domain occupied by the cross section, as it is noted in Equation 
16.19d. The nature of these problems makes it possible for each of functions og  and oh  to 
write an equivalent functional, allowing, therefore, the function calculation by means of 
finite element discretization of the cross section16.

16.2.3 �E xamples

Various examples of composite beams are provided in Application Chapters 19 and 21. They are 
treated in accordance with the results obtained in this chapter, and with simplifications where possible.

One can, thus, consult the following application examples:

•	 Simply supported sandwich beam: Application 19.1
•	 Helicopter blade: Application 19.3
•	 Reversing lever made of carbon/PEEK: Application 19.12
•	 Glass/resin telegraph pole: Application 19.13
•	 Manipulator arm for a space shuttle: Application 19.15
•	 Composite beam with two layers: Application 21.2
•	 Buckling of a sandwich beam: Application 21.4
•	 Shear due to bending in a sandwich beam: Application 21.5
•	 Shear due to bending in a composite box beam: Application 21.6
•	 Torsion center of a composite U-beam: Application 21.7
•	 Shear to bending in a composite I-beam: Application 21.8
•	 Bending vibration of a sandwich beam: Application 21.12
•	 Two phases circular section beam: Application 21.13

It is useful to note that most of these applications provide results that can be used as tests for 
numerical modeling.

NOTES

	 1	 The only restrictive condition lies in the fact that one orthotropic direction is supposed parallel to the 
longitudinal axis of the beam. See Bibliography: Tanghe-Carrier F. (1999) and Tanghe-Carrier F., Gay 
D. (2000).

	 2	 Izi  is the quadratic moment of phase i with respect to z-axis.
	 3	 The nullity of the second integral is the consequence of Equation 16.2.

	 4	 Note that equality∫ ∫∂
∂

∂
∂ ( )τ + τ





= τ + τ Γ
∂

y z
dS n n dxy xz

D

xy y xz z

D

is made possible due to the continuity of 

expression ( )τ + τn nxy y xz z  across the interfaces between the different phases (see Equation 16.6).
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	 5	 In the equation of local equilibrium above, volumic forces have been neglected. They result in the pres-
ence of a second member fx. If these exist, such as inertia forces, centrifugal forces, or vibratory inertial 

forces, for example, the equilibrium relationship is obtained in the modified form 0( ) + =dN dx px x  in 

which ∫=p f dSx x

D

 represents the longitudinal load per unit length.

	 6	 Note that equality∫ ∫∂
∂

∂
∂ ( )σ + τ





= σ + τ Γ
∂

y z
dS n n dyy yz

D

yy y yz z

D

is made possible due to the continuity of 

the expression ( )σ + τn nyy y yz z  across the internal boundaries between the different phases (see Equation 
16.6).

	 7	 Same remark as before concerning the continuity of expression ( )τ + τn nxy y xz z  across the internal bound-
aries (Equation 16.6).

	 8	 Such assumption is all the more verified if the Poisson coefficients of the different phases have similar 
values.

	 9	 This assumption is also known in classical literature on homogeneous beams, as the Navier-Bernoulli 
generalized hypothesis.

	 10	 See Section 16.1.2.
	 11	 See Applications 21.3, 21.5, 21.6, and 21.8.

	 12	 Equality∫ ∫∂
∂

∂
∂

∂
∂

∂
∂

∂
∂







+ 
















= Γ

∂

G
y

g
g
y z

g
g
z

dS G g
g
n

di o
o

o
o

D

i o
o

D

 is made possible due to continuity of 

quantities ∂ ∂( )× ×G g g ni o o  at interfaces  ij (see internal boundary conditions in Section 16.1.5.3).

	 13	 We remove all forces and moments per unit length acting on the beam, except inertial forces and 
moments.

	 14	 See Application in Section 21.12 in Chapter 21.
	 15	 It should be noted that a computer program based on classical homogeneous beam elements cannot 

provide correct stress values in a cross section, since these stress values are of particular formulation for 
composite beams, as can be seen in Equations 16.16b and 16.19c.

	 16	 See Bibliography: Nouri and Gay (1994).



17 Torsion of Composite Beams 
of Any Section Shape

As described in Chapter 16, we consider here composite beams made of isotropic phases. 
Extrapolation to beams with transversely isotropic phases is straightforward. The study of ortho-
tropic phases with one principal direction parallel to the axis of the beam, the other two principal 
directions variable in the plane of a cross section, does not present fundamental difficulties1.

17.1 � UNIFORM TORSION

We will keep the conventions and notations of the previous chapter. In Figure 17.1, O is the elastic 
center and (y, z) are the principal axes. The beam is slender and uniformly twisted, that is, every 
cross section is subjected to a pure and constant torsion moment, along the x-axis, denoted as Mx .

When submitted to this moment, each line in the beam, initially parallel to the x longitudinal 
axis, becomes a helicoid curve. Because of the absence of symmetry in the cross section, this 
property also concerns the line that, initially, was coinciding with the x-axis itself (i.e., the locus of 
elastic centers). The only line that remains rectilinear is cutting the plane of all cross sections at a 
point that will be called torsion center and denoted as C, with coordinates yC and zC  in principal 
axes (see Figure 17.1). 

17.1.1 �T orsional Degree of Freedom

It is defined as the rotation of each cross section about the x-axis and denoted as θx
2. The torsional 

moment Mx  being constant, θx  evolves along the x-axis in such a manner that, for any pair of cross 
sections spaced at dx interval, a same relative rotation θd x  can be observed. Thus,

	 constant
θ =d

dx
x

From this, it comes that the rotation of section varies linearly along the x-axis. As a consequence, we 
assume a priori the components of the displacement field , u ux y  and uz  to be written as

DOI: 10.1201/9781003195788-20

FIGURE 17.1  Elastic center O, torsion center C, and principal axes.

https://doi.org/10.1201/9781003195788-20
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,

( )

( )

= θ × ϕ( )

= − − θ

= − θ

u
d

dx
y z

u z z

u y y

x
x

y c x

z c x

	 (17.1)

In which the function denoted as ,ϕ( )y z  is characteristic of the cross-sectional shape and of the 
materials that constitute the composite beam. This is called the warping function for torsion.

17.1.2 �C onstitutive Equation

With the displacement field in Equation 17.1, the only nonzero strain values are written as

	

∂
∂

∂
∂

( )

( )γ = θ ϕ − −






γ = θ ϕ + −





d

dx y
z z

d

dx z
y y

xy
x

c

xz
x

c

The only nonzero stress values are then the shear stresses τxy and τxz, immediately deduced from 
the strains above. The torsional moment is readily obtained by integration over the domain D of the 
cross section as

	 2 2∫ ∫ ∂
∂

∂
∂( )= τ − τ = θ ϕ −





− ϕ +



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+ +


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



M y z dS
d

dx
G y

z
y z

z
z y z dSx xz xy

D

x
i c c

D

Introducing the function ( , )Φ y x  such that

	 ( , ) ( , )Φ = ϕ + −y x y z yz zyc c	 (17.2)

Then,

	 2 2∫ ∂
∂

∂
∂

= θ × Φ − Φ + +






M
d

dx
G y

z
z

y
y z dSx

x
i

D

In this expression, it is possible to define the equivalent stiffness in torsion:

	 2 2∫ ∂
∂

∂
∂

= Φ − Φ + +






GJ G y
z

z
y

y z dSi

D

	 (17.3)

So that the constitutive equation takes the form

	 M GJ
x

x
x∂

∂
= θ
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17.1.3 �D etermination of ( , )Φ y z

17.1.3.1 � Local Equilibrium
The local equilibrium is written as

	
y z
xy xz∂

∂
∂
∂

τ
+ τ = 0

Then, with the displacement field in Equation 17.1,

	 02∇ ϕ =

and with the form (17.2) of function Φ,

	 ∇ Φ = 02

17.1.3.2 � External Boundary Condition
The lateral surface of the beam being free of any stress, we can write along the external boundary 
∂D:

	 0,τ ⋅ =



n

where 


n is the outward unitary vector, perpendicular to the boundary (see Figure 17.1).
With the displacement field in Equation 17.1,

	
∂
∂

∂
∂

( )( )ϕ − −

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





+ ϕ + −
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= 0
y

z z n
z

y y nc y c z

Then again,

	
∂
∂

∂
∂

Φ + Φ = −
y

n
z

n zn yny z y z

17.1.3.3 � Internal Boundary Conditions
The continuity conditions (see Section 16.1.2) are verified for uy and uz . Across an internal boundary 
 ij  between two phases i and j, the continuity of displacement ux leads to ϕ = ϕi j , or

	 Φ = Φi j

The continuity relations in Equation 16.6 are reducing to the continuity of ( )τ + τn nxy y xz z  when 
crossing the lines  ij , or
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17.1.3.4 � Uniqueness of Function Φ
If one superimposes torsion and bending, by using the flexure degrees of freedom defined in 
Equation 16.3 in the previous chapter, the displacement ux becomes

	 ( )= − θ + θ + θ ϕ + ηu u x y z
d

dx
x z y

x
x

The longitudinal displacement ( )u x  has to meet its definition (Section 16.1.1), meaning
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This requires that

	 0∫ ϕ =E dSi

D

Moreover, taking into account the form of Φ in Equation 17.2 and properties of the elastic center,

	 0∫ Φ =E dSi

D

In summary, the function ( , )Φ y z  is solution of the problem
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17.1.4 �E nergy Interpretation

The strain energy of an elementary segment of beam with thickness dx is written as

	
1
2

2
1
2
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Then, taking into account the displacement field in Equation 17.1,
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which can be rewritten as3
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where we note the torsional stiffness GJ  defined by Equation 17.3. Thus,
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17.2 � LOCATION OF THE TORSION CENTER

17.2.1 �C oordinates in Principal Axes

Consider the cantilever beam that is clamped at its left end as shown schematically in Figure 17.2 
and, more particularly, the beam segment limited by the cross sections denoted by 0D  and 1D . In 
the section 1D , O is the elastic center and C is the torsion center of which we wish to determine the 
position.

With this objective, we will apply on the cross section 1D  the two following successive loadings:

•	 Loading 1: On the cross section 1D , we apply a force 


F  in the plane of the section, passing 
through the torsion center C (see Figure 17.2a).

•	 Loading 2: On the same cross section 1D , we apply a torsional moment (about x-axis) 
denoted as Mx  (see Figure 17.2b).

When these two loads are applied successively, the end equilibrium state is independent of the 
application order. As a consequence for the external forces acting on the isolated segment 0 1( )D D , 
the work corresponding to loading 1 multiplied by the displacements created by loading 2 is equal 
to the work corresponding to loading 2 multiplied by the displacements created by loading 1. This 
can be written in the following form:

	 loading 1   displacement  2 loading 2   displacement  1=( ) ( )× ×W W
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Now, we evaluate these works:
	 a.	W (loading 1 × displacement 2)

•	 On 0D : 


F  creates the bending moments Mz and My and, thus, a normal stress distribu-
tion given in principal axes by Equation 16.19 as

	 1( )σ = − × + ×E
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zxx i

z

z
i
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Then, taking into account the displacement field in Equation 17.1, the work done on 
0D  is
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•	 On 1D : The torsion center C does not move in the plane of the cross section during tor-
sion. The work done by the force 



F  in the displacement field of torsion is nil.

	 b.	W (loading 2 × displacement 1)
Force 



F  as applied to the torsion center C does not lead to the rotation of the cross sec-
tions around the longitudinal axis x. From this, the torsional moment Mx  does not work 
together with bending displacement field due to 



F .
Writing the equality of the two works,
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FIGURE 17.2  Cantilever beam under two successive loadings: (a) Loading 1 and (b) Loading 2.
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This relationship has to be verified when the force applied on C varies in magnitude 
and direction in the plane of the cross section. From there, we can deduce that such 
a relation is valid regardless of the values of Mz and My. Both the above integrals are 
then nil. We extract from this property the coordinates of the torsion center:

	
∫
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= − Φ

= Φ

y
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E z dS

z
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E y dS
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i

c
z

D

i

1

1

17.2.2 �S ummary of Results

In summary, the uniform torsion of a cylindrical composite beam of any sectional shape, made 
of perfectly bonded isotropic phases, can be characterized by a homogenized formulation, that is, 
equivalent to that of a classical homogeneous beam, in the following manner:

� (17.4a)
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� (17.4b)
Notes

•	 For simple geometric section cases, direct calculation can be done. See, for example, 
Section 5.4.5.4 and Applications 19.4, 21.1, and 21.7.

•	 A finite element computer program for classical homogeneous beams is usable4 provided 
that we could quantify the equivalent torsional stiffness GJ . For complex-shaped cross 
sections, this requires a numerical computation of the function Φ5. The latter is the solution 
of a Laplace-type problem, as can be noted in Equation 17.4b. An equivalent functional 
is possible to define, which leads to the calculation of Φ by the finite element method, by 
discretizing the cross section6.

17.2.3 �F lexion–Torsion Coupling

When, due to the loads applied on the beam, bending and torsion exist simultaneously, the approach 
of the previous chapter is always valid. Thus, the definition of degrees of freedom u, v, , θ θz y, seen 
in Sections 16.1.1 and 16.2, leads to the following displacement field:
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Torsion being uniform, equilibrium relationships in Equation 16.19 are getting more restrictive. 
They reduce to
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Taking into account six degrees of freedom also leads to six constitutive relationships. They are sum-
marized below. It is recalled that coefficients involved in these relations are detailed in Equations 
16.16 and 17.4.
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Note: While doing calculations, in each of the two relations marked with (*), a supplementary 
coupling term appears, connected to the existence of a third shear coefficient denoted as kyz . The 
complete form is then
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This secondary coupling has been neglected in Equation 17.6.

 NOTES

	 1	 See Bibliography: Tanghe-Carrier F. and Tanghe-Carrier F., Gay D.
	 2	 Here, it is not necessary to define θx  by means of an integral of displacements, as in Chapter 16 relat-

ing to flexure. Indeed, we will see in the following that the displacement field associated with this 
pure rotation of section leads to the exact solution of the problem in the elastic domain (at least for 
the torsion case with uniform warping that is being looked at here).

	 3	 In effect, we have, for example, 
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	 4	 Except if the considered application requires the calculation of shear stress in the cross section (see 
Bibliography: Nouri T., Gay D., 1994.

	 5	 We have to solve analogous problem for homogeneous beams, when we desire to calculate the tor-

sional Saint-Venant Stiffness 2 2∫ ∂
∂

∂
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= Φ − Φ + +
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.

	 6	 See Bibliography: Nouri T., Gay D., 1994.
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18 Transverse Shear Behavior 
of Multilayered Plates

The mechanical behavior of a laminated plate as studied in Chapters 12 and 15 has required the 
definition of In-plane resultants N Nx y,  , and Txy  and of bending and twisting moments M Mx y,  ,  
and Mxy. These resultants are constructed using the stress values x y xyσ σ τ,  ,  . The other stress 
components, that is, z xz yzσ τ τ,  ,  , have not been taken into account so far.

We shall be considering in this chapter how these stresses can exist, particularly the transverse 
shear stresses xzτ  and yzτ , and how they can impact the mechanical behavior of the laminate. We will 
also examine plate configurations for which the influence of these stresses is significant. Among 
others, this is the case of plates with high relative thicknesses and of sandwiches plates. However, 
even for thin laminated plates the transverse shear stiffness can be of importance in dealing with 
buckling stability problems. Also we will examine the case of a quasi-orthotropic stratification built 
on Double-Double sequence as examined in Chapter 15, thus in order to compare the transverse 
shear behavior of a D-D laminate with its associated homogeneous orthotropic plate.

The original method proposed here is based on the prior definition of equivalent displacement 
parameters, via a similar approach to the one used in Chapter 16, when examining composite 
beams in flexure.

18.1 � PRELIMINARY REMARKS

18.1.1 �T ransverse Normal Stress zσ

The coordinate system of the plate is as in Chapter 12, which explains the name of transverse normal 
stress for zσ . Such stress appears when applying a transverse load, concentrated or distributed, which 
will cause bending of the plate:

•	 A very local load concentration in a very small zone cannot be carried out within a plate 
theory, unsuitable to provide a spatial stress distribution in the neighborhood of the point of 
load application. This phenomenon is complex even in the case of 3D numerical modeling. 
Therefore, what will be presented will not be valid in the immediate surroundings of a very 
local transverse load, such as the load on an insert.

•	 A distributed load, which generally gives rise to quite small values of zσ  compared to xσ  
and yσ . Accordingly, zσ  will be the most often neglected.

18.1.2 �T ransverse Shear Stress xzτ  and yzτ

Due to the assumption of perfect bonding between the plies, the stress vector remains continuous 
across an interfacial element with normal vector n z

 = , between two consecutive plies of the lami-
nate. Thus, xzτ  and yzτ  remain continuous when crossing the interface between plies (see Section 
16.1.2.3). In addition, the upper and the lower face of the laminate are assumed to be free of tangen-
tial forces. The thickness of the laminate is denoted as h. Then,

	 z
h

xz yzτ = τ = = ±0 for
2
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Assume the In-plane resultants and the bending and twisting moments to be constant in a given area 
of the laminate, that is, in that area:

	 N N T M M M x yx y xy y x xy ∀, , , , , constant ( , )

Then, by inversion of Equation 12.20, for example, we can note that the following overall strains

	
∂
∂

∂
∂

∂
∂ ∂

ε ε γ; ; ; ; ; 20 0 0

2
0

2

2
0

2

2
0w

x

w

y

w

x y
x y xy

are constant in the area under consideration. From this, the local strains in Equation 12.12 depend 
only on the z-coordinate in the laminate. This is the same for the stress values x y xyσ σ τ,  ,  .

With the earlier consideration, and in the absence of body forces, local equilibrium can be writ-
ten as

	
x y z

x y z

x xy xz

xy y yz

∂σ
∂

+ ∂τ
∂

+ ∂τ
∂

=

∂τ
∂

+ ∂σ
∂

+ ∂τ
∂

=

0

0

	 (18.1)

The transverse shear stresses then appear to be constant across the thickness of a ply. As they are 
continuous at the interfaces between the plies and null at the locations z h= ±( / 2), they are nil 
through all the thickness of the laminate.

Notes:

•	 From this, these stresses do not play systematically an important role: they do not always 
exist, because their existence is related to stress resultants and moments that vary in the plate.

•	 An exception: one also finds transverse shear stresses when studying buckling phenomena. 
In such cases these stresses are induced when taking into account the associated adjacent 
equilibrium1.

When they exist and depending on the composition of the laminate, the transverse shear stresses can 
influence the deformation in bending and the interlaminar adhesion between layers2.

Let’s assume the existence of this type of stress, associated with the assumptions of the following 
paragraph.

18.1.3 �A ssumptions

•	 The plate has Mid-plane symmetry.
•	 The plies are orthotropic, the orthotropic directions coinciding with axes (x, y, z) of the 

laminate3.
•	 The stress zσ  is negligible.

Instead of this hypothesis, the less restrictive hypothesis of a more general balanced laminate case 
could also be adopted, for example when one wishes to study laminates without mirror symmetry. 
In such case, the following calculations are much heavier, without appreciable gain on the enlarge-
ment of the field of applications examined in Section 18.6.3.
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Notes

•	 For each ply with orthotropic axes (x, y, z), and taking into account the simplification 
zσ ≈ 0, the constitutive Equation 13.3 can be written as
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Or in inverted form,

	

E E

E E

E G

E G

E G

x

y

xy

xz

yz

xy

xz

yz

x

y

xy

xz

yz

σ
σ

τ

τ
τ































= =

=
=

























ε
ε

γ

γ
γ































0 0 0

0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

11 12

21 22

33

44

55

	 E
E

E
E

E
Ex

xy yx

yx x

xy yx

y

xy yx

=
− ν ν

= ν
− ν ν

=
− ν ν

where
1

;
1

;
1

11 12 22 	 (18.2)

•	 The transverse shear stress causes distortions as illustrated in Figure 18.1 for the shear 
stress xzτ  (see also Figures 18.7 and 18.8).

•	 As a consequence, the displacements due to flexion discussed in Section 12.1.4 can be 
adapted as shown in Figure 18.2.

Figure 18.2a represents a cross section defined as the intersection of the plate with plane (y, z), before 
and after bending, and Figure 18.2b shows the section evolution as a rigid displacement (parameters 
u w, 0 0, and yθ ) to which are superimposed increments xη  and zη  in plane (x, z). Due to the existence 

FIGURE 18.1  Distortion of section due to transverse shear xzτ .
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of Mid-plane symmetry, we should note the antisymmetric shape of these increments, with respect 
to z. They are small but we can neither neglect them a priori nor assign them any mathematical 
form, all the more so we do not have, at this stage, a definition for the equivalent rotation, noted as yθ  
in Figure 18.2b. This justifies the interest in the definition of a displacement field involving perma-
nently these increments. A supplementary interest rests in the ability, during the study, to observe 
closely the necessary approximations that allow obtaining useful technical formulation4.

18.2 � DISPLACEMENT FIELD

Components of elastic displacement at each point of the laminate are denoted by u x y z v x y z( , , ),  ( , , ),  
and w x y z( , , ). We denote in Figure 18.2b:

•	 Average translations as u0 and w0

•	 Average rotation as yθ

We will define these average parameters in integral forms as follows:

•	 Translation along the x direction: By definition, this is u x y( , )0  such that

	 u
h

u x y z dzo

h

h

∫=
−

1
( , , )

/2

/2

•	 Rotation about the y-axis: By definition, this is x yyθ ( , ) such that5
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In which we have reused the notations of Section 12.1.6 for the terms EIij1  of matrix
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FIGURE 18.2  Flexural displacements: (a) cross section before and after flexure and (b) displacement 
parameters.
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By superimposing increment xη , the longitudinal displacement u x y z( , , ) then takes the form

	 u x y z u x y z x y x y zy x= + × θ + η( , , ) ( , ) ( , ) ( , , )0

With

	 ∫ +






× η × =
−

011

11

12

12
/2

/2
E

EI

E

EI
z dzx

h

h

In effect, note that we can obtain, starting from this expression,
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Strikethrough integrals disappear due to antisymmetry in z:
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In the right-hand side of the previous equation, the first integral disappears due to Mid-
plane symmetry. In addition, taking into account the definition of yθ  written earlier, the 
second integral also is zero. Finally, we should notice that the coefficient of yθ  is 1 because
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•	 Translation along the y direction: This is v x y( , )0  such that
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•	 Rotation about the x-axis: This is xθ  such that
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By superimposing increment yη , the longitudinal displacement v x y z( , , ) then takes the form

	 v x y z v x y z x y x y zx y= − × θ + η( , , ) ( , ) ( , ) ( , , )0

With
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•	 Translation along the z direction: This is w x y( , )0  such that
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By superimposing increment zη , the vertical displacement takes the form

	 w x y z w x y x y zz= + η( , , ) ( , ) ( , , )0

In summary, we obtain the elastic displacement field:
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	 (18.3)

	 zx y zη η η, , antisymmetric in  .	 (18.4)
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18.3 � STRAINS

The strain values can be deduced from the previous displacement field as
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18.4 � CONSTITUTIVE EQUATIONS

18.4.1 �I n-plane Behavior

We proceed in the same way to that already used in Section 12.1.1:

•	 Stress resultant N dxx x

h

h

∫= σ
− /2

/2

From Equations 18.2 and 18.6,6
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•	 Stress resultant N dzy y
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•	 Stress resultant T dzxy xy
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In summary, relations already established in Chapter 12 are found again (Equation 12.5):
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Or, in inverse form, by using the notations in Equation 12.9,
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18.4.2 � Bending Behavior

We start again with the already known moments (see Section 12.2.1).

•	 Bending moment M z dzy x
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With Equations 18.2 and 18.5,
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In the last two terms of the right-hand side appear the nonzero integrals of even functions. 
If we neglect the contribution of the rates of variation along the x-axis and the y-axis that 
these terms respectively represent, the previous equation is reduced to7
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Which is reduced to
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We neglect the contribution of the last two terms of the right-hand side as made earlier for 
the bending moment My:

	 M C
x

C
y

x
y x− = ∂θ

∂
+ × − ∂θ

∂12 22

•	 Twisting moment M z dzxy xy

h
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∫= − τ
− /2

/2
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z
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Which is reduced to
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In a similar way, we neglect the contribution of the rates of variation of increments xη  and yη :

	 M C
y x

xy
y x− = ∂θ

∂
− ∂θ

∂




33

In summary, we find again a similar form as in Equation 12.16 with, in addition, 
C C= = 013 23  due to orientation of plies (see assumptions Section 18.1.3):
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	 (18.8)

Or, in inverse form, by reusing the notations of Section 12.1.6,
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	 (18.9)

18.4.3 �T ransverse Shear Behavior

Starting from transverse shear stress, we define the following supplementary stress resultants 
denoted as transverse shear resultants:

18.4.3.1 � Transverse Shear Resultant Q dzx xz

h

h

∫= τ
− /2

/2

Using Equations 18.2 and 18.6,

	 Q G
w
x z x

dzx xz y
x z

h

h

∫= ∂
∂

+ θ + ∂η
∂

+ ∂η
∂







−

0

/2

/2

In setting

	 hG G dzxz xz

h

h

∫=
− /2

/2
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yields

	 Q hG
w
x

G
z

dzx xz y xz
x

h

h

∫= ∂
∂

+ θ



 + ∂η

∂
−
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/2

/2

	 (18.10)

Where the integral of an even function can be noted.

18.4.3.2 � Transverse Shear Resultant Q dzy yz

h

h

∫= τ
− /2

/2

	 Q G
w
y z y

dzy yz x
y z

h

h

∫= ∂
∂

− θ + ∂η
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∂


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

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0

/2

/2
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h
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/2
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	 Q hG
w
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G
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dzy yz x yz
y

h

h

∫= ∂
∂

− θ



 + ∂η

∂
−

0

/2

/2

	 (18.11)

18.5 � EQUILIBRIUM RELATIONSHIPS

These relationships are characteristic of plates in general, regardless of their compositions, and 
therefore are classic.

We recall here the equilibrium relationships related to bending.

18.5.1 �T ransverse Equilibrium

•	 Local equilibrium relationship:

	
x y z

fzx zy z
z

∂τ
∂

+ ∂τ
∂

+ ∂σ
∂

+ = 0

Integrating across the thickness reveals the transverse shear resultants Qx and Qy:

	
Q
x

Q

y
f dzx y

z h

h
z

h

h

∫[ ]∂
∂

+ ∂
∂

+ σ + =−
−

0
/2

/2

/2

/2

Denoting as pz  the transverse load density that appears in the last terms,

	
Q
x

Q

y
px y

z
∂
∂

+ ∂
∂

+ = 0
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18.5.2 �E quilibrium in Bending

•	 Local equilibrium relationship:

	
x y z

fx xy xz
x

∂σ
∂

+ ∂τ
∂

+ ∂τ
∂

+ = 0

After multiplication by z, integration over the thickness leads to
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∂
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−
−

0

0
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/2

The case of a static loading giving a moment density being highly exceptional, we neglect 
the moment density that appears in the last term:

	
M

x

M

y
Qy xy

x
∂
∂

− ∂
∂

− = 0	 (18.12)

•	 Local equilibrium relationship:

	
x y z

fyx y yz
y

∂τ
∂

+ ∂σ
∂

+ ∂τ
∂

+ = 0

A similar calculation leads to

	
M

x
M
y

Qxy x
y

∂
∂

+ ∂
∂

+ = 0	 (18.13)

18.6 � TECHNICAL FORMULATION FOR BENDING

•	 We can note in Equations 18.7 and 18.8 that Mid-plane symmetry always decouples the 
membrane behavior from bending behavior. As a consequence, in what follows, we shall 
consider only stress due to bending. This will be done by canceling the In-plane stress 
resultants: N N Tx y xy= = = 0.

•	 In addition to assumptions in Section 18.1.3, we will neglect, for stress calculation, the 
variations of increments x yη η, , and zη  along x-axis and y-axis8.

18.6.1 �S tress Due to Bending

18.6.1.1 � Plane Stress Values
We can write successively for a ply number k what follows:

•	 E Ex
k

x
k

yσ = ε + ε11 12



398 Composite Materials

Then with Equation 18.6,

	 E z
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∂
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
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And with Equations 18.7 and 18.9,
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	 (18.14)

•	 E Ey
k

x
k

yσ = ε + ε12 22

A similar calculation leads to
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My

k k

y

k k
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	 (18.15)

•	 E Gxy
k

xy xy
k

xyτ = γ = γ33

Then with Equation 18.6,

	 G z
y x y x

xy xy
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oxy
y x x yτ = γ + ∂θ

∂
− ∂θ

∂

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+ ∂η
∂











And with Equations 18.7 and 18.9 and Txy = 0,

	 z
G

C
Mxy

xy
k

xyτ = −
33

	 (18.16)

18.6.1.2 � Transverse Shear Stress Values

•	 E Gxz
k

xz xz
k

xzτ = γ = γ44  from Equation 18.2.
And with Equation 18.6 and neglecting the variation xz∂η ∂ ,

	 G
w
x

G
z

xz xz
k

y xz
k xτ = ∂

∂
+ θ



 + ∂η

∂
0 	 (18.17)

•	 E Gyz
k

yz yz
k

yzτ = γ = γ55

which leads in a similar manner to
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	 G
w
y

G
z

yz yz
k

x yz
k yτ = ∂

∂
− θ







+ ∂η
∂

0 	 (18.18)

Thus, the knowledge of transverse shear stress requires the prior calculation of increments 
xη , and yη  that characterize warping.

18.6.2 �C haracterization of Warping Increments in Bending ηx and ηy

•	 Warping x y zxη ( , , ) 

Starting from the first equation of local equilibrium,

	
z x y
xz x xy∂τ

∂
= − ∂σ

∂
− ∂τ

∂

Then with Equations 18.14, 18.16, and 18.17,
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Taking into account the equilibrium Equation 18.12, we can rewrite 

•	 Warping x y zyη ( , , )

In the same way, starting from the second equation of local equilibrium,

	
z y x
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∂
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Then with Equations 18.15, 18.16, and 18.18,
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Taking into account the equilibrium Equation 18.13, we can rewrite
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� (18.20)

18.6.3 �P articular Cases

Equations 18.19 and 18.20 are simplified in the following specific cases:

18.6.3.1 � Orthotropic Homogeneous Plate
From Equations 18.2, 18.8, and 18.9,
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Accordingly, Equations 18.19 and 18.20 reduce to
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2 3 	 (18.21)

18.6.3.2 � Cylindrical Bending of a Multilayered Plate with Proportionality Properties
We consider the cylindrical bending of a multilayered plate such that for any two plies k and m, we 
have in plane (x, y) (see Equation 18.2)
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Where α is a nondimensional coefficient. We therefore have
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In Equation 18.19, we obtain the following simplification:
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As well as a similar simplification in Equation 18.20:
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Then, if we examine the following cylindrical bending cases for this plate:

	 a.	Cylindrical bending about y-axis: then in Equation 18.22, M Qxy y= = 0 and Equation 18.20 
disappears.

	 b.	Cylindrical bending about x-axis: then M Qxy x= = 0 and Equation 18.19 disappears.

Equations 18.19 and 18.20 simplify as follows:
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18.6.3.3 � Bending of a Multilayered Plate with Proportionality Properties
We focus on the particular case where, for any two of plies k and m, we observe in the plane of the 
plate the proportionality between elastic coefficients Eij

9:
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Then Equations 18.19 and 18.20 reduce to:

�

(18.23)

Notes:

•	 The previous specific cases constitute a significant restriction among the variety of practi-
cal laminations. Nevertheless, we will conserve, in the following, the simplified forms of 
Equations 18.21, 18.22, and 18.23 because they will show the direct connection between 
the warping functions xη  and yη  and the transverse shear forces Qx and Qy, respectively.

•	 With the aim of a simplified approach of the phenomenon, it can be noted that 
Equations 18.22 are immediately obtained by considering cylindrical bending of a lami-
nate with the following approximations:
•	 A cylindrical bending about y-axis for which we neglect the bending moment Mx  in 

Equation 18.19
•	 A cylindrical bending about x-axis for which we neglect the bending moment My in 

Equation 18.20

18.6.3.4 � Consequences
Taking into account the preceding remark about the link between warping and shear force, we set 

xη  and yη  as
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Constitutive Equations 18.10 and 18.11 are written as
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Then by setting
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One obtains
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Thus appear two transverse shear coefficients kx and ky that require for their calculation the knowl-
edge of functions g z( ) and p z( ).

18.6.4 �W arping Functions

18.6.4.1 � Boundary Conditions
We have assumed that upper and lower faces of the plate were free of any shear. Thus, from the 
transverse shear stress values appearing in Equations 18.17 and 18.18,
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18.6.4.2 � Interfacial Continuity
The continuity of transverse shear stress across interfaces between layers is resulting from the 
assumed perfect bonding between the plies (see Section 16.1.2.3). Thus, at the interface between two 
consecutive plies (k) and (k + 1),
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And with Equations 18.17, 18.18, 18.25, and 18.26,
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18.6.4.3 � Formulation of Warping Functions
By replacing g z( ) and p z( ) with the following,

	 g z g z z k p z p z z kx y= + × = + ×( ) ( ) ; ( ) ( )0 0

g z( )0  and p z( )0  are so-called the warping functions. Then, the boundary conditions and interface 
conditions are simplified, and Equation 18.23 leads to formulate the problems that allow simple 
calculation of warping functions g z( )0  and p z( )0 . We obtain
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	 (18.27)
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	 (18.28)

Antisymmetric functions g z( )0  and p z( )0  are thus defined in a unique manner. 

18.6.5 �C onsequences

18.6.5.1 � Expression of Transverse Shear Stress
Equations 18.17 and 18.18 take the following simple forms:
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18.6.5.2 � Transverse Shear Coefficients
These coefficients are obtained from Equation 18.5:

	
E
EI

E
EI

z dzx

h

h

a ∫ +





η × =
−

) 011

11

12

12
/2

/2

Using Equation 18.24 and the definition of go gives

	
E
EI

E
EI

Q
hG

g k z z dzx

xz
x

h

h

∫ ( )+





× − × × =
−

011

11

12

12
0

/2

/2

Noting that

	
E
EI

E
EI

z dz
C
EI

C
EI

C C C
C C C

h

h

∫ +





= + = −
−

=
−

111

11

12

12

2

/2

/2

11

11

12

12

11 22 12
2

11 22 12
2

We obtain

	 k
E
EI

E
EI

g z dzx o

h

h

∫= +





×
−

11

11

12

12
/2

/2

	 (18.30)

	
E
EI

E
EI

z dzy

h

h

b ∫ +





η × =
−

) 022

22

12

12
/2

/2

	
E
EI

E
EI

Q

hG
p k z z dzy

yz
y

h

h

∫ ( )+





× − × × =
−

022

22

12

12
0

/2

/2

Leading to
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In summary, in the absence of body forces, such as inertia forces, the bending behavior, uncoupled 
from the membrane behavior, of a laminated plate can be simplified in a few particular cases noted 
below. The characteristic relationships are summarized in the following box.

Bending behavior (no In-plane stress resultants)

•	 Orthotropic homogeneous plate/orthotropic axes ( , , )x y z

•	 Or Laminated plate/Mid-plane symmetry/orthotropic axes of plies ( , , )x y z /cylindrical bending about x  
or y axis/elastic constants ( , , )=E i jij 1 2  being proportional from one ply to another.

•	 Or Laminated plate/Mid-plane symmetry/orthotropic axes of plies x y z( , , )/elastic constants 
( , , , )=E i jij 1 2 3  being proportional from one ply to another.

•	 Or Laminated plate/Mid-plane symmetry/orthotropic axes of plies ( , , )x y z /simplified cylindrical 
bending.
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�

(18.32a)

�

(18.32b)

•	 Constitutive equations
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kx  and ky  are transverse shear coefficients

•	 Stress values
•	 Stresses within the ply (ply n° k):

            xσ : see Equation 18.14; yσ : see Equation 18.15; xyτ : see Equation 18.16.
•	 Transverse shear stresses:
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�

(18.32c)

�

(18.32d)

18.6.6 �E nergy Interpretation

We will limit ourselves to the energy density per unitary surface of the plate, due to transverse shear 
stress as
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Substituting Equation 18.29, we obtain
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The first integral can be rewritten as
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•	 Warping functions

•	 g z( )0  is the solution of the problem:
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•	 p z( )0  is the solution of the problem:
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•	 Transverse shear coefficients kx  and ky

	 They are given by the following formulas:
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Or, taking into account Equation 18.27,
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Only the second term remains where we recognize the transverse shear coefficient kx of Equation 
18.30. The first integral under examination is reduced to
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Following a similar approach for the second integral and taking into account Equations 18.28 and 
18.31 for the transverse shear coefficient ky, the surface density of energy due to transverse shear 
takes the form

18.7 � EXAMPLES

Examples for plates in bending are shown in details in Section IV of this book, in Chapter 21. We 
give here a few useful elements to advance treatment of these examples, and we study a particular 
case of D-D laminate.

18.7.1 �O rthotropic Homogeneous Plate

•	 Warping functions

With E Ek =11 11; E Ek =12 12; E Ek =22 22; G Gxz
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xz=
Equation 18.27 becomes10
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•	 Transverse shear stress and shear coefficients: We deduce from Equation 18.32
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In a similar manner starting from Equation 18.28,
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	 ky = 6
5

	 (18.36)

Note: In Application 21.10, we treat the case of a thick orthotropic homogeneous plate in cylindrical 
bending about y-axis. The plate supports a uniformly distributed load. We can see there the strong 
influence of transverse shear on the bending deflection. Two characteristics of the plate are involved 
that act directly on this deflection:

•	 The relative thickness /h a, where a is the length of the bent side of the plate
•	 The ratio E Gx xz . For the composite case and certain combinations of fiber/matrix, this 

ratio can become large compared with unity. This is typically the case for unidirectional.

18.7.2 �S andwich Plate

18.7.2.1 � Case of Two Orthotropic Materials

Material (1) for the skins
Material (2) for the core (see Figure 18.3)

Proportionality of elastic coefficients for both materials is assumed. This leads to (See Section 
18.6.3.3)
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FIGURE 18.3  Sandwich plate.
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Note: As an example, this is the case for both isotropic materials (1) and (2) having the same Poisson 
coefficient.

Then,
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From this, we deduce
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18.7.2.2 � Warping Functions

•	 Based on the foregoing, one can write in Equation 18.32c11
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In addition,
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Equation 18.27 then can be written as
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•	 For the warping function p z( )0 , Equation 18.28 takes a similar form. We can indeed write 
as follows:
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The problem (18.28) is then written as
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Note: It should be noted that the two problems presented earlier are identical to the one that allows 
warping function calculation for a sandwich beam in bending, as can be seen in Section 21.5. We 
can therefore repeat here for the calculations the same steps that are followed in this application. 
The results are shown below.

18.7.2.3 � Transverse Shear Stress

•	 Shear stress xzτ
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	 (18.37)

•	 Shear stress yzτ
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18.7.2.4 � Transverse Shear Coefficients
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	 (18.39)

ky is given by a formally identical expression in which index x is replaced by y.
In Application 21.10, we treat the case of a rectangular sandwich plate in cylindrical bending, 

clamped on one side and subjected to uniform force per unit length on another. The plate is free on 
the two other sides. Influence of transverse shear on the deflection is brought to light. This influence 
is especially marked because

•	 The mechanical characteristics (moduli) of the core are weaker than those of the skins
•	 The relative thickness of the core is important (thin skins)
•	 The relative thickness of the plate is large (thick plate)

18.8 � QUASI-ORTHOTROPIC HOMOGENIZED LAMINATES (D-D LAMINATES)

18.8.1 �E xtension to Transverse Shear

18.8.1.1 � Reminder
We saw in Chapter 15 that we get quasi-orthotropic laminates by stacking sublaminate sets so-called 
Double-Double sublaminates. Then each D-D set is composed of four identical unidirectional plies 
and characterized by two privileged directions Φ Ψ( , ), each doubled according to the pattern ±Φ 
and ±Φ as recalled in Figure 18.4.

The laminate results from stacking “r” repetitions of D-D sublaminates. When the number r is 
increasing, we have observed that the relations between the overall strains and the average stresses 
for In-plane and bending behaviors approached those of a fictitious plate of the same thickness, 
homogeneous and orthotropic. This equivalent plate is defined very simply from the sequence D-D 
(See Section 15.3) as recalled below.

FIGURE 18.4  Four plies D-D set.
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18.8.1.2 � Equivalent Orthotropic Homogeneous Plate
This equivalent orthotropic plate associated to the D-D laminate was defined in Chapter 15. 
We recall that the behavior described by Equation 15.20 boils down to knowledge of matrices  
(see Equation 15.19):

	
h

C
h

A=12
[ ]

1
[ ]3

With

	
h

A E Eij ij ij( )= ++Φ +Ψ1 1
2

	 (18.40)

In what precedes this chapter, we could observe that this constitutive law could be completed by the 
terms (see Equation 18.32a):
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We will thus have for the D-D laminate as well as for its equivalent orthotropic plate

	 hG
h

G G hGxz D D xz xz xz( )= + =−
Φ Ψ

2 orthotropic

	 hG
h

G G hGyz D D yz yz yz( )= + =
−
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2 orthotropic
	 (18.41)

Recall that for the orthotropic plate case we have found (see Equations 18.34 and 18.36)

	 k kx y= = 6
5orthotropic orthotropic

However, nothing can be said at this stage about shear coefficients kxD D−  and kyD D−  of a D-D laminate.

18.8.1.3 � Transverse Shear Stiffness
Equations 18.25 and 18.26 relate the transverse shear resultants to the overall shear deformations, 
that is to say
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One can also consider in an equivalent way the surface density of shear energy (see Equation 18.32), 
that is to say
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In these both expressions appear what we could define as the “transverse shear stiffnesses”
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Thus comparison of the transverse shear stiffness for a D-D laminate and its associated orthotropic 
plate leads to examine the ratios:
	 a.	For bending in the x z( , ) plane:
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	 b.	For bending in the y z( , ) plane:
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It can then be noted that the knowledge of transverse shear coefficients obtained from Equations 
(18.32d) appears necessary and sufficient to compare the transverse shear stiffness of the two plates 
(laminated and orthotropic).

18.8.1.4 � Transverse Shear Stresses
When studying the In-plane and bending behaviors of a laminate (see Chapters 12 and 15), it was 
observed that the strains in each of the plies coincided with those of the overall laminate, while the 
stresses showed discontinuities from one ply to the next (see for example Figure 15.9).

It is the reverse when we are interested in the mechanism of the transverse shear. Indeed, as we 
saw above in this chapter, the transverse shear stresses remain continuous by passing from one ply 
to the next, whereas the distortion undergoes a discontinuity during this passage.

The transverse shear stresses are given by Equations (18.32b) i.e.
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Where appear the “warping functions” g z( )0  for bending in the plane x z( , ) and p z( )0  for bending in 
the plane y z( , ). These functions are obtained by solving the problems (18.32c). For example for g z( )0
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We study in what follows a particular case of laminate of the Double-Double type.



415Transverse Shear Behavior

18.8.2 �E xample of D-D Laminate

18.8.2.1 � Definition
Based on arrangement  , already discussed in Chapter 15 (see Section 15.3.1) that is 

/ / / ; ( )[ ]+Ψ + Φ −Φ − Ψ Φ < Ψ , we then examine the sequence

	 / / / 90 /0 /0 /90[ ] [ ]+Ψ + Φ − Φ − Ψ ⇒ ° ° ° °

This corresponds to the particular case of passage to the limits 0±Φ ⇒ ° and 90±ψ ⇒ °.
We thus obtain a laminate also called “square symmetric”. Such a configuration has the following 

advantages here:

•	 We then obtain with unidirectional plies the most important differences between the elastic 
properties of two consecutive orientations Φ and Ψ. This is where the “delay” in homog-
enization for transverse shear will be greatest.

•	 For the same purpose, in order to deliberately delay the homogenization process, we prefer 
such a sequence to a sequence of type 1 2 1 2 1 2 1 so called arrangement C (see Section 
15.4.5.1).

•	 Such a configuration with a Mid-plane symmetry makes it possible to exploit Equations 
18.32 by limiting ourselves to the study of a simplified cylindrical bending (See Note in 
Section 18.6.3.3). We can thus decouple the phenomenon of transverse shear from the 
problems related to bending seen in Chapter 15.

The laminate is shown in Figure 18.5 with 20 layers of thickness “e”. The corresponding number of 
repetitions of D-D sets is r = 5. We saw in Chapter 15 (see Section 15.4.2.2) that we then reached an 
admissible threshold of homogenization for bending.

This number of repetitions is low, corresponding to a thin laminate. However, even for such a 
case, consideration of transverse shear stiffness can be of importance in dealing with buckling 
stability problems (adjacent equilibrium associated with transverse shear forces)12.

FIGURE 18.5  90 /0 /0 /90[ ]° ° ° °  Laminate with five repetitions ( 5 4 20h e e= × = ).
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18.8.2.2 � Mechanical Characteristics
In the following we use a unidirectional carbon/epoxy ply. We start with elastic characteris-
tics in Table 3.4. Moreover, taking into account the transverse isotropic nature of the ply (see 
Equation 13.7) and with Equation 18.2, we have:

	 G
E

zt
t=

+ ν2(1 )

We retain the mean value ν = 0.3 for the Poisson's ratio in the plane t z( , ), that is

	 Gzt = 2.7 GPa

The characteristics are summarized in Table 18.1

18.8.2.3 � Bending in (x,z) Plane
We must solve Equation (18.32c) as recalled
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	 a.	We have G G Gxz xz t= = =Φ ° 4.2 GPa0 ; G G Gxz xz zt= = =Ψ ° 2.7 GPa90
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From Equations 18.2, 18.8, 18.9, and Figure 18.5

E E E


= = =Φ ° 134.4 GPa11 11
0 ; E E Et 
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TABLE 18.1
Unidirectional Carbon/Epoxy Ply



(GPa)E (GPa)Et 

(GPa)G t 

νν t 

ννt Equation (11.6) 

(GPa)E (GPa)Et  

νν (GPa)Et 

(GPa)G t (GPa)Gzt

134 7 4.2 0.25 0.013 134.4 7.02 1.7472 4.2 2.7
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•	 Note
As already indicated, the retained number of repetitions r =(  5) corresponds to a mini-

mum threshold of homogenization (see Section 15.4.2.2). This can be controlled by com-
paring the above coefficients with those of the so-called equivalent orthotropic plate (see 
Equation 18.40), We note for example:
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To be compared to (see above)
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And the difference is zero for the coefficient C12.

18.8.2.4 � Transverse Shear Stresses
We integrate for each ply the differential equation
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Where Gxz
k  alternately takes the values G Gxz t=Φ  and G Gxz zt=Ψ

The connecting condition
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Is written
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We thus obtain dg dzo( ) in each ply, and from Equations 18.32b we deduce the shear stresses
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At the same time, Equation 18.33 gives the shear stress in the associated homogeneous orthotropic 
plate with same thickness and for a same transverse shear resultant:
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The two distributions are illustrated in Figure 18.6. It is immediately seen that for the D-D laminate, 
interlaminar shear stress due to the transverse shear resultant is everywhere less than or equal to the 
maximum shear stress in the associated orthotropic plate.

•	 Note: On the warping function g z( )0

To obtain the previous shears, the differential equation
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has been integrated for a first time. A new integration provides the warping function g z( )0  
in the form

	 g z a e a z a
z
h

= + +( )0 0 1 2

3

2

This antisymmetric function is given in Table 18.2 for z ≥ 0
Knowledge of this function is necessary for the following. Also this function can be 

used to check the accuracy of the shear determination method. For this purpose, we inte-
grate the shear stresses along the thickness h of the section shown in Figure 18.6. We then 
obtain (see Equation 18.32b):
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FIGURE 18.6  Shear stress xzτ  in D-D laminate and its associated orthotropic plate.
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It comes after calculation
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which gives an idea of the precision of this method.

18.8.2.5 � Transverse Shear Coefficient
From Equation 18.32d
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One obtains by means of the warping function g z( )0  defined previously

	 kx =− 1,313D D 	 (18.44)

Then, the transverse shear stiffness of the laminate and that of its associated orthotropic plate can 
be compared by means of the ratio (see Equation 18.42):
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D D

	 (18.45)

18.8.2.6 � Warping of the Cross Section
The warping, i.e. the displacement of the initially plane section out of its plane as described in 
Figure 18.2 is given by zxη ( ) (see Equation 18.24):

	 z
Q

hG
g zx

x

xz

η = ×( ) ( )

With (see Section 18.6.4.3)

	 g z g z z kx= − ×( ) ( )0

TABLE 18.2
Coefficients of the Warping Function g z( )0

z a0 a1 a2

+Φ = °0 [ ]−0 e 0 1.243565 −3.210313

±Ψ = °90 [ ]− 3e e −0.662739 1.898926 −0.259357

±Φ = °0 [ ]−3 5e e 0.954688 1.426180 −3.210313

±Ψ = °90 [ ]−5 7e e 0.509469 1.330789 −0.259357

±Φ = °0 [ ]−7 9e e −1.462732 1.974024 −3.210313

+Ψ = °90 [ ]−9 10e e 9.174705 0.194518 −0.259357
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From where
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•	 Note
For the associated homogeneous orthotropic plate, we have (see Section 18.7.1)
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In Figure 18.7, we compare the warping of the laminated plate D-D with that of its associ-
ated homogeneous orthotropic plate with the same thickness h and subjected to the same 
transverse shear resultant Qx (N/mm).

18.8.2.7 � Bending in y z( , ) Plane
By following the same procedure, one obtains for cylindrical bending in the y z( , ) plane the results 
summarized in Figure 18.8

We find for this bending case the shear coefficient value

	 ky =− 1,238D D 	 (18.48)

Leading to a shear stiffness ratio of the laminated plate compared to its equivalent orthotropic plate 
(see Equation 18.43)

	 q
k

k
y z

y

y

= = × = = −
−

6
5

1
1,238

0.969 1 3%( , )
orthotropic

D D

	 (18.49)

18.8.2.8 � Increase in the Repetitions Number “r”
Figure 18.9 summarizes the results obtained for a number of repetitions r = 9 for shear stresses, 
warping and shear stiffness. We can see that the foreseeable evolutions are confirmed when the 
number of repetitions increases.

FIGURE 18.7  Warping of cross section (same thickness h and same transverse shear resultant (N/mm)Qx  
for each plate).



421Transverse Shear Behavior

18.8.2.9 � Conclusion
The results obtained for the D-D laminated plate are briefly summarized as follows:

•	 As the number of repetitions increases r ≥( 5), the shear distribution becomes similar to 
that observed in the orthotropic plate with same thickness and for a same transverse shear 
resultant, given by (see Equation 18.33)

	
Q
h

z
h

Q

h
z
h

xz
x

yz
yτ = × −







τ = × −






3
2

1 4 ;
3
2

1 4
2

2

2

2orthotropic orthotropic

It is notable that transverse and particularly interlaminar shear stress is everywhere lower 
than the maximum stress observed in the associated equivalent orthotropic plate.

FIGURE 18.8  Shear stress yzτ  and warping of cross section for the D-D laminate and associated ortho-
tropic plate.

FIGURE 18.9  (a) Shear stress xzτ  in a D-D laminate with 9 D-D sets and (b) warping of cross section com-
pared to associated orthotropic plate.
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•	 Transverse shear stiffness (see Equations 18.42, 18.43) is similar to that of orthotropic plate 
one defined from the characteristics Gxz

Φ  et Gxz
Ψ of the D-D laminate as

	
hG hGxz yz

1.2
; 

1.2
orthotropic orthotropic

With

	 hG
h

G G hG
h

G Gxz xz xz yz yz yz( ) ( )= + = +Φ Ψ Φ Ψ

2
;

2orthotropic orthotropic

This is found even for a low number of repetitions “r”, the laminated plate appearing 
slightly more shear-flexible as shown in Figure 18.10.

NOTES

	 1	 Application 21.4 shows such a particularity for a sandwich beam.
	 2	 Attention, one considers here the transverse shear stresses in smooth zone, not to be confused with the 

localized interlaminar shear stresses due to singularities (See Section 14.1.3 and Figure 14.3)
	 3	 This is, for example, the case of

•	 Laminates made of layers of balanced fabric at 0°and 90° or 45°and –45°
•	 Unidirectional layers at 0° and 90°
•	 Mats

	 4	 Approximations that do not always appear clearly in the specialized literature.
	 5	 Such a definition for the average rotation yθ  will be fundamental in the following to ensure the energy 

coherence of the transverse shear formulation (see Section 18.6.6).
	 6	 Simplifications are due to antisymmetry of integrated functions (midplane symmetry).
	 7	 This simplification is also used hereafter (see Section 18.6) and linked to the generalized Navier–

Bernoulli principle (see footnote in Section 18.6). The existence of such approximation would not have 
arisen if the increments xη , yη , and zη  in Equation 18.3 had been overlooked a priori.

	 8	 Such simplification constitutes here the extension to plates of the generalized Navier-Bernoulli principle 
for beams (see Section 16.1.5).

	 9	 See Assumptions Section 18.1.3.
	 10	 As ,  0g g  is antisymmetric in z (see Equation 18.4).
	 11	 See Equation 18.2.
	 12	 See an example in Application 21.4.

FIGURE 18.10  Comparison of transverse shear stiffness for the D-D laminate and associated orthotropic 
plate.



Part IV

Applications

This section includes 45 examples of applications varied in terms of objectives and levels of dif-
ficulty. Moving away from too academic cases with a few exceptions, we have deliberately confined 
ourselves to practical applications and focused on the numerical aspect of the results. While a few 
cases are specifically tests for the use of numerical computational tools, almost all of the applica-
tions that follow can be used to validate modeling tools such as finite element software.



https://taylorandfrancis.com
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19.1 � SIMPLY SUPPORTED SANDWICH BEAM

Problem Statement
	 1.	 In Figure 19.1a, a beam made of aluminum is simply supported at both ends and subjected 

at midlength to a transverse force of F = 50 daN. Calculate the deflection of the beam, 
denoted as ∆, at the location of force F. 

	 2.	By cutting the aluminum beam by its horizontal midplane, we obtain two parts with equal 
thickness ep = 2.5 mm (Figure 19.1b). Each half is bonded to a parallelepipedic core made 
of polyurethane foam, constituting the skin of a sandwich beam. In neglecting the mass 
of the foam and the glue, the latter has quite the same mass as the initial beam. The beam 
is resting on the same supports and subjected to the same load F. Calculate the deflection 
at midlength caused by F, denoted as ∆′. Compare with the ∆ value found in Question 1. 
(Take the shear modulus of the foam to be Gc = 20 MPa.)

Solution
	 1.	Using the classical formula that gives the deflection at the center of a simply supported 

beam with such loading,

	
Fl

EI
I

bh∆ = =
48

with
12

3 3

		  For duralumin (see Section 1.6), E = 75,000 MPa. We find

	 ∆ = 16.7mm

	 2.	Denoting by W the elastic energy due to flexure, we have, according to Section 4.2.21,

DOI: 10.1201/9781003195788-23

FIGURE 19.1  (a) Aluminum beam and (b) sandwich beam.

https://doi.org/10.1201/9781003195788-23
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	 W
M
EI

dx
k

GS
T dx∫ ∫= +1

2
1
2

2

beam

2

beam

	 	 In the second integral above, we can use the following simple expression calculated here-
after in Application 20.12:

	
k

GS G e e bc c p( )≈
+ ×
1
2

Using the Castigliano theorem gives

	
W
F

′∆ = ∂
∂

Then,

	
M
EI

dM
dF

dx
k

GS
T

dT
dF

dx∫∫′∆ = + 1
2

beambeam

with

	

x M
F

x T
F

x M
F

x T
F





 
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≤ ≤ = − =

0
2

:
2
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2

2
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2
( );

2

	
EI

Fx x
dx

F
x

x
dx

k
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F dx F dx








 





∫ ∫ ∫ ∫′∆ = × + − −










+ − × − + ×













1
2 2 2

( )
( )

2 2 2 2 2
0

/2

/2 0

/2
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F

EI
F k

GS
 ′∆ = +

48 4

3

•	 Approximate calculation

	 EI E e b
e e

E
e b

p p
c p

c
c( )≈ × × ×

+
+ ×

2 12

2 3

Then,

	 7,090 MKS 7.8 MKS(negligible) with 60 MPa (see Section 1.6)= + =EI Ec

We obtain for ∆′ the following:

	
��� �� ��� ��′∆ = +0.18mm 1.04 mm

bending moment shear resultant

	 1.22 mm′∆ =
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Comparing with the deflection ∆ found in Question 1,

	
∆

′∆
= 14

1

Notes
•	 The sandwich configuration has allowed to divide the deflection by 14, without significant 

mass increase: with an adhesive film thickness of 0.2 mm and a specific mass of 40 kg/m3 
for the foam, we obtain a total mass of the sandwich:

	 m = + +700 g(duralumin) 50 g(foam) 48 g(adhesive)

This corresponds to a mass increase of 14% with respect to the homogeneous full beam 
in Question 1.

•	 The deflection due to shear resultant T is close to six times more important than that due 
to the bending moment M only. It should be noted that in the case of the classical beam in 
Question 1, this term is negligible. This is because we have k = 1.2 for a homogeneous beam 
of rectangular section. And thus,

	
k

GS
= × −8.27 10 8

•	 With G = 29,000 MPa (see Section 1.6), the contribution to deflection ∆ of the shear resul-
tant in Question 1 is reduced to

	
k

GS
T

dT
dF

dx ∫ = ∆0.002mm

19.2 � POISSON COEFFICIENT OF A UNIDIRECTIONAL LAYER

Problem Statement
Consider a unidirectional layer with thickness e as shown schematically in Figure 19.2. E



 (longitu-
dinal direction) and Et (transverse direction) denote the moduli of elasticity.

Show that two distinct Poisson coefficients tν  and tν  are necessary to characterize the elastic 
behavior of this unidirectional layer in its plane (ℓ, t).

Numerical application: The layer is of glass/epoxy with fiber volume fraction Vf = 60%.

Solution
Two types of loading acting successively will be considered: 

FIGURE 19.2  Unidirectional layer.
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	 1.	A uniform stress 


σ  along the ℓ direction: The change in length of sides a and b can then 
be written as

b
b E

a
a E

t









∆ = σ ∆ = − ν σ;1 1

	 2.	A uniform stress tσ  along the t direction: For a relatively important elongation of the resin, 
we should observe a weak shortening of fibers along ℓ. Therefore, we use another notation 
for the Poisson coefficient. The change in length can be written as

b
b E

a
a E

t

t
t

t

t



∆ = − ν σ ∆ = σ
;2 2

Now let us calculate the elastic energy stored under the cumulated loads above, by con-
sidering two successive loading orders:

	 i.	


σ  is applied first, and then tσ  is applied:

	 W a e b b e a a e bt 

= σ × × × ∆ + σ × × × ∆ + σ × × × ∆1
2

1
2

1 2 2

	 ii.	 tσ  is applied first, and then 


σ  is applied:

	 W b e a a e b b e at t

′ = σ × × × ∆ + σ × × × ∆ + σ × × × ∆1
2

1
2

2 1 1

The final energies are the same:
	 W W= ′

Thus,

	 a e b b e at

σ × × × ∆ = σ × × × ∆2 1

With the values obtained for ∆b2 and ∆a1,

	 a e
E

b b e
E

at

t
t t

t


 





σ × × × − ν σ × = σ × × × − ν σ ×

	
E E

t

t

t 



ν = ν

Numerical application: E Et t 

ν = = =0.3; 45,000 MPa; 12,000 MPa  (see Section 3.3.3):

	 tν = ×0.3
12,000
45,000

	 tν = 0.08

Note: The same reasoning applies to all balanced laminates, based on axes of mechanical symmetry3. 
However, depending on the composition of the considered laminate, the Poisson coefficients in the 
two perpendicular directions may vary in more important ranges:
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•	 In absolute value
•	 One with respect to the other

It may be noted in Chapter 5, Chart 5.14, the variation range of the global Poisson coefficient xyν  for 
a Quad glass/epoxy laminate, from which we can deduce the Poisson coefficient yxν  using a formula 
analogous to the aforementioned one, namely,

E E
yx

y

xy

x

ν = ν

19.3 � HELICOPTER BLADE

The following study aims to highlight some important features related to the operation of a helicop-
ter blade and particularly the sizing due to centrifugal loading.

Problem Statement
Consider a helicopter blade attached to the rotor hub as shown schematically in Figure 19.3.

The rotor characteristics are as follows:

•	 Three blades; rotational speed, 500 rpm.
•	 The mass per unit length of a blade at first approximation is assumed to have a constant 

value of 3.5 kg/m.
•	  ℓ = 5 m; c = 0.3 m.
•	 The elementary lift for a blade element dx (see Figure 19.3) is written as

dF c dx C Vz= ρ × ×1
2

( )2
2

In which V is the relative velocity of air with respect to the blade profile. In addition,

•	 Lift coefficient: Cz ( )° =7 0.35
•	 Air density in normal conditions: ρ = 1.3 kg/m3

We will not take into account here the drag and its consequences. The helicopter is assumed immo-
bile with respect to the ground (stationary flight in immobile air). If we neglect the blade weight 
compared with the applied load, and assuming an infinite flexural rigidity, the relative equilibrium 
configuration in uniform rotation is shown schematically in Figure 19.4: 

FIGURE 19.3  Helicopter blade.
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	 1.	Justify the presence of the blade flapping angle θ and calculate it.
	 2.	Calculate the helicopter weight.
	 3.	Calculate the normal resultant on any cross section of the blade and at the blade root 

(attachment area).
The spar of the blade4 is made of unidirectional glass/epoxy with 60% fiber volume 

fraction, with “R” glass (


σ ≈ 1,700 MPa rupture ). The safety factor is 6. Calculate the fol-
lowing characteristics:

	 4.	Longitudinal modulus of elasticity E


 of the unidirectional.
	 5.	Cross-sectional area of the spar for any x value and at the blade root.
	 6.	Total mass of the spar for the whole blade.
	 7.	Elongation of the blade, assuming that only the spar supports the normal loading.
	 8.	Dimensions of the two axes to clamp the blade onto the rotor hub. An alloy steel 

30NCD16 has been selected (shear failure strength τ = 500 MParupture ; bearing strength 
σ = 1,600 MPabearing ). Represent the blade attachment on a scheme.

Solution

	 1.	Considering the relative equilibrium of the blade, the latter is subjected to two load 
distributions:

•	 Distributed loads due to driving motion, or centrifugal action. They are radial, mean-
ing that they are in horizontal planes in Figure 19.4, with supports that cut the rotor 
axis.

•	 Distributed loads due to lift, perpendicular to the direction of the blade that is Ax 
direction in Figure 19.4.

This explains the intermediate equilibrium position characterized by angle θ.
The joint in A does not transmit any couple. Thus, the moment of forces acting on the 

blade about the y-axis perpendicular to the figure is nil:

dF x dF x dF xz c c













∫ ∫ ∫× = × θ ≈ θ × ×sin
/10 /10 /10

with

dF c dxC V c dxC x c dxC xz z z z= × ρ × = × ρ × θ × ω ≈ × ρ ω1
2

1
2

( cos )
1
2

2 2 2 2

dF dm x m dx xc = × ω θ ≈ × × ωcos (centrifugal force)2 2

FIGURE 19.4  Relative equilibrium.
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After calculation,

cC mz

   ( ) ( )
× ρ ω

−
= θ ω

−1
2

10

4

10

3
2

4 4 4
2

3 3 3

cC
m

z
θ ≈ ρ ×3

8

And numerically,

θ = = ° ′0.073 rad 4 11

Notes

•	 We can verify that sin θ = 0.073 ≈ θ and cos θ = 0.997 ≈ 1.
•	 When the helicopter is no longer immobile but has a horizontal velocity v0, the relative 

velocity of air with respect to the blade varies between v x( )+ ω0  for the blade that is 
forward and v x( )− + ω0  for a blade that is backward. If the incidence i do not vary, then 
the lift varies in a cyclical manner, causing a vertical flapping motion of the blade. 
This is why a mechanism for cyclic variation of the incidence is necessary.

•	 We have not taken account of the drag, in view of simplifying the calculations. The 
latter can be considered similarly to the case of the lift. It then gives rise to a modified 
equilibrium position revealing a second small angle, called ϕ, with respect to the radial 
direction from top view, as represented in Figure 19.5. This is why a supplementary 
joint, or drag joint, is necessary. 

	 2.	Weight of the helicopter: The lift and weight balance themselves out. The lift of the blade is

F dF dF cCz z z z

 









∫ ∫ ( )
= θ ≈ = × ρ ω

−
cos

1
2

10

3
/10 /10

2
3 3 3

For the three rotor blades,

Mg F

Mg cC

z

z 

=

≈ × ρ ω

3

1
2

2 3

FIGURE 19.5  Drag angle.
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Numerically,

Mg = 2,340 daN

	 3.	Normal resultant: It is denoted as N(x) for any cross section with x-abscissa:

N x dF dF m x dxc

x

c

x x

  

∫ ∫ ∫= θ ≈ = ω( ) cos 2

N x
m

x( )= ω −( )
2

2
2 2

At the blade root (x = ℓ/10),

N  ≈( / 10) 12,000 daN

	 4.	Longitudinal modulus of elasticity:
Using the relationship of Section 3.3.1,

E E V E Vf f m m

= +

with (Section 1.6) E f = 86,000 MPa and Em = 4,000 MPa

E


= 53,200 MPa

	 5.	Cross-sectional area of the glass/epoxy spar:
The value of longitudinal tensile failure strength of the unidirectional is given as



σ ≈ 1,700 MPa rupture

With a safety factor of 6, the allowable stress on a section S x( ) becomes

N x
S x

σ = = =( )
( )

1,700
6

283 MPa

Then,

S x
N x=

σ
( )

( )

S x
m

x( )= ω
σ

−( )
2

2
2 2

At the blade root,

( /10) 4.24 cm2
 =S
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	 6.	Mass of the whole spar:

m S x dx

m
m







∫= ρ

= ρ × ω
σ

×

( )

1.7
6

spar unidirect. 

/10

spar unidirect. 

2
3

Specific mass value of unidirectional (see Section 3.2.3):

V Vf f m mρ = ρ + ρ = 1,980 kg/munidirect. 
3

Then,
m = 2.38 kgspar

	 7.	Elongation of the blade spar: The constitutive relationship corresponding to longitudinal 
behavior is (see Section 3.1)

E
N x

E S x E
x

x

x  

ε = σ =
×

= σ( )
( )

Elongation of a spar element with length dx: x dxxε ×( ) .
For the whole spar,

dxx





∫∆ = ε
/10

E






∆ = × σ
0.9

Then,

∆ = 2.4 cm

The spar should be reinforced to decrease the elongation rather than to withstand the 
centrifugal force.

	 8.	Fixing pins: Two 30 NCD16 steel axles with shear failure strength τ = 500 MParupture  and 
bearing strength σ = 1,600 MPabearing .

With two sheared sections for each pin and a safety factor of 6,
•	 Diameter:

N






π × φ
≤ τ ⇒ φ ≥10

6
21.4 mm2

rupture

•	 Length:

N

h
h







× φ
≤ σ ⇒ ≥10

2 6
10.5 mmbearing
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Blade attachment is represented in Figure 19.6. 

19.4 � DRIVE SHAFT FOR TRUCKS

Problem Statement
The purpose is to replace the classical drive shaft equipped with universal joint and center bear-

ing as shown Figure 19.7a with a single carbon/epoxy shaft and with the measurements noted Figure 
19.7b.

The characteristics of the drive shaft are as follows:

•	 Carbon/epoxy unidirectional: Vf = 60% fiber volume fraction; thickness of a cured ply, 
0.125 mm

•	 Maximum torsion torque: Mt = ×300 m daN

•	 Maximum rotation speed: N = 4,000 rpm

Recall: The first flexural natural frequency of a simply supported beam is given by

f
EI

mL
= π

2
1 3

where m is the mass of the beam and I is the moment of inertia for flexure.
It corresponds to a critical rotation speed for the rotating shaft, which should not be reached 

during actual use:

FIGURE 19.6  Blade attachment.

FIGURE 19.7  (a) Classical shaft and (b) carbon/epoxy shaft.
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	 1.	Give the characteristics of a suitable composite shaft in carbon/epoxy. Charts in Section 
5.4.2 should be used, associated with a safety factor of 6.

	 2.	Bonded fitting of the coupling plates to the shaft will be examined.
	 3.	Carry out an assessment of the weight gain with respect to the steel shaft solution (not 

including the coupling plates).

Solution

	 1.	Characteristics of the shaft:

•	 The hollow shaft is assumed to be thin (small thickness e compared to the average 
radius r as in Figure 19.8).

The shear stress τ is as follows (see Section 5.4.5.4 and Figure 5.31):

π
M

r e
t

2 2τ =

Taking into account the nature of the loading on the tube (pure shear), the composi-
tion of the latter requires

–	 An important percentage of unidirectional in the directions of ±45° (see Section 
5.2.2)

–	 A minimum percentage in the order of 10% in other directions (see Section 5.2.3.6)

This leads, for example, to the distribution in Figure 19.9:
In Section 5.4, Chart 5.3 will be consulted, which gives the maximum shear stress 

that can be applied to a laminate subject to pure shear, as a function of ply proportions 
at 0°, 90°, +45°, −45°. For these proportions, we can read

τ = 327 MPamax

FIGURE 19.8  Thin hollow shaft.

FIGURE 19.9  Proportions.
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	 From which the allowable value, after taking into account a safety factor of 6, is as 
follows:

τ = 327
6

MPaadmis.

	 We must respect that

M
r e

t

π
≤ τ

2 2 admis.

	 Or numerically,

r e ≥ 8,760 mm2 3

	 For the specified radius r = 60 mm, seen as an average radius, we obtain

e ≥ 2.43 mm

	 And the corresponding number of plies of carbon/epoxy is

≈2.43
0.125

20 plies

	 With the corresponding thickness,

e = 2.5 mm

	 Then, we can verify (see Figure 19.10) that a number of 20 plies can meet
	 a.	 The required proportions 

	 b.	 The midplane symmetry, with the sequence

o

S
° ° ± 90 / 0 / 454

•	 Critical speed of such a shaft:

f
EI

mL
= π

2
1 3

FIGURE 19.10  Composition of the laminate.
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–	 Chart 5.4 in Section 5.4.2 gives the longitudinal modulus E of the laminate in the 
direction of the shaft:

E = 31,979 MPa

–	 The specific density of the laminate is (see Section 3.2.3)

V Vf f m mρ = × ρ + × ρlam

with (Section 1.6) fρ = 1,750 kg/m3 and mρ = 1,200 kg/m3.

Then, ρ = 1,530 kg/mlam
3 (or more directly in Section 3.3.3, Table 3.4).

		  The moment of inertia of the cross section is I r e= π ×3  from which the first flexure vibra-
tion frequency is f = 76 Hz1 . It corresponds to a critical speed of 4,562 rpm, higher than the 
maximum shaft speed5.

	 2.	Bonded fitting of coupling plates: We will use the relationship of Section 6.2.3, Figure 6.26, 
for the sake of simplicity. This implies identical thicknesses for the tube making up the 
shaft and that of the coupling plate made of steel6. The maximum shear stress then has an 
order of magnitude of

a
a

a
a

M
r

t



τ = × τ = ×
πtanh tanh 2

max average 2

where ℓ is the bond length, and

a
G
Gee

c

c

=
2

with Gc as the shear modulus of araldite (see Section 1.6): Gc = 1,700 MPa
G = 28,430 MPalaminate  (see Section 5.4.2, Chart 5.5); ec is the adhesive layer thickness 

(see Section 6.2.3: ec ≈ 0.2 mm)

•	 Thickness within bonding area:
Keeping the thickness found for the tube, as e = 2.5 mm, we obtain

a = × 244.5

The failure criterion can then be written as

τ ≤ τ = 15 MPa for araldite (see Section 6.2.3)max rupture

Then,

a
a

M
r

t



×
π

≤ τ
tanh 2 2 rupture

or

a
M

r
t×

π
≤ τ244.5

tanh 2 2 rupture

Numerically, a ≥tanh 2.16 → impossible since x ] [∈ +tanh –1; 1 .
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It is then necessary to augment the thickness of the tube at the bond location. For this 
purpose, we start from the relation

a
a

M
r

t



×
π

≤ τ
tanh 2 2 rupture

Placed in the form

G
Gee M

r

c

c t


− ε
×

π
≤ τ ε2

(1 ) 2
with 12 rupture

Then,

G
Gee

r
M

c

c t

≤ τ × π × − ε
2

2
(1 )rupture

2

We find numerically the following:

e > 11.7 mm.

We retain

e a= = − ε =12 mm (then we have  tanh (1 ) 0.987)

•	 Bonded length:
In accordance with Section 6.2.3, the resistance condition is written as

M
r

t



τ =
π

≤ × τ
2

0.2average 2 rupture

Then,

 ≥ 44 mm

The bonded fitting of the coupling plate is shown in Figure 19.11. 

FIGURE 19.11  Assembly of the coupling plate.
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	 3.	Mass balance:

•	 The mass of carbon/epoxy shaft is

m re L= ρ × π ×2laminate

with numerical values already mentioned,

m = 2.8 kg.laminate

•	 If we consider a tubular shaft made of steel (τ = 300 MParupture ) with a safety factor that 
is 2 times less, say 3, and a minimum thickness of 2.5 mm, the resistance condition

M
r e

t

π
≤

2
300

3
MPa2

leads to a radius for the tube of

r ≥ 43 mm.

From this and with ρ = 7,800 kg/msteel
3, we find a mass of

m = 10.5 kgsteel

The saving in mass of the composite solution over the steel solution is 73%. The real 
saving is higher because it takes into account the disappearance of the intermediate 
bearing and of a part of the universal joint.

19.5 � FLYWHEEL IN CARBON/EPOXY

Problem Statement
We show schematically, in Figure 19.12, a carbon/epoxy flywheel with 60% fiber volume fraction 

and indicated proportions for fiber orientation. 

	 1.	Calculate the maximum kinetic energy that can be obtained with a mass of 1 kg of such a 
flywheel.

	 2.	Compare with the maximum kinetic energy that can be obtained with a mass of 1 kg of a 
steel flywheel (σ = 1,000 MParupture steel ).

FIGURE 19.12  Carbon/epoxy flywheel.
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Solution

	 1.	The equilibrium of a wheel element as outlined in Figure 19.13 illustrates clearly the roles 
of inertia forces and cohesive forces.

We deduce from there the equilibrium equation along the radial direction:

dm r eb
d× ω = σ × × θ

2
2

2

Denoting by ρ the specific mass,

r d eb r eb dρ × θ × × ω = σ × × θ2

rρ( ω) = σ2

Denoting by V r= ω the circumferential speed, the latter reaches its maximum for the rup-
ture strength of carbon/epoxy, as

V = σ
ρmax

rupture

•	 Numerical application: With composition of carbon/epoxy laminate indicated above, 
we read in Section 5.4.2, Chart 5.1, the following:

σ = 1,059 MParupture

and with ρ = 1,530 kg/m3 (Table 3.4 of Section 3.3.3, or calculation in Section 3.2.3),

V = 832 m/smax

From this, the maximum kinetic energy obtained with 1 kg of composite7 is

W V= × ×1
2

1 kgkinetic max
2

Then,

W = 346 kJkinetic

	 2.	The maximum possible circumferential speed with a steel flywheel can be written as

FIGURE 19.13  Equilibrium of a wheel element.
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V =
σ

ρmax.steel
rupture steel

steel

Therefore, the ratio of kinetic energies composite/steel is

W
W

V
V

= = σ × ρ
σ × ρ

kinetic carbon

kinetic steel

max  carbon
2

max steel
2

rupture carbon steel

rupture steel carbon

with ρ = 7,800 kg/msteel
3 and σ = 1,000 MParupture steel , we obtain

W
W

= 5.4kinetic carbon

kinetic steel

With respect to the same mass, it appears that it is possible to accumulate five times more kinetic 
energy with a carbon/epoxy flywheel than with a steel flywheel.

19.6 � WING TIP MADE OF CARBON/EPOXY

Problem Statement
A wing tip refers to a part of an airplane wing as shown in Figure 19.14. 
It is made of a sandwich structure with carbon/epoxy skins (Figure 19.15) fixed to the rest of the 

wing by titanium borders as shown.

FIGURE 19.14  Location of wing tip.

FIGURE 19.15  Section A-A: design of the wing tip.
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Under aerodynamic forces (Figure 19.16), the wing tip is subjected to bending moments, twisting 
moments, and shear resultants (forces per unit length) as shown in Figure 19.17a.

It will be assumed that the sandwich core transmits only shear forces, while skins support the 
moments. This is represented in Figure 19.17b. In their respective planes, the skins withstand the 
In-plane resultants N Nx y,  , and Txy . Figure 19.18 shows some values of these stress resultants at a 
few points of the upper skin.

	 1.	According to Figure 19.17a and b, deduce literal writing of the stress resultants N Nx y,  , and 
Txy  from the knowledge of bending and twisting moments Mx , My , and Mxy.

	 2.	Using a safety factor of 2, define the carbon/epoxy skin that is suitable in the vicinity of 
the border made of titanium alloy (proportions, thickness, and number of plies). This will 
be done using unidirectional plies with Vf = 60% fiber volume fraction.

	 3.	The skin is bonded on the titanium border (Figure 19.15). Provide the dimensions of 
the bonded interface by using an average allowable shear stress in the adhesive (epoxy: 
τ = 30 MParupture ).  

	 4.	The titanium border is bolted to the rest of the wing (Figure 19.2). Determine the dimen-
sional characteristics of the junction, pitch of bolting, thickness of the border, and edge 
distance, with the following data:
•	 Bolts, steel, 30 NCD16: Ø = 6.35 mm, tight fitting, with negligible clamping force.

 σ = τ = σ =1,100 MPa; 660 MPa; 1,600 MParupture rupture bearing .
•	 Titanium alloy R56400 (TA6V): 

σ = τ = σ =900 MPa; 450 MPa; 1,100 MPa.rupture rupture bearing

•	 Aluminum alloy A92024 (2024) duralumin:
σ = σ =420 MPa; 550 MParupture bearing

FIGURE 19.16  Aerodynamic loading.

FIGURE 19.17  (a) Bending and twisting moments and (b) equivalent In-plane resultants in the skins.
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Solution

	 1.	The bending and twisting moments M Mx y,  , and Mxy (and Myx not shown in Figure 19.17a) 
are taken up by the laminated skins. Thus, in the upper skin (Figure 19.17b), h being the 
mean distance between the two skins,

N
M

h
N

M
h

T
M

h
x

y
y

x
xy

xy= = − = −; ;

Note: The unit of measurement of bending and twisting moments, which are the moments 
per unit width of skin (1 mm in practice), is ×1 daN mm / mm. The stress resultants N Nx y,  , 
and Txy per unit width of skin have for unit of measurement 1 daN/mm. 

	 2.	Looking at the most loaded area of the skin in Figure 19.18, we can represent the principal 
directions and stresses by constructing Mohr’s circle shown in Figure 19.19. Then we can 
note that there should be a nonnegligible proportion of ±45° fibers. However, the laminate 
should also be able to resist compression along the axes x and y. An estimation of propor-
tions can be done following the method presented in Section 5.4.3. We then obtain the 
composition shown in Figure 19.198:

FIGURE 19.18  Some values of stress resultants.

FIGURE 19.19  Most loaded area.
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Let t

σ σ, , and tτ  be the stress values along the axes (ℓ, t) of one of the plies for the loading 
given above. The thickness e of the laminate (which is unknown a priori) is such that the 
limit of the Tsai-Hill failure criterion is reached9. Then we have

t

t

t t

t













σ
σ

+ σ
σ

− σ σ
σ

+ τ
τ

= 1
2

 rupture
2

2

 rupture
2

 rupture
2

2

 rupture
2

If we multiply the two sides by the square of the thickness e,

	
e e e e e

et

t

t t

t













( ) ( ) ( )( ) ( )σ ×
σ

+ σ ×
σ

− σ × σ ×
σ

+ τ ×
τ

=
2

 rupture
2

2

 rupture
2

 rupture
2

2

 rupture
2

2	 (19.1)

We should obtain the values e


( )σ × , et( )σ × , and et( )τ ×  by multiplying the global stress 
values xσ , yσ , and xyτ  by the thickness e, as ex( )σ × , ey( )σ × , and exy( )τ × , which are pre-
cisely the stress resultants defined previously:

	 N e N e T ex x y y xy xy( ) ( )( )= σ × = σ × = τ ×; ;

Units: The failure strengths are given in MPa (or N/mm2) in Appendix A. As a conse-
quence, we should write from Figure 19.19 the following:

	

N

N

T

x

y

xy

= − ×

= − ×

= − ×

400 MPa mm

450 MPa mm

170 MPa mm

With a safety factor of 2, the following values will be retained:

	

N

N

T

x

y

xy

′ = − ×

′ = − ×

′ = − ×

800 MPa mm

900 MPa mm

340 MPa mm

We use the Figures in Appendix A that show stress values t

σ σ,  and tτ  in each ply due to 
a global applied stress with unit value (e.g., 1 MPa):

	 a.	 0° Plies
–	 Loading Nx′ = −800 MPa × mm alone:

For the proportions defined in the previous question, we can read on Figure A.1 the 
following:

	

e

e

e

t

t

t

t









( )

( )

( )
σ =
σ =
τ =









→

σ × = × − = − ×

σ × =

τ × =










2.4

0.0

0 

2.4 800 1,920 MPa mm

0 

0 
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–	 Loading Nx′ = −900 MPa × mm alone:

From Figure A.5:

	

e

e

e

t

t

t

t









( )

( )

( )
σ = −
σ =

τ =









→

σ × = − × − = ×

σ × = × − = − ×

τ × =










0.54

0.12 

0 

0.54 900 486 MPa mm

0.12 900 108 MPa mm

0 

–	 Loading Txy′ = −340 MPa × mm alone:

From Figure A.9:

	

e

e

e

t

t

t

t









( )

( )

( )
σ =
σ =

τ =









→

σ × =

σ × =

τ × = × − = − ×










0 

0 

0.26 

0 

0 

0.26 340 89 MPa mm

Superposing the three loadings leads to a total state of stress in the 0°
 plies:

	

e

e

e

t

t





( )

( )

( )σ × = − + = − ×

σ × = − ×

τ × = − ×

1,920 486 1,434 MPa mm

108 MPa mm 

89 MPa mm

Then the Tsai-Hill criterion is written in the modified form of Equation 19.1, the 
denominator of which being provided with failure strength values indicated in 
Appendix A:

	 e = + − × + =1,434
1,130

108
141

1,434 108
1,130

89
63

4.072
2

2

2

2 2

2

2

	 e =( )° 2.02 mm0

The previous calculation may be summarized as follows:

	 b.	 90° Plies
Repeating the same calculation procedure by using Figures A.2, A.6, and A.10 leads to 
the following analogous table and to a thickness e calculated as previously (remember 
that this is the minimum thickness of the whole laminate, below which there will be 
failure of the 90° plies):

Plies at 0° (σℓ × e) (σt × e) (τℓt × e)

e = 2.02 mm

Nx′ –1920 0 0

Ny′ 486 –108 0

Txy′ 0 0 –89

Total (MPa × mm) –1,434 –108 –89
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	 c.	 +45° Plies
Figures A.3, A.7, and A.11 allow to obtain the following:

	 d.	 –45° Plies
By using Figures A.4, A.8, and A.12, we obtain the following:

Therefore, the theoretical thickness that should be kept here is the largest out of the 
four thicknesses found above, that is to say

	 e 2.64 mm (rupture of plies at 45 ).= + °

The thickness of each ply is 0.13 mm. It takes 2.64/0.13 = 20 plies minimum, from 
which we deduce the following composition allowing for midplane symmetry:

Plies at 90° (σℓ × e) (σt × e) (τℓt × e)

e = 2.16 mm

Nx′ 432 –96 0

Ny′ –2,160 0 0

Txy′ 0 0 89

Total (MPa × mm) –1,728 –96 89

Plies at 45° (σt × e) (σt × e) (τℓt × e)

e = 2.64 mm

Nx′ –752 –48 72

Ny′ –846 –54 –81

Txy′ –1,384 55 0

Total (MPa × mm) –2,982 –47 –9

Plies at –45° (σℓ × e) (σt × e) (τℓt × e)

e = 1.13 mm

Nx′ –752 –48 –72

Ny′ –846 –54 81

Txy′ 1,384 –55 0

Total (MPa × mm) –214 –157 9

Note: Optimal composition of the laminate: for the complex loading considered here, 
we may directly obtain the composition leading to the minimum thickness by using the 
charts of Section 5.4.4. As specified in these charts, the reduced flux resultants should 
be used. They are deduced from the flux resultants considered above. Namely,
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N

N

T

x

y

xy

= −
+ +

= −

= −
+ +

= −

= −

800
( 800 900 340 )

39%

900
( 800 900 340 )

44%

17%

Chart 5.19 of Section 5.4.4 allows identifying, as an optimal one, a composition close 
to the following one

	 e
( )= ×

+ +
=Thickness : 0.1063

800 900 340

100
2.17mm

	 e
( )= ×

+ +
=Thickness : 0.1068

800 900 340

100
2.18 mm

When using the previous exact values of flux resultants, the calculation by computer of 
the optimal composition leads to the following result, which should be interpreted as 
described in Section 5.4.4.

The minimum thickness of the optimum laminate is, thus, obtained:

And for the two laminates that are immediately adjacent,
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	 e
( )= ×

+ +
=Thickness : 0.1096

800 900 340

100
2.24 mm

	
− =2.64 2.17

2.17
21%

which indicates impact on thickness and thus on mass. As a result, this translates into 
a supplementary advantage: the possibility to reinforce the rigidity in given direc-
tions without penalizing too heavily the thickness. We can note this if we compare the 
elastic moduli obtained starting from the approximate proportions estimated previ-
ously, following the method of Section 5.4.3, with the optimal composition. We obtain 
(Section 5.4.2, Charts 5.4 and 5.5) the noticeably different values noted below:

	 3.	Bonding of the laminate: In the immediate vicinity of the titanium border, we represent in 
Figure 19.20a the principal loading values, as well as their directions, deduced from stress 
resultant values in Figure 19.18.

It should be noted the significant difference between the initial composition estimated 
by the designer and the optimal composition. This difference in composition causes a 
relative variation in thickness:
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For example, we could overestimate these loadings by substituting them with a fictitious 
distribution based on the largest of them. Taking −59.7 daN/mm as a relevant value, the 
simplified schematic in Figure 19.20b is then obtained.

The width ℓ of bonding area needs to be evaluated. Each millimeter in width of the bor-
der corresponds to a bonding surface of  ×1 mm. Taking into account a failure criterion of 
average shear in the adhesive, we can write (see Section 6.2.3)

	
N
 ×

≤ × τ
1

0.2 rupture adhesive

Then with τ = 30 MParupture adhesive ,

	  ≥
×

≈597
0.2 30

100 mm

From there is the following design proposition, in which   ( )+ + = 100 mm1 2 3 .

	 4.	Bolting on the rest of the wing:

•	 Pitch of bolting: The clamping force of bolts is assumed to be low. Thus, the bolts are 
calculated based on shear of the shanks. The load transmitted by a bolt being denoted 
as ∆F, we have (see the following figure)

	 F N∆ = × ≤ π × φ × τpitch
4

2

rupture

where
φ is the diameter
τrupture is the shear strength of the bolt shank

FIGURE 19.20  Vicinity of the titanium border.
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We find a pitch equal to 35 mm.

=pitch 30 mm.

•	 Thickness of the border: The bearing condition is written as

	
N

e
×

φ ×
≤ σpitch

titanium
bearing

Then,

	 e ≥ 2.55 mmtitanium

•	 Verification of titanium sheet resistance in the two zones denoted “a” in the previous 
figure: The stress resultant in this zone, noted as N′, is such that

	 N N× = ′ × − φpitch (pitch )

Then,

	 N N′ = ×
− φ

=pitch
(pitch )

75.4 daN/mm

The failure stress being σ = 900 MParupture  and with a minimum thickness of 2.55 mm, 
we must verify that

	
N

e
( )′ ≤ σ(daN/mm)

(mm)
daN/mmrupture

2

Indeed, we can see that

	 ≤75.4
2.55

90

•	 Verification of the edge distance (see previous figure): We must respect the following 
shear condition:

	
F

e
∆

× ×
≤ τ

2 edge distance
titanium rupture

Then,

	 ≥edge distance 7.8 mm

This value is a little high. In practice, preference will be given to values such that 
≤ φpitch 5 , that is,
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The corresponding partial dimensioning of the fastening is shown in Figure 19.21. 

19.7 � CARBON FIBER COATED WITH NICKEL

Problem Statement
With the objective of enhancing the electrical and thermal conductivities of a carbon/epoxy 

laminated panel, a thin layer of nickel with a thickness e coats the carbon fibers by means of elec-
trolytic plating process (see Figure 19.22). 

	 1.	Calculate the longitudinal modulus of elasticity of a coated fiber.
	 2.	Calculate the thermal expansion coefficient in the coated fiber direction.

Solution

	 1.	Hooke’s law applied to a fiber with length ℓ subject to a load F (see Figure 19.23) can be 
written as

	 F E sf




= × × ∆

where E f  is the modulus of the coated fiber that we wish to determine, and

	 s
d

e= π +



2

2

FIGURE 19.21  Fastening.

FIGURE 19.22  Carbon fiber coated with nickel.

FIGURE 19.23  Loaded fiber.
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The load F is divided into FC  on the carbon fiber and FN on the nickel coating. The same 
elongation for the two components allows writing the following:

	 F E
d

F E
d

e
d

C C N N








= × π × ∆ = × π +



 −











∆
4

;
2 4

2 2 2

Then, taking into account that F F FC N= + ,

	 E
d

e E
d

E
d

e
d

f C N× π +



 = × π + × π +



 −









2 4 2 4

2 2 2 2

	 E E
e

d

E
e

d

f C N=
+





+ −
+























1

1
2

1
1

1
22 2

Numerical application:

	 390,000 MPa; 220,000 MPa; 6.5 m(Section 1.6)= = = µE E dC N

	 E f = 330,500 MPa

	 2.	Thermal expansion of an unloaded rod with length  = 1 m due to a temperature variation 
ΔT can be written as

	 T∆ = α × ∆ ×11

where α is the thermal expansion coefficient of the material making up the rod. In addi-
tion, when this rod is subjected to a longitudinal stress σ, Hooke’s law indicates a second 
elongation:

	
E

∆ = σ ×12

When the two cases occur simultaneously,

	   ∆ = ∆ + ∆1 2

or

	
E

T∆ = σ + α × ∆



 ×1

When the coated fiber is subjected to a temperature variation ΔT, each of its constituents 
will elongate an identical amount ∆. This coated fiber is not subjected to any external 
forces. The difference in the coefficients of thermal expansion of carbon and of nickel that 
would lead to different free thermal expansions leads here to a self-equilibrium of loads 
within the components of the coated fiber.

Let fα  be the thermal expansion coefficient of the coated fiber. Then,
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	 Tf∆ = α ∆ ×1

On the other hand, for the carbon and for the nickel,

	
E

T
E

TC

C
C

N

N
N∆ = σ + α ∆ = σ + α ∆ 	 (19.2)

The forces being self-balanced,

	
d

e
d d

N Cπ +



 −









σ + π × σ =

2 4 4
0

2 2 2

	 (19.3)

Equations 19.2 and 19.3 lead to

	
T

E E e
d

C
N C

C N

( )σ = α − α ∆

+ ×
+



 −











1 1 1

1
2

1
2

And taking into account that

	 T
E

Tf
C

C
Cα ∆ = ∆ = σ + α ∆

we obtain

	

E
E e

d
E
E e

d

f

N C
C

N

C

N

α =

α + α
+



 −











+
+



 −











1

1
2

1

1
1

1
2

1

2

2

19.8 � TUBE MADE OF GLASS/EPOXY UNDER PRESSURE

Problem Statement
Consider a thin tube made by filament winding of glass/epoxy with a winding angle of ±45°. 

The fiber volume fraction is Vf = 0.6. The tube is fixed at one end to a rigid undeformable mass and 
mounted to a sliding joint at the other end as outlined in Figure 19.24.

The thickness e is considered to be small as compared with the average radius r (e/r ≪ 1). The 
inside of the tube undergoes a pressure po = 1 MPa (or 10 bar). A safety factor of 8 will be consid-
ered in order to include the aging effect:

FIGURE 19.24  Tube under pressure.
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	 1.	Calculate the stress values xσ  and yσ , in axes (x, y) of the tangent plane to the tube at 
point O.

	 2.	What is the maximum stress value allowable for the indicated winding? Deduce the mini-
mum thickness of the tube for an average radius r = 100 mm.

	 3.	What are the moduli E Ex y,  , and Gxy of the laminate and the Poisson coefficients xyν  and 
yxν ? Write the stress–strain behavior relationship for the laminate in axes (x, y).

	 4.	Calculate the strain values xε  and yε  within this composite tube. From there, deduce the 
strain in the direction that is perpendicular to the fibers of a +45° ply, denoted as tε . This 
strain characterizes essentially the strain in the resin.

This strain has to be less than 0.1% to avoid microfractures, which can lead to fluid leak-
age across the tube thickness, known as weeping phenomenon.

Solution

	 1.	The thin tube being free in axial direction, σx = 0.
The equilibrium of a half cylinder is represented in Figure 19.25: 

	 2.	Maximum admissible stress: For ply proportions of 50% at ±45°, we can read on Chart 
5.12, Section 5.4.2, the following:

	 yσ = 94 MPamax(tension)

Then with p
r
e

yσ = × max 0 , the theoretical minimum thickness is

	 e
p ro

y

= ×
σ

=
×

=
1 MPa 100 mm

94 MPa
1.064 mmtheoretical

 max

Taking into account the safety factor of 8 for aging effect,

	 e = 8.5 mm

	 3.	Moduli of the laminate: We can read on Chart 5.14, Section 5.4.2, the following:

	 E Ex y= =14,130 MPa

	 xy yxν = = ν0.57

and from Chart 5.15,
	 Gxy = 12,760 MPa.

FIGURE 19.25  Equilibrium of a half cylinder.
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The stress–strain relationship for an anisotropic material described in Section 3.1 is 
recalled hereafter:

	

E E

E E
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xy
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	 4.	Strain values: For po = 1 MPa and e = 8.5 mm,

	 yσ =
×

=
1 MPa 100

8.5
11.8 MPa

Then,
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From which

	
x

y

ε = − ×

ε = ×

−

−

4.76 10

8.35 10

4

4

Mohr’s circle for strains in Figure 19.26 allows obtaining the strain tε  perpendicular to 
the fibers.

FIGURE 19.26  Strain tε .
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We obtain

	 t
x yε = ε + ε = × −

2
1.8 10 4

	 tε = 0.018%

Thus, we can check that the strain in the matrix is less than 0.1%, which is the maximum 
allowed value.

19.9 � FILAMENT-WOUND PRESSURE VESSEL: WINDING ANGLE

Problem Statement
We will consider a pressure vessel as a thin shell of revolution, obtained by winding of “R” glass/

epoxy rovings. The cylindrical portion (see Figure 19.27) has a small thickness e0 compared to the 
average radius R. An internal pressure po loads this tank. 

	 1.	The resin epoxy is assumed to bear no load. Denoting by e the thickness of the reinforce-
ment alone, calculate in the tangent plane (x, y) (see figure) the stress values xσ0  and yσ0  in 
the thin wall, due to pressure po.

	 2.	 In the cylindrical part of the pressure vessel, the winding consists of layers at alternating 
angles ±α with the cylinder’s generatrix (see figure). It is wished to obtain a uniform ten-
sion value σℓ in each fiber along its own direction ℓ (such a uniform tension in all fibers 
confers the characteristic so-called isotensoid).

	 a.	 Evaluate the stresses xσ  and yσ  in the fibers as functions of 


σ .
	 b.	 Deduce from the above the helical angle α and the tension 



σ  in fibers, as functions of 
pressure po.

	 c.	 What will be the thickness e0 for a reservoir of 80 cm in diameter supporting a 200 bar 
pressure, with 80% fiber volume fraction?

Solution

	 1.	Preliminary remark: The elementary force due to a pressure po acting on a surface dS 
projects on the x-axis as (see figure below):

FIGURE 19.27  Pressure vessel.



457Applications Level 1

	 p dS p dSo o oθ =cos

where dSo is the projection of dS along the x-axis in a plane perpendicular to this axis. 

•	 Equilibrium of a vessel bottom along the axial direction: The equilibrium and associ-
ated relationship are represented in Figure 19.28

•	 Equilibrium of a semicylindrical portion along the circumferential direction: The 

equilibrium and associated relationship are represented in Figure 19.29 

	 2.	
	 a.	 Stress components xσ  and yσ  in the fibers: We can represent Mohr’s circle of stress starting 

from the pure normal stress 


σ  acting on a facet normal to axis ℓ (see Figure 19.27). From 
there, we note as follows10 the construction leading to the stress values xσ  and yσ

	 b.	 Helical angle α: Identification of these stress values with xσ0  and yσ0  found earlier 
leads to

FIGURE 19.28  Equilibrium along axial direction.

FIGURE 19.29  Equilibrium along circumferential direction.
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p R

e
p R
e

o o
 

σ α = σ α =cos
2

; sin2 2

From which

	 tg α = 22

Then,

	 α = α = °sin
2
3

; 54.7

Tension in fiber is then

	 p
R
e

o

σ = 3
2

	 c.	 Thickness eo: For “R” glass11, 


σ = 3,200 MPa rupture .

which leads to the reinforcement thickness e:

	 e
p Ro



=
σ

=3
2

3.75 mm
rupture

Vf  being the fiber volume fraction, the thickness of the glass/epoxy composite is

	 e
e

V
o

f

= = 4.7 mm

19.10 � FILAMENT-WOUND PRESSURE VESSEL: CONSIDERATION 
OF OPENINGS IN THE BOTTOM HEADS

Problem Statement
A reservoir in the form of a thin shell of revolution is wound with fibers and resin. It is subjected 

to an internal pressure po. The circular heads at the two ends of the reservoir have radius of r0. We 
propose to study the cylindrical part of this reservoir, with an average radius R.

One part of the winding consists of filaments in helical windings making angles of ±α1 with the 
generatrices (see Figure 19.30) and using the same proportions. The other part consists of similar 
filaments wound circumferentially ( /22α = π ).

The resin is assumed to carry no load. Tension in filaments of helical layers is denoted as 


σ 1 and 
tension in filaments of circumferential layers as 



σ 2.
 

FIGURE 19.30  Filament-wound vessel with openings in the bottom heads.
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	 1.	What is the value α1 if the filaments are layered toward the heads along lines of shortest 
distance?

	 2.	Calculate the thickness e1 of fibers of the helical layers and thickness e2 of fibers of the 
circumferential layer as functions of po, R, α1, 

σ 1, 

σ 2.
	 3.	What is the minimum total thickness of fibers em that the envelope should have? What are 

the corresponding ratios e em1  and e em2 ? What is the real corresponding thickness of the 
envelope with a fiber volume percentage Vf identical for the two types of layers?

Note: It can be shown – and we will agree with this property – that on a surface of revolution, lines 
of shortest distance, so-called the geodesic lines, satisfy the following relation (see Figure 19.31 for 
the notations):

	 r × α =sin constant

Solution

	 1.	Filaments wound helically (angle ±α1) in the cylindrical part are following geodesic lines 
toward the heads such that r × α =sin constant. The circle making up the head is a geodesic 
line characterized by r r= 0. Then,

	 oα = α = π
2

Thus, for the filaments linking the cylindrical part to the head,

	 r Ro
π = αsin
2

sin 1

	
r
R
oα =sin 1

	 2.	Thickness of layers: For an internal pressure po, the state of stress in the cylindrical part of 
the thin envelope is defined in the tangent plane (x, y) shown in the following figure as12

FIGURE 19.31  Geodesic line.
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The resin being assumed to bear no load, e represents the thickness of the reinforcement 
alone. We can follow by direct calculation13. Then, the state of stress in helical layers ±α1 
reduces to 



σ ≠ 01 , and t tσ = τ = 01 1 .
Starting from Mohr’s circle illustrated below14, we obtain for stress in plane (x, y) the 

following:

	 x y 

σ = α × σ σ = α × σcos ; sin1
2

1 1 1
2

1 1

	 xy cos sin1 1 1 1τ = α × α × σ

And for the circumferential layers /22α = π

	 x y xy

σ = σ = σ τ =0 ; ; 02 2 2 2

When calculating the resultant force on unit width section with normal direction x, and 
then y successively, we obtain the following equivalencies:
•	 Along x,

	 e e ex x ox1 1 11 1 2 2σ × × + σ × × = σ × ×

Then,

	 e e e p
R
e

ox o

× α × σ = × σ = ×cos
2

1
2

1 1

from which

	 e
p Ro



=
σ

×
α2 cos

1
1

2
1

•	 Along y,

	 e e ey y oyσ × × + σ × × = σ × ×1 1 11 1 2 2

	 e e e e
p R
e

oy
o

 

× α × σ + × σ = × σ = ×sin1
2

1 1 2 2

	 e
p

R
tgo



=
σ

− α





1
2

2
2

2
1
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	 3.	Minimum envelope thickness: With the previous results, the reinforcement thickness is 
written as

	 e e e p R
tg

o
 

( )
= + =

σ α
+

− α
σ













1
2 cos

2

2
1 2

1
2

1

2
1

2

The reinforcements for helical and circumferential layers being of the same type, they 
can support an identical maximum tension. Therefore, at failure,

	
  

σ = σ = σ1 2  rupture

Then,

	 e
p R

tgo



=
σ α

+ − α



2

1
cos

2min
 rupture

2
1

2
1

	 e
p Ro



= ×
σ

3
2

min
 rupture

Ratios of thicknesses:

	
e

e
e

e
tg=

α
= − α1

3cos
;

2
3

1

min
2

1

2

min

2
1

Actual envelope thickness taking into account the fiber volume percentage Vf :

	
dv

dv
V

dx
dx

f= = π ×
π ×

2 Re
2 Re

reinforcement

actual

min

actual

	 e
p R

V
o

f

= ×
σ

×3
2

1
actual

  rupture

19.11 � DETERMINATION OF FIBER VOLUME FRACTION BY PYROLYSIS

Problem Statement
A sample is removed from a carbon/epoxy laminate made up of identical layers of balanced 

fabric. The measured specific mass of the laminate is ρ. The specific mass of carbon is fρ  and that 
of the matrix is mρ .

The epoxy matrix is completely burned in an oven. The mass of the residual fiber, denoted as M f  
(see Section 3.2.1), is compared with the initial sample mass:

	 1.	Express the following in terms of , , ,ρ ρ ρ Mf m f :
	 a.	 The fiber volume fraction Vf

	 b.	 The matrix volume fraction Vm

	 c.	 The volume fraction of porosities, or voids Vp

	 2.	Numerical application:

	 Mf m fρ = ρ = ρ = =1,500 kg/m ; 1,750 kg/m ; 1,200 kg/m ; 0.73 3 3
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Solution

	 1.	
	 a.	 By definition (Section 3.2.2), one has

	 V
v
v

m
m

Mf
f

f
f

= =
ρ

× ρ = × ρ
ρ

fibers

total

fibers

total

	 V Mf f
f

= × ρ
ρ

	 b.	 In an analogous manner,

	 V Mm m
m

= × ρ
ρ

and with Mf + Mm = 1,

	 V Mm f
m

( )= − × ρ
ρ

1

	 c.	 Noting (Section 3.2.2) that

	 V V Vf m p+ + = 1

we can deduce

	 V
M M

p
f

f

f

m

( )= − ρ ×
ρ

+
−
ρ









1

1

	Numerical application:

	 V V Vf m p= = =60%; 37.5%; 2.5%

Note: In practice, a small amount of carbon fibers is also pyrolyzed: about 0.125% is pyrolyzed per 
hour.

19.12 � REVERSING LEVER MADE OF CARBON/PEEK 
(UNIDIRECTIONAL AND SHORT FIBERS)

Problem Statement
In Figure 19.32 is shown a lever with three points linked at A, B, C. It is subjected to indicated 

loads. The external skin is obtained from a plate of thermoformed unidirectional carbon/PEEK15, 
2.8 mm in thickness. The latter is placed in a mold into which short fibers of carbon/PEEK are 
injected at high temperature. 

	 1.	Verify the good resistance of this part by a simplified calculation.
	 2.	Estimate the order of magnitude of elastic displacements at points A and B relative to C, 

due to the specified loads.
	 3.	Determine the mass balance of the part.
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Solution

	 1.	Verification of resistance:
•	 Unidirectional: As a simplified calculation, assume that the applied moment is taken 

up essentially by unidirectional skins16. When considering the cross section with 
maximum bending moment (see the following figure), we can express this moment as 
follows:

	 S h= × = − − ≈2.8 40 mm ; 60 2  2.8 55 mmunidirectional
2

	 M f = × ×650 10 N mm.3

	 σ = 106 MPa

Safety factor:

	
σ

σ
− =1 18.8 (1,880%)rupture

 Density, ρ (kg/m3) σrupture (MPa) Modulus of Elasticity (MPa)

Carbon/PEEK unidirectional Vf 65%= 1,600 2,100 E


 =125,000
G t  = 4,000

Short fibers of carbon/PEEK Vf 18%= 1,400 127 E = 21,000
G = 8,000

FIGURE 19.32  Carbon/PEEk reversing lever.

With
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Note: In the injected flange just under the unidirectional skin, the order of magnitude 
of normal stress is six times smaller (the elasticity modulus E



 of unidirectional is six 
times higher than that of injected short fibers).

•	 Injected core: We assume that the web, as in the following figure, takes up shear stress 
due to the shear force essentially:

	 S T( )= − − × =(33 5.6 8) 8  mm ; 3,500 Nweb
2

	 τ ≈ 23 MPa

Note: In fact, the shear stress is distributed in each flange zone (injected zone and uni-
directional zone in the following figure). The bonding being assumed perfect, distor-
tion is the same in injected and unidirectional zones:

	
G Gt

γ = τ = τ2 1

And accounting for equilibrium of junction of the web with the flange17

	 ( )τ × ≈ τ × + τ × ×8 4 2.8 21 2

Then, with τ = 23 MPa

	 τ = τ =17 MPa; 8.5 MPa1 2

	 2.	Displacements under load: When keeping the central area around C fixed in translation 
and in rotation, the deformation energy of each arm (right or left) is written as

	 W dV dV∫ ∫= σ × ε + τ × γ1
2

1
2

arm arm

with previous approximations,

With
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	 W
E

dS dx
G

dS dx


∫ ∫= σ × + τ ×1
2

1
2

2

unidir.
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2
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E S h
S dx

T
G S

S dxf∫ ∫( )
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×
× +

×
× ×1

2
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1
2

2

unid. unid.
2 unid.

2
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2 web

In view of an estimation, with (  –  ); ; andaverage web average= = = =M F x T F h h S Sf  
(web at midlength of the arm),

	 W
F

E S
h

F
G S
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
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=
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



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Displacement at point loaded by F is obtained from the Castigliano theorem:

	
W
F

E S
h G S

F






∆ = ∂
∂

=
× ×

+
×



















×
3

2

3

unid. unid.
average
2

web average

From which, we can write the following:
•	 Displacement at point B (right arm):

	 F h = = = −280 mm; 2,500 N; 45 mm 2.8 mmaverage

	 B∆ = 1.8 mm

•	 Displacement at point A (left arm):

	 F h S ( )= = = − = ×200 mm; 3,500 N; 45 mm 2.8 mm; 31.4 8 mmaverage web average
2

	 A∆ = 1.1 mm

	 3.	Mass balance: Unidirectional, 189 g; short fibers, 525 g; total mass before drilling:

	 m = 714 g

Notes:

•	 Taking into account the low stress level in unidirectional, the part may be lightened by 
decreasing uniformly and progressively its thickness (40 mm here). For example, reduction 
from 40 to 30 mm leads to a mass reduction of 18% and increases displacements by 22% 
at point A and 26% at point B.

•	 To obtain a comparable mass with light alloy, folded and welded sheet should be used. The 
price of the piece is higher. The composite piece is obtained here by one single operation 
of injection after performing unidirectional reinforcements.
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19.13 � GLASS/RESIN TELEGRAPH POLE

Problem Statement
A telegraph pole 8 m long (of which 80 cm is buried in the ground) in glass/epoxy with 60% fiber 

volume fraction has the characteristics shown in Figure 19.33.
The lower zone of the pole is characterized by

•	 27 layers at 0° (x-direction)
•	 3 layers oriented in helix with an angle that will be taken practically equal to 90°

	 1.	 Give the elastic constants of the laminate in this zone.
	 2.	 What is, regarding this lower zone, the maximum horizontal load allowable at the top 

of the pole?
	 3.	 Give an estimate of the horizontal displacement at the top under this load.

Solution

	 1.	The laminate composition in the lower part is as follows:

FIGURE 19.33  Glass/resin pole.
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Charts 5.14 and 5.15 of Section 5.4.2 give for this composition:

	 E Ex y= =41,860 MPa; 15,360 MPa

	 xy yxν = ν =0.23; 0.09

	 Gxy = 4,500 MPa

	 2.	 In view of evaluating the maximum horizontal load at the top, three risks need to be taken 
into account:
•	 Risk of failure due to classical flexure in this lower zone when the bending moment is 

too high
•	 Risk of shear failure due to shear force
•	 Risk of buckling by ovalization and then flattening of the tube

	 a.	 Bending moment: We derive from the following figure18

	
M

I
Y I r efσ = − × = πwith 3

The maximum value is obtained when Y r= –

	
M

r e
fσ =

πmax 2

Chart 5.11 in Section 5.4.2 shows for the laminate in question a first ply failure when

	 σ = 128 MParupture
tensile

Hence,

	 M f ≤ × ×26 10 N mm6

Corresponding to a horizontal load value at the top,
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F

M f( ) = × =26 10
7,200

3,600 N.
max 6

	 b.	 Shear force: On the average diameter located in the neutral plane of the tubular sec-
tion, we can write

	
T
S

τ = α ×

where
T is the shear force
S is the area of the cross section
α is the amplification factor (α > 1)19

Note that for the laminate considered (Table 5.13, Section 5.4.2), the first ply failure 
occurs with τ = 63 MParupture . Let us imagine that such a value is due to the shear force 
found before, that is, T F M f

= =( ) 3,600 Nmax . Then,

	 α < × =63 3,329
3,600

58

Such a requirement is certainly satisfied (recall that for a thin circular tube of isotropic 
material α = 2).

	 c.	 Ovalization of the pole: From Section B.2,

	 M re
E Ex y

xy yx

= π
− ν ν











2 2
9 1

critical
2

1/2

That leads here to

	 M = × ×6 10 N mmcritical
7

which corresponds to a top horizontal load:

	 F = 8,360 Ncritical (Ovalization)

Therefore, the maximum value that should be retained is

	 F = 3,600 Nmax

	 3.	Deflection at the top: If the characteristics of the pole (section, composition) remain con-
stant all along the x-axis, retaining 180 mm for average diameter and considering the previ-
ous maximum load, the following deflection would be obtained at the top:

F L
E Ix Z

∆ = × ≈
3

1 mmax
3

A more accurate value requires discretizing the pole into beam finite elements (four or five) 
with corresponding sections and moduli (note that due to the decreasing diameter, helical 
angle increases with x, and the moduli Ex  and Ey vary a little).
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19.14 � UNIDIRECTIONAL LAYER OF HR CARBON

Problem Statement
Consider a unidirectional layer made of HR carbon/epoxy. What is the fiber volume fraction that 

would confer a modulus of elasticity in the longitudinal direction comparable to duralumin A92024.

Solution
In fiber direction, the modulus of elasticity E



 is given by (see Section 3.3.1)

E E V E Vf f m f

( )= + −1

We can read in Tables 1.2, 1.3, and 1.4 in Section 1.6 the following:

E f =HR carbon : 230,000 MPa

Em =Epoxy resin : 4,500 MPa

E =Duralumin : 75,000 MPaA92024

The fiber volume fraction Vf  has to be such that

E E V E Vf f m f( )= + −1A92024

Then,

V
E E

E E
f

m

f m

= −
−

A92024

Vf = 31%

19.15 � MANIPULATOR ARM FOR SPACE SHUTTLE

Problem Statement
A manipulator arm is made of two identical carbon/epoxy tubular sections (Vf = 60%; thin cylin-

drical tubes of revolution). This jointed arm manipulator is shown in Figure 19.34.
Among the different geometric configurations found when the arm is deployed, we consider 

specifically the ones noted (a), (b), and (c) in Figure 19.35.
F represents the concentrated inertial force.
Note the following:

•	 Ex is the modulus of elasticity of the tube in the x-direction (Figure 19.34).
•	 Gxy is the shear modulus in tangent plane (x, y) (Figure 19.34).
•	 I is the quadratic moment of flexure of annular cross section of tube, with respect to its 

diameter.  
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	 1.	Calculate in terms of F, ℓ, I, Ex , and Gxy the deflection components along directions X, Y, 
Z (Figure 19.35) of the point under the force F for each of configurations (a), (b), and (c). 
Neglect the strain due to shear and normal forces. Comment on the relative values of these 
displacements.

	 2.	What should be the ratio between Ex  and Gxy in order to obtain identical deflections in 
configurations (a) and (c)?

	 3.	The tube is laminated starting from unidirectional tape. By means of the charts giving 
moduli Ex  and Gxy (Section 5.4.2), indicate by simple reading and without interpolation 
the laminate composition that verifies the ratio found in the previous question within a few 
percent (choose Gxy as large as possible), as well as the elastic characteristics values.

	 4.	Verify that this composition is preferable, in relation to mass balance, to that of another 
tube with the same diameter, a different thickness, having a modulus of elasticity Ex′  as 
large as possible, and which would show the same deflection as that previously found for 
configuration (c).

	 5.	Keep the properties determined for the laminate in Question 3. The arm has an 
average diameter of 0.3 m. Each of the two tubes is 7.5 m long. The minimum stiffness  
(F/∆)minimum = 104 N/m is imposed to the arm, where ∆ is the deflection under the load F. 
Calculate the tube thickness and indicate the number of total unidirectional layers and the 
number of layers in each of the four orientations.

	 6.	With the data given in Figure 19.36, verify that the distributed mass of the arm does not 
significantly influence the previous results during the stage of operation that adjusts the 
concentrated mass in position.

FIGURE 19.34  Jointed arm manipulator.

FIGURE 19.35  (a–c) Three geometric configurations.
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Solution

	 1.	Starting from the flexure and torsion relationships for composite tubes (see Section 5.4.5.4, 
Figure 5.31),

	 ;
2

2 = θ =E I
d v
dX

M G I
d
dX

Mx f xy o
X

t

We obtain for displacement components at the end of the arm the following:
•	 Configuration (a):

	
F

E I
Y

x3

3
∆ =

•	 Configuration (b):
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2 2
2

3 6
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3

3
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

 







 
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
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•	 Configuration (c):

	
( /2)

3
2

( /2)

2 2 8

2

3 2

3 3
 

  ∆ =
×

× +
×

× × = +




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F

E I

F

G I

F

E I

E

G
Y

x xy o x

x

xy

Note: For configurations (a) and (b), we can note that the displacement is smaller when 
the modulus Ex  is large. But then (see Section 5.4.2, Charts 5.4 and 5.5), Gxy is relatively 
small, that is, E Gx xy 1, and the displacement of configuration (c) is much larger than the 
others. This will create problems when operating the arm.

	 2.	Deflections will be identical for configurations (a) and (c) if

	
E
G

x

xy

= +






1
3

1
8

2
3 2

Then,

	
E
G

x

xy

= 4

	 3.	 In looking for a modulus Gxy as high as possible, we can read on Charts 5.4 and 5.5 (Section 
5.4.2) a ratio E Gx xy = ≈3.9 4 for the composition indicated below

FIGURE 19.36  Inertial loading on the arm.
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	 4.	The maximum value of elasticity modulus observed on Chart 5.4 is

	 Ex′ = 134,000 MPa

The corresponding shear modulus is (Chart 5.5)

	 Gxy′ = 4,200 MPa

The same deflection as the previous one for the configuration (c) leads to

	
F
E I

E
G

F
E Ix

x

xy x

 

′ ′
+ ′

′






=
8

2
3 2 3

3 3

Then,

	
I
I

r e
r e

E
E

E
G

x

x

x

xy

′ = π ′
π

=
′

+ ′
′







=3
8

2
3 2

3.5
3

3

	
e
e
′ = 3.5

The tube with thickness e′ and modulus Ex′  would be stiffer for configuration (a) but 
would have a mass multiplied by 3.5 to keep the stiffness of configuration (c).

	 5.	Configurations (a) and (c) are the more deformable. We must meet

	 3
3

min∆
= ≥

∆






F E I F

Y

x

	 with I r e r = = π =15 m; ; 0.15 m3

(F/∆)min =104 N/m; E ex = ≥75,407 MPa ; 14 mm
The ply thickness being 0.13 mm, we obtain 108 layers oriented as follows:
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	 6.	The specific mass of the laminate is ρ = 1,530 kg/m3 (see Section 3.3.3).
The distributed mass of the arm is then

	
m

re


= ρ × π =2 20.2 kg/m

With the angular acceleration indicated in Figure 19.36, the following inertial load dis-
tribution is obtained:

We deduce from there the deflections at the end of the arm:
•	 Due to the concentrated mass:

	
E Ix

∆ = 100
3

concent

3

•	 Due to distributed load20:

	
E Ix

∆ = × ×11
120

0.81
distributed

4

From which the total deflection is

	
E I E Ix x

 ∆ = + ≈100
3

(1 0.033)
100
3

total

3 3

The rigidity F( )∆ total  appears well to be related essentially to the concentrated inertial load at the 
arm extremity. 

NOTES

	 1	 To establish this relation, see Chapter 16, Equation 16.17.
	 2	 See a simplified calculation of coefficient k in Application 20.1 and a more precise calculation in 

Application 21.5.
	 3	 The so-called orthotropic axes: See Chapters 12 and 15.
	 4	 See Section 7.2.3.
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	 5	 The absence of buckling due to torsion of the shaft should also be verified (see Appendix B for this 
subject).

	 6	 If the carbon/epoxy tube and the coupling plate have thicknesses that are different, the more general 
relation established in Application 21.1 should be used. This also allows different shear moduli for each 
of the two materials.

	 7	 Recall the rotational kinetic energy for a mass m placed at a radius r and rotating at a speed of ω: 

= ω = ω =1
2

1
2

1
2

kinetic
2 2 2

circumfer
2W I mr mV . 

	 8	 The calculation to estimate these proportions is detailed in Example of Section 5.4.3, where 
we use the same values as the ones here for In-plane resultants, with a safety factor of 2, as

–800 N/mm; –900 N/mm; –340 N/mm= = =N N Tx y xy

	 9	 See Section 5.3.2 and also Chapter 14.
	 10	 This result is immediate by using Equation 11.4.
	 11	 See Section 1.6.
	 12	 See Application 19.9.
	 13	 We could also consider a balanced laminate with ply angles ,1 1+α −α , and /2π , the role of the matrix 

being neglected. The elastic coefficients of a ply (see Equation 11.1) reduce to only one nonzero, namely, 
E


. Calculation is carried out as shown in detail in Section 12.1.3. It is longer than by the direct method 
followed here for the particular case in question.

	 14	 See also Equation 11.4 inverted.
	 15	 PEEK resin, thermoplastically deformable (see Section 1.6).
	 16	 This is because the elasticity modulus 



E  of unidirectional is six times higher than that of injected short 
fibers. For a more accurate calculation of stress values, see Equation 16.16.

	 17	 To write this, we have to neglect the area of the corner. Then the shear flow is conservative.
	 18	 See Section 5.4.5.4, Figure 5.31, for the distribution of stress in a laminated tube. See also Equation 

16.16 in Chapter 16.
	 19	 The exact value of α should be obtained from the complete shear stress study for this particular compos-

ite beam (see Equation 16.16 and Application 21.13).
	 20	 Result obtained from the following differential equation:
		

0.81
6

2 3( / ) ( / )
2

2
2 3
  = − × − + EI

d v
dX

X Xx
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20.1 � SANDWICH BEAM: SIMPLIFIED CALCULATION 
OF THE SHEAR COEFFICIENT

Problem Statement
Represented in Figure 20.1 is the cross section of a sandwich beam. The skin thickness is small 

compared with that of the core. Under a shear force T, shear stress values in the section are assumed 
to vary in a piecewise linear fashion1 along the y-direction. The constitutive materials, denoted as 1 
and 2, are assumed to be isotropic, or transversely isotropic in plane y z( ), . Shear moduli are G1 for 
material 1 (skin) and G2 for material 2 (core). The beam is of unitary width.

	 1.	Calculate the shear coefficient k for flexure in (x, y) plane.
	 2.	Give a simplified expression for the case, current in the applications, where G1 ≫ G2 and 

with thicknesses denoted by e1 and e2 such that:

e
H H

e H

( )= − =
2

1
1 2

2 2

Solution

	 1.	Let W be the strain energy due to shear stress. Consideration of an elementary beam slice 
allows writing (Equation 16.17)

dW
dx

k
T
GS G

dyxy

i
∫= = τ1

2
1
2

2 2

crosssection

In the upper skin, we have

H y

H H
xy o

( )
( )τ =

−
−

× τ
21

1 2

On the other hand, in the core, xy oτ = τ .

DOI: 10.1201/9781003195788-24

FIGURE 20.1  Sandwich beam.

https://doi.org/10.1201/9781003195788-24
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Then with

T dyxy∫= τ ×( 1)
crosssection

We deduce the maximum shear stress τ0

T
H H( )τ = ×

+
2

0
1 2

And the strain energy density

dW
dx G

dy
G

dy
G

H y

H H
dyxy

i

H

o

H

H

o∫ ∫ ∫ ( )
( )

= τ = τ + τ −
−

1
2

22

0

/2
2

2
/2

/2
2

1

1
2

1 2
2

2

2

1

After calculation,

G
dy

H
G

H H
G

T

H H

H
G

H H
G

xy

i

o∫ ( )
τ = τ + −





= ×
+

+ −





1
2 2 3

2
3

2 2
2

2

1 2

1

2

1 2
2

2

2

1 2

1

Then

k
T
GS

T

H H

H
G

H H
G( )

= ×
+

+ −





1
2

2
3

2 2

1 2
2

2

2

1 2

1

k
GS

H H

H
G

H H
G( )

=
+

+ −





4
31 2

2
2

2

1 2

1

With (Equation 16.16)

GS G H H G H( )〈 〉 = − + ,1 1 2 2 2

k
G H H G H

H H

H
G

H H
G

[ ]( )
( )

=
− +
+

× + −





4

3
1 1 2 2 2

1 2
2

2

2

1 2

1

	 2.	Case G G1 2: we can rewrite

k
GS

e e e

e
G

e G

e G



( )
( )

=
+ +

× +





















4
2

1
2
3

1

2 1 2
2

2

2

1 2

2 1

Then

k
GS

e
e
e

e
G

≈
+





×
12

2 1

2

2
2

2
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From which the following simplified form, valid when e e1 2 and G G2 1

k
GS G e e( )〈 〉

=
+

1
22 2 1

20.2 � PROCEDURE FOR A QUAD-LAMINATE CALCULATION PROGRAM

Problem Statement
Consider a balanced carbon/epoxy laminate with respect to the 0° direction (or x), with midplane 

symmetry. The plies are oriented 0°, 90°, +45°, and −45° with certain proportions (there are as 
many +45° plies as −45° plies). This Quadrangle Symmetric laminate is subject to uniaxial stress 

xσ = 1MPa0  (see the following figure).

Propose a procedure establishing a simple program to allow obtaining

	 1.	Elasticity modulus Ex  of the laminate and Poisson coefficient ν xy
2

	 2.	Stress state in orthotropic axes of each ply3

	 3.	The Tsai-Hill4 expression for each ply
	 4.	Largest stress value xσ0 max admissible without failure of any ply

The following gives the unidirectional ply characteristics (the laminate is made up of identical 
plies):

Carbon/epoxy ply with Vf = 60% fiber volume fraction (See Chapter 3, Table 3.4)

134,000  MPa; 7,000  MPa; 4,200 MPa; 0.25
  

ν= = = =E E Gt t t

Ultimate strengths

t
tens

t

t

rupt

 



σ = σ =

σ = σ =
τ =

1,270 MPa; 1,130 MPa

42 MPa; 141MPa

63MPa

 tens.  comp.

.  comp.

  rupt.   rupt.

.   rupt.

  rupt.

Solution
The procedure for calculation is as follows (see also Section 12.1.3):

	 1.	Modulus Ex and Poisson coefficient vxy : The laminate behavior with midplane symmetry 
can be written in this plane (Equation 12.7):

	
h

A A A

A A A

A A A

ox

oy

oxy

ox

oy

oxy
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σ
τ


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
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


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

ε
ε
γ



















1
11 12 13

21 22 23

31 32 33

	 (20.1)
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With

h
A E

e
h

ij ij
k k

k st ply

nth ply

∑=
=

1

1

ek is the thickness of ply k, and h is the total laminate thickness. Eij
k

k
   is the stiffness 

matrix in axes (x, y) for the ply k (see Equation 11.8), as

	
11 12 13

21 22 23

31 32 33
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σ
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E E E
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E E E
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ply k ply k

ox

ox
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ply k

	 (20.2)

p0°(%), p90°(%), p+45°(%), and p−45°(%) being the respective ply proportions at 0°, 90°, +45°, 
and −45°, the previous terms h Aij( )1 /  can be rewritten as

	
h

A E p E p E p E pij ij ij ij ij= + + +° ° ° ° + ° + ° − ° − °1 0 0 90 90 45 45 45 45 	 (20.3)

Note that h A h A( ) ( )1 / ,  1 / ,13 23  and their symmetrical counterparts are zero because the 
laminate is balanced (see Equation 11.8).

Equation 20.1 is then inverted as

	

E E
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	 (20.4)

where E E Gx y xy xy yxν ν,  ,  ,  ,   are the global moduli and Poisson coefficients of the laminate. 
This laminate is subjected to uniaxial stress oxσ = 1MPa; then

1MPa

MPa
;

MPa
1MPa

ν ν
( ) ( )

ε = σ = ε = − σ = − ×
E E E E

ox
ox

x x
oy

xy

x
ox

xy

x

We obtain as well the modulus and the Poisson coefficient required:

Ex
ox

( ) =
ε

MPa
1

MPa
1MPa

ν ( )= −ε × E
xy oy

x

	 2.	Stress in each ply: The previous result gives us the global strain of the laminate, strain 
that each ply should follow as

1
; ; 0

νε = σ ε = − σ γ =
E E

ox
x

ox oy
xy

x
ox oxy
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For a ply k, Equation 20.2 is then written as

	

E E E
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	 (20.5)

This gives the stress state in ply k and in (x, y) coordinates. In orthotropic axes of that 
ply (axes (ℓ, t) in the following figure), Equation 11.4 recalled below gives
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	 (20.6)

	 3.	The Tsai-Hill criterion: Following Equation 14.12 (see also Section 5.3.2),

t

t

t t

t
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









α = σ
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+ σ
σ

− σ σ
σ

+ τ
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2
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2

2

2 2

2

2
rupt. rupt. rupt. rupt.

Which provides values 
k

( )α2 required for each ply k.
	 4.	The largest stress oxσ max allowable before failure: The stress values t

σ σ,  and tτ  are 
calculated for a global uniaxial stress: oxσ = 1 MPa. Now let us apply the maximum stress 
allowable ox ( )σ MPamax . Then t

σ σ,  and tτ  in ply k are multiplied by the ratio

oxσ
1MPa

max

And we obtain the critical unitary value of the saturated Tsai-Hill criterion:

ox t

t

t t

t
k











( )
σ

× σ
σ

+ σ
σ

− σ σ
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





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


=

1MPa
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2

2

2

2

2

2 2

2

2
rupt. rupt. rupt. rupt.

With the values (α2)k found in the previous question for the Tsai-Hill expression between 
brackets, we obtain

ox k ( )σ × α = 1MPamax
2 2 2
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Then

ox
k

σ =
α

1MPa
max

Examination of each ply will lead to a different value for oxσ max. We have to keep the 
minimum value and consider it as the critical stress that should initialize damage (first-ply 
failure):

ox
k

σ =
α

min
1

max

20.3 � KEVLAR/EPOXY LAMINATES: STIFFNESS IN 
TERMS OF THE DIRECTION OF LOAD

Problem Statement
We consider balanced Kevlar®/epoxy laminates with Vf = 60% fiber volume fraction, working in 

their planes, with the following compositions:

	 1.	Give for these laminates the longitudinal modulus of elasticity denoted as E(θ) for a direc-
tion i in plane (x, y), making the angle θ with x-direction.

	 2.	For each of these laminates, express the specific modulus /( )( )θ ρE , ρ being the mass 
density. Use for this purpose the charts in Section 5.4.2.

	 3.	Represent in polar coordinates the variations of the specific modulus as a function of θ for 
each of the laminates.

	 4.	Compare with the specific moduli of conventional materials: steel, aluminum alloy A92024 
(2024), and titanium alloy R56400 (TA6V).

Solution

We assume that each of the balanced laminates constitutes a thin plate of orthotropic material, with 
orthotropic axes (x, y, z). Thus the constitutive equation, i.e. Equation 12.9, is reduced to

1
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	 1.	E Ex y,  , and Gxy are the moduli of the laminate in orthotropic axes (x, y). In axes (i, j) (see 
the following figure) making an angle θ with the axes (x, y), these coefficients transform 
according to Equation 13.8.

The modulus in the i-direction is5

E

E E G Ex y xy

xy

x

θ =
θ + θ + θ θ − ν





( )
1

cos sin
cos sin

1 24 4
2 2

	 2.	Specific modulus: For a Kevlar/epoxy laminate, we find the coefficients Ex xyν, ,and Gxy in 
Charts 5.9 and 5.10 of Section 5.4.2. Chart 5.9 also allows obtaining Ey by permuting the 
0° and 90° percentages.

The specific mass ρ is shown in Table 3.4 of Section 3.3.3. It can also be calculated 
using the relationship in Section 3.2.3. Its value is ρ = 1,350 kg/m3. Thus, we obtain the fol-
lowing expressions for the specific modulus:
•	 Laminate (a)
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•	 Laminate (b)

56,600 MPa

18,680 MPa

8,030 MPa

0.4ν

=
=
=
=

E

E

G

x

y

xy

xy

E ( ) ( )θ
ρ

=
θ + θ + θ θ − ×





m/s
10 1,350

cos
56,000

sin
18,680

cos sin
1

8,030
2

0.4
56,600

2
6

4 4
2 2



482 Composite Materials

•	 Laminate (c): The proportions of 25% along the directions 0° and 90° cannot be 
obtained from Chart 5.9. In this view, we have to evaluate by extrapolation, starting 
from percentages of 20% and 30%, as6

1
2

28,260 35,400 31,830 MPa

11,980 MPa

0.335ν
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=
=
=
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E E
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y x
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1
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2

0.335
31,830

2
6

4 4
2 2ρ

( ) ( )θ =
θ + θ + θ θ − ×



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E

	 3.	Evolution of specific modulus is described in Figure 20.2, where the ability to control the 
anisotropy of the laminate by modifying the ply percentages at 0°, 90°, +45°, and –45° can 
be well observed.

	 4.	For the other materials mentioned, we have immediately (Section 1.6)

E E
A( ) ( ) ( )

ρ




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= ×
ρ





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= ×steel 26.3 10 m/s ;  aluminum 92,024 2,024 26.8 10 m/s ;6 2 6 2

E ( ) ( )
ρ





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= ×titanium R56400 TA6V 23.9 10 m/s6 2

FIGURE 20.2  Specific modulus / m/s 2E( )( ) ( )θ ρ .
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Note: The notion of specific modulus is particularly important in aeronautical construction. When 
comparing in the above diagram the performances of Kevlar/epoxy laminate with those of steel, 
aluminum, and titanium, we can see clearly the areas where the use of a laminate is beneficial. As a 
drawback, we should note the existence of specific angular limits for the loading directions for the 
Kevlar/epoxy laminate: this is a disadvantage.

20.4 � RESIDUAL THERMAL STRESS DUE TO THE LAMINATE  
CURING PROCESS

Problem Statement
Consider a carbon/epoxy laminated panel with Vf = 60% fiber volume fraction. It has midplane 

symmetry, and the composition is shown in the following figure:

This panel is cured in an autoclave at 180°C and demolded at 20°C.

	 1.	Calculate the thermal deformation values observed at the time of demolding.
	 2.	Calculate the thermal residual stress values in the 90° plies.

Solution

	 1.	Thermal deformation
The thermomechanical behavior of the laminate, following Equation 12.19, is
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The panel is not subject to any external mechanical loading. This law then reduces to

T
ox

oy

oxy

ox

oy

oxy

ε
ε
γ



















= ∆
α
α
α



















The laminate being balanced, Equations 12.18, 12.17, and 11.10 lead to

oxyα = 0
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Then Chart 5.4 of Section 5.4.2 indicates for the laminate with the aforementioned 
composition:

oxα = − × −0.072 10 5

We can also deduce from Chart 5.4, by permutation of the 0° and 90° direction,

oyα = × −0.44 10 5

Therefore, the thermal strain values due to a cooling down of ∆T = –160°C are

ox oy( ) ( )ε = − × − × ε = − × ×− −160 0.072 10 ; 160 0.44 105 5

Or

ox

oy

oxy

ε = ×
ε = − ×
γ =

−

−

115 10

704 10

0

6

6

	 2.	Residual thermal stress in the 90° plies
Equation 11.10 allows writing

E E T Ex ox oyσ = ε + ε − ∆ × α° ° °
11
90

12
90

1
90

Where

1
90

 

ν( )α = α + α°
E Et t t

with (Equation 11.8)

and11
90

12
90

 

ν= =° °E E E Et t

The elastic moduli and thermal expansion coefficients are given in Table 3.4 of 
Section 3.3.37. Then

Eα =°
0.2371

90

With the known values εox and εoy

x ( ) ( )σ = × × + × − × − − × =− −7,021 115 10 1,717 704 10 160 0.237 37.5MPa6 6

Analogously,

E E T Ey ox oyσ = ε + ε − ∆ × α° ° °
21
90

22
90

2
90

with (see Equation 11.8)

and22
90

2
90

   

( )= α = α + ν α° °
E E E E t t

We obtain
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yσ = −110.2 MPa

Finally,

xyτ = 0

And with Equation 11.4, we deduce, in axes (ℓ, t) of the 90° plies,



σ = −110.2 MPa

tσ = 37.5  MPa

tτ = 0

Note: When writing the Tsai-Hill expression (see Section 5.3.2) for the 90° plies, we 
obtain, using the failure strengths in Table 3.4 of Section 3.3.3,

( )( )−





+ 



 − −





=110.2
1,130

37.5
42

110.2 37.5
1,130

0.81
2 2

2

The safety factor8 equals only

− =1
0.81

1 11%

This low value is due to high value of σt close to the failure strength. From there is the 
phenomenon of microfracture of the resin that happens during cooling. Subsequently, the 
microcracks favor the absorption of moisture by the resin and secondarily by the fibers, 
which provokes expansion analogous to that induced by heating, with hygrometric expan-
sion coefficients (see Section 12.1.8). The consequence is a reduction of residual stress in 
the plies, with values weaker than those mentioned earlier.

20.5 � THERMOELASTIC BEHAVIOR OF A GLASS/POLYESTER TUBE

Problem Statement
Obtain the thermoelastic behavior of a cylindrical filament-wound tube made of E-glass/polyes-

ter, with ±45° balanced composition and with fiber volume fraction Vf = 25%.
Solution
In axes (x, y) in Figure 20.3, the stress-strain law takes the form of Equation 12.19:

FIGURE 20.3  Filament-wound tube.
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•	 Calculation of elastic moduli
First, we have to evaluate the matrix h Aij( ) 1 /  in Equation 12.7. This calculation 

requires the stiffness coefficients Eij for each ply in Equation 11.8.
In this view, we first calculate the elastic moduli of a ply in its axes (ℓ, t). We have, 

according to Equation 10.2 and those that follow, and numerical values in Tables 1.3 and 
1.4 of Section 1.6,

E


= × + × =74,000 0.25 4,000 0.75 21,500 MPa

0.25 0.25 0.4 0.75 0.36


ν = × + × =t

Et = ×
+ ×

=4,000
1

0.75
4,000

74,000
0.25

5,240MPa

G t = ×
+ ×

=1,400
1

0.75
1,400

30,000
0.25

1,840 MPa

5,240 / 21,500 0.36 0.088


ν ( )= × =t

E Et

= =22,200 MPa; 5,410 MPa

Then (Equation 11.8)

E E E E

E E

E E

E E E E

= = = =

= =

= =

= − = −

+ ° − ° + ° − °

+ ° − °

+ ° − °

+ ° − ° + ° − °

9,720 MPa

5,928 MPa;

6,040 MPa

;

11
45

11
45

22
45

22
45

33
45

33
45

12
45

12
45

13
45

13
45

23
45

23
45

From which with Equation 12.8

h
Aij ( )  =

















1
9,720 6,040 0

6,040 9,720 0

0 0 5,928

MPa

In inverting this matrix (see Equation 12.9),
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E E

E E

G

x

yx

y

xy

x y

xy

( )

− ν

− ν



























=
× − ×

− × ×























− −

− − −

1
0

1
0

0 0
1

1.676 10 1.041 10 0

1.041 10 1.676 10 0

0 0
1

5,928

MPa

4 4

4 4 1

From which by identification

E E

G

x y

yx xy

xy

= =
ν = ν =

=

5,966 MPa

0.62

5,928 MPa

•	 Calculation of thermal expansion coefficients
We first calculate from Equation 12.18

h
Eh

h
Eh

h
Ehx y xy〈α 〉 〈α 〉 〈α 〉1

, 
1

,
1

This requires knowledge for each ply of terms Eα 1, Eα 2, and Eα 3 (Equations 12.17 and 
11.10 and numerical values in Tables 1.3 and 1.4 of Section 1.6). First, the expansion coef-
ficients 



α  and tα  of a ply in its axes (ℓ, t) are obtained from Equations 10.7 and 10.8 and 
numerical values in Tables 1.3 and 1.4 of Section 1.6:

t

α = × α = ×− −1.55 10 ; 7.86 105 5

Then

E E E Eα = α = α = α = °+ ° − ° + ° − °
0.476  MPa / C1

45
1

45
2

45
2

45

E Eα = −α+ ° − °
3

45
3

45

From which (Equation 12.17)
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

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
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
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°
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1

1

0.476
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0
MPa / C

Then (Equation 12.18)
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α
α
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





















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×
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
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












− −

− −

−

−

1.676 10 1.041 10 0

1.041 10 1.676 10 0

0 0
1

5,928
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0

3.02 10

3.02 10
0

4 4

4 4

5

5
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In summary, the thermoelastic behavior of the filament-wound tube in glass/polyester can 
be written as

T
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20.6 � CREEP OF A POLYMERIC TUBE REINFORCED BY 
FILAMENT WOUND UNDER THERMAL STRESS

Consider a cylindrical tube of revolution made of polyvinylidene fluoride (PVDF) reinforced exter-
nally by filament winding of glass/polyester at ±45° from the cylinder generatrices, as in Figure 20.4.

The constituent characteristics are as follows:

•	 Polymer tube:
Thickness e = 10 mm1 ; isotropic material; elasticity modulus E = 260 MPa1 ; Poisson 

coefficient ν = 0.31 ; thermal expansion coefficient ( )α = × °− −15 10 C1
5 1 .

•	 Glass/polyester reinforcement:
Thickness e = 3mm2 ; elasticity modulus E2; Poisson coefficient ν2

Coefficient of thermal expansion ( )α = × °− −0.7 10 C2
5 1 . These coefficients are valid in axes (x, y) 

defining the tangent plane in Figure 20.4. Fiber volume fraction Vf = 60%.
Problem Statement
The thicknesses e1 and e2 are small relative to the average radius of the tube, denoted as r.

	 1.	Give the numerical values of E2 and 2ν  (noting that the elastic moduli of epoxy resins and 
polyester resins are equivalent).

	 2.	When taking into account a temperature variation ∆T, the mechanical behavior of polymer 
(1) and reinforcement (2), respectively, can be written in axes (x, y):

E E

E E

G

T
x

y

xy

x

y

xy

ν

ν
ε
ε
γ



















=

−

−



























σ
σ
τ



















+ α ∆












1
0

1
0

0 0
1

1
1
0

1

1

1

1

1

1

1

1 1

1

1

1

1

1

FIGURE 20.4  Polymeric tube reinforced with GFRP.
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where we can recognize the strain and stress values in each of the materials. Starting with 
an assembly (polymer + reinforcement) not stressed nor strained at ambient temperature 
(20°C), this assembly is heated up to a temperature of 140°C.

	 a.	 Write the equations describing the external load balance of this assembly.
	 b.	 Write the equality of strain. Deduce a system of equations that allows the calculation 

of stress values x y x yσ σ σ σ, , ,1 1 2 2 .
	 c.	 Numerical application: Calculate the stress values in each of the two components 

(polymer and glass/polyester reinforcement) as well as the strains.
	 3.	Being thereby subject to high temperature, the internal tube in polymer obeys creep law. 

The stress values calculated previously do not remain constant in time. They evolve and 
stabilize at a certain final state. When this state is achieved, if the internal polymer tube 
is separated, by imagination, from its reinforcement and is cooled quickly from 140°C to 
20°C, residual strain will be observed, denoted as x y∆ε = ∆ε = ∆ε1 1 , whereas in the absence 
of creep, there would be no residual strain in this tube.

	 a.	 Write the four equations allowing the calculation of stress values in the assembly at 
140°C after creep in the polymer, denoted as x′σ1 , y′σ1 , x′σ2 , y′σ2 .

	 b.	 Numerical application: It has been found from the experiment that 0.6 1∆ε = − × α ∆T .  
Calculate the stress values after creep.

	 4.	Considering the assembly at 140°C already crept, we cool the whole reinforced tube 
quickly, from 140°C to 20°C. Calculate the final stress values in the assembly at the end of 
cooling, denoted as x′′σ1 , y′′σ1 , x′′σ2 , y′′σ2 . Comment.

Solution

	 1.	For elastic characteristic values of a unidirectional ply in glass/polyester with Vf = 0.6, 
we will take those of a glass/epoxy ply in Table 3.4. For a laminate at ±45°, Chart 5.14 of 
Section 5.4.2 shows

E = 14,130 MPa2

ν = 0.572

	 2.
	 a.	 Equilibrium of the assembly: Section cuts as meridian section and cross section in 

Figure 20.5 do not show any external resultant force despite of the existence of thermal 
induced stress.

In addition, because thicknesses are small compared with the radius, each stress 
value will be taken uniform over the thickness. From there, we have

r e e e ex x y y( )( )π σ + σ = × σ + σ =2 0 ;  1 2 01 1 2 2 1 1 2 2

Then

	 e ex xσ + σ = 01 1 2 2 	
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	 e ey yσ + σ = 01 1 2 2 	 (20.8)

Due to the symmetry of revolution for the stress distribution, there is no shear stress:

xy xyτ = τ = 01 2

	 b.	 Equality of strains: the bonding between components 1 and 2, which is assumed per-
fect, ensures this equality:

; ;1 2 1 2 1 2ε = ε ε = ε γ = γx x y y xy xy

With the behavior as mentioned in the problem statement, the equalities become

	
E E

T
E E

Tx
y

x
y

ν νσ − σ + α ∆ = σ − σ + α ∆1

1

1

1
1 1

2

2

2

2
2 2 	 (20.9)

	
E E

T
E E

Tx

y

x

yν ν− σ +
σ

+ α ∆ = − σ +
σ

+ α ∆1

1
1

1

1
1

2

2
2

2

2
2 	 (20.10)

Equations 20.7–20.10 constitute a system of four equations for four unknowns: x yσ σ,1 1 , 

x yσ σ,2 2 .
	 c.	 In performing successively (20.9) – (20.10), (20.9) + (20.10), then substituting xσ2 , yσ2  

obtained from Equations 20.7 and 20.8, we obtain

T

E
e
e E

x y

x y ν ν
( )

σ −σ =

σ + σ = ∆ × α − α
−
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
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1 1

1 1
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2

From which

T

E
e
e E

x y ν ν
( )σ = σ = ∆ × α − α

−





+ −





1 1
1 1

2 1

1

1

1

2

2

2

We deduce from there, with ∆T = 140 − 20 = 120°C,

x yσ = σ = −6.14 MPa1 1

x yσ = σ = 20.4 MPa2 2

FIGURE 20.5  Equilibrium of the assembly.
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The internal polymer tube is in biaxial compression. The external tube in glass/poly-
ester is in biaxial tension. The mechanical behavior as given in the problem statement 
then indicates

x x y yε = ε = ε = ε = × −1.47 101 2 1 2
3

	 3.	Creep
	 a.	 The equilibrium relationships are formally unchanged as

	 e ex x′σ + ′σ = 01 1 2 2 	 (20.11)

	 e ey y′σ + ′σ = 01 1 2 2 	 (20.12)

The relationships characterizing the perfect bonding are now amended in accordance 
with Figure 20.6.

With the constitutive equations recalled in the problem statement, these equalities 
become

	
E E
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E E
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y
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y

ν ν′σ − ′σ + α ∆ + ∆ε = ′σ − ′σ + α ∆1

1

1

1
1 1
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2
2 2 	 (20.13)
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′σ

+ α ∆ + ∆ε = − ′σ + ′σ + α ∆1
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2
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2
2 	 (20.14)

	 b.	 Numerical application: In performing successively (20.13) – (20.14), (20.13) + (20.14), 
then substituting x′σ2  and y′σ2  calculated from Equations 20.11 and 20.12, we obtain
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E
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e E

yx ν ν
( )′σ = ′σ = ∆ × α − α
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1

1
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2

Then

x y′σ = ′σ = −2.28 MPa1 1

x y′σ = ′σ = 7.6 MPa2 2

FIGURE 20.6  Creep.
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	 4.	Cooling: By simply suppressing the increase in temperature ∆T in Equations 20.13 and 
20.14, the system of equations becomes

e e

e e
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With an analogous resolution method to that used previously, we obtain
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1 1

2 2

It is worth noting that the polymer tube is loaded now in biaxial tension. Therefore, during 
an operating cycle, the polymer tube is successively compressed, released by creep, and 
then extended, as shown in Figure 20.7.

These loading cycles are repeated during the life of the tube, and this increases the risk 
of fatigue failure. Therefore, an oversizing of the polymer tube is necessary, which leads to 
low stresses in the polymer, to prevent the risks of:

•	 Buckling of the compressed tube at the defect locations in adhesive bond between 
polymer and glass/polyester reinforcement

•	 Tensile failure during the cooling

FIGURE 20.7  Operating cycle for the polymer tube.
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20.7 � FIRST-PLY FAILURE OF A LAMINATE; ULTIMATE STRENGTH

Problem Statement
Consider a carbon/epoxy laminate with 60% fiber volume fraction and the composition as in 

Figure 20.8. 

	 1.	
	 a.	 Give the elasticity moduli and Poisson coefficients of this laminate.
	 b.	 What maximum tensile stress denoted as xσ max can be applied without damage?
	 2.	When the value xσ max is exceeded, the 90° plies are damaged by microcracks in epoxy 

resin, corresponding to the first-ply failure. Elastic characteristics of the cracked plies at 
90° are therefore decreased with respect to their initial values for intact plies. We shall 
admit the following damage factors9:

; 0.1fractured intact fractured intact� �� �′ ′ ×E E E Et t

G Gt t t t� �� � � �′ × ′ν × ν0.1 ; 0.1fractured intact fractured intact

	 a.	 Calculate the new terms of matrix h A[ ]( )1 /  for the elastic behavior10. Deduce from 
there the new elastic moduli of the damaged laminate. Comment.

	 b.	 Calculate the maximum stress xMσ , so-called ultimate strength, leading to complete 
failure of this laminate, that is, rupture of 0° plies, or last-ply rupture.

	 3.	What is the failure strength value, denoted as xM′σ , that would be obtained by eliminating 
all elastic characteristics of the damaged 90° plies?

How could we obtain rapidly this value xM′σ ?
	 4.	The dimensioning of an aeronautical part is carried out using the previous laminate, with 

the following considerations:

	 a.	 When the part is subject to a stress along the x-direction, so-called limit load, it stays 
in a reversible elastic domain and is not altered in its structure.

	 b.	 When the part is subject to a stress along the x-direction, so-called ultimate load, the 
result is the total rupture.

Moreover, the regulatory specify

Ultimate load 1.5 limit load= ×

What values of xσ  should be kept here for ultimate load and for limit load, 
respectively?

FIGURE 20.8  Composition of the laminate.
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Solution

	 1.
	 a.	 According to Charts 5.4 and 5.5 of Section 5.4.2, we note for the specified composition

108,860 MPa; 32,447 MPa

0.054 ;   0.016 MPa

4,200 MPa

ν ν
= =
= =
=

E E

G

x y

xy yx

xy

	 b.	 Chart 5.1 of Section 5.4.2 indicates for the first-ply failure:

xσ = 659 MPa

	 2.
	 a.	 Terms of matrix h A[ ]( )1 /  are written as (Equations 12.7 and 12.8)

h
A E p E pij ij ij= × + ×° ° ° °1 0 0 90 90

Coefficients Eij are given by Equation 11.811:

E E E

E

= = =

=

° ° °

°

134,440 MPa; 7,023MPa; 1,748 MPa

4,200 MPa

11
0

22
0

12
0

33
0

The 90° plies are damaged. Then12

E E E E

E E E

t

t



 

⇒ ′ = ⇒ ′ =

⇒ ′ν ′ = =

° °

° °

700 MPa; 134,000 MPa

17.5MPa; 420 MPa 

11
90

22
90

12
90

33
90

Hence after calculation,

h
A[ ] ( )=

















1
107,692 1,402 0

1,402 32,418 0

0 0 3,444

MPa

The new moduli of the damaged laminate are obtained by inverting the matrix. We 
have (Equation 12.9)

h A

E E

E E

G

x

yx

y

xy

x y

xy

ν

ν[ ] =

′
− ′

− ′
′ ′

′



























−

1
0

1
0

0 0
1

1

'

Which leads to
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E

E

G

x

y

xy yx

xy

ν ν

′ =
′ =
′ = ′ =
′ =

107,630 MPa

32,400  MPa

0.043; 0.013

3,444 MPa

Note that only the shear modulus Gxy has its value significantly decreased with respect 
to the intact laminate.

	 (b)	 The 90° plies being damaged, the total failure of the laminate corresponds to rupture 
of the 0° plies. Let xMσ  be the corresponding ultimate failure strength. From the fore-
going, the mechanical behavior of the damaged laminate is written as

ox

oy

oxy

x x

x

M M

M

ε
ε
γ



















=
× − ×

− × ×
×



















σ















=

× × σ

− × × σ



















− −

− −

−

−

−

9.29 10 4.02 10 0

4.02 10 3.086 10 0

0 0 2.9 10

0
0

9.29 10

4.02 10

0

6 7

7 5

4

6

7

From which the stress state in the 0° plies (Equation 11.8)

E E

E E

x ox oy x

y ox oy x t

xy t

M

M





σ = ε + ε = × σ = σ

σ = ε + ε = × σ = σ
τ = = τ

° °

° °

1.248

0.0134

0

11
0

12
0

12
0

22
0

Writing the saturation of the Tsai-Hill criterion for xMσ  (see Section 5.3.2) with the 
failure strength values of Section 3.3.3

x x xM M M× σ





+ × σ



 − × × σ =1.248

1,270
0.0134

42
1.248 0.0134

1,270
1

2 2 2

2

We obtain

xMσ = 973MPa

	 3.	 If we cancel all elastic characteristics of the damaged plies at 90°, the 
h

A[ ]1
 matrix becomes

1
[ ] 0.8

0

0

0 0

then
1

0.8

1
0

1
0

0 0
1

1

  















ν

ν

ν[ ]=
ν

















=

−

−



























−

h
A

E E

E E

G

h A

E E

E E

G

t

t t t

t

t

t

t

t

t

Under an ultimate loading xM′σ  we note the strain values:

1
0.8

;
1

0.8
; 0







νε = ′σ ε = × − ′σ γ =
E E

ox
x

oy
t

x oxy
M

M
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Then in the 0° plies,

E E

E E

x ox oy
x

y t ox oy

M


σ = σ = ε + ε = ′σ

σ = σ = ε + ε =

° °

° °

0.8

0

11
0

12
0

12
0

22
0

And the saturated Tsai-Hill criterion takes the form

xM′σ
×







=
0.8 1,270

1
2

Thus,

xM′σ = 1,016 MPa

We should immediately obtain this value by noting that a stress resultant such as Nx can 
be written as

N h h hx x x x

 

= σ × = σ × + σ ×0.8 0.20 90  

Then

x xM M′σ = σ × = × =° 0.8 1,270 0.8 1,016 MPa0

Note that the failure strength xMσ  corresponding to the last-ply failure calculated in the 
previous problem is less than xM′σ . It would have been unwise to reason as if the 0° plies 
were alone to resist while occupying 80% of the thickness of the laminate.

	 4.	Considering that the limit load corresponds to first-ply rupture, we have xσ = 659 MPalimit . 
Hence, the ultimate load will be

xσ = × =1.5 659 988 MPaultimate

This is an excessive value because the last-ply failure occurs with xMσ = 973 MPa. In such 
a view, we should keep
•	 For ultimate load, x xMσ = σ = 973MPaultimate

•	 For limit load,

x
xMσ = σ =

1.5
649 MPalimit

Which is less than the value corresponding to first-ply failure.

20.8 � OPTIMUM LAMINATE FOR ISOTROPIC PLANE STRESS

Problem Statement
Consider a laminate subjected to the plane stress x y xyσ = σ = σ τ =; 00 , characterizing an iso-

tropic state of plane stress.
This laminate presents the composition as in Figure 20.9: 
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	 1.	By a literal calculation, show that the strain of the laminate is invariant for any value of 
p ≤ 0.5. Verify this property by means of Chart 5.4 in Section 5.4.2 for p = 0%, 30%, 50%.

	 2.	Show that the Tsai-Hill criterion has the same value regardless of the ply, no matter what 
the proportion p. Comment.

	 3.	Verify the previous property for a carbon/epoxy laminate by means of the figures in 
Appendix A for p = 0%, 30%, 50%.

Solution

	 1.	Determination of apparent moduli of the carbon/epoxy laminate: We begin by calculating 
the terms of matrix h A[ ]( )1 /  (Equations 12.7 and 12.8):

h
A E p E p E p E p= × + × + × −



 + × −





° ° + ° − °1 1
2

1
2

11 11
0

11
90

11
45

11
45

From Equation 11.8,

E E E E E E
E E

E Gt
t

t t



  

( ) ( )= = = =
+

+ ν +° ° + ° − °; ;
4

1
2

211
0

11
90

11
45

11
45

h
A p E E p

E E
E G

h
A p

E E
E G

E E
E G

h
A

h
A

t
t

t t

t
t t

t
t t





  



  



  

( ) ( ) ( )

( ) ( )

= + + −





+
+ ν +













=
+

− ν −












+
+

+ ν +












=

1
2

1
2 4

1
2

2

1
2

2
1
2 2

2

1 1

11

11

22 11

h
A p E p E E G E

h
A p

E E
E G

E E
E G

h
A

h
A

t t t t

t
t t

t
t t

     



  



  

( )= × ν + −



 + − + ν





= − + − ν −





+ + + ν −



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= =

1
2 2

1
2

1
4

4
1
2

1
2

2
1
2 2

2

1 1
0

12

12

13 23

FIGURE 20.9  Composition of the laminate.
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The constitutive law in Equation 12.7 here takes the form

h

A A

A A

A

o

o

ox

oy

oxy

σ
σ












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


=






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
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

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ε
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






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
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1
0

0

0 0
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21 22
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After inversion,

E E

E E

G

ox

oy

oxy

x yx y

xy x y
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h
A A A p

E E
E G G

E E
Et

t t t
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t
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Then we obtain the strain values:

1

2

; 0


 

ν

ν
ε = σ −





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= σ
+ +
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
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E E E E

E
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In summary13,

2

; 0


 

ν
ε = ε = ε = σ

+ +





γ =
E E

E
ox oy o

o

t
t

oxy

The strain oε  is independent of the proportion p and of the shear modulus G t . Each elastic 
characteristic that is mentioned has the same weight: E E E Et t t t   

ν = ν, , .
•	 Verification (Chart 5.4 of Section 5.4.2)

p E Ex y xy yx= = = ν = = ν0% : 15,055MPa; 0.79

ox oy o ( )ε = ε = ε = × × σ−1.39 10 MPa5
0

p E Ex y xy yx= = = ν = = ν30% : 55,333MPa; 0.23

ox oy o ( )ε = ε = ε = × × σ−1.39 10 MPa5
0

p E Ex y xy yx= = = ν = = ν50% :  70,687  MPa ; 0.025
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ox oy o ( )ε = ε = ε = × × σ−1.38 10 MPa5
0

	 2.	Tsai-Hill criterion

•	 0° plies: following Equation 11.8,

E E E

E E E

x ox t oy o t

y t ox t oy o t t

xy

    

  

( )
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And following Equation 11.4,
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•	 90° plies: following Equations 11.8 and 11.4,
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•	 +45° plies: following Equations 11.8 and 11.414,

E

E
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•	 -45° plies: in an analogous manner,

E
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Therefore, the Tsai-Hill criterion (see Section 5.3.2 or Equation 14.6) has the same 
value in each of the plies, no matter what the proportion p and the shear modulus G t .

Notes

•	 When the Tsai-Hill criterion is saturated, failure occurs simultaneously in all plies.
•	 We automatically obtain such a laminate with balanced fabric layers at 0° and 45°. It is 

then convenient to calculate the thickness by considering the proper failure strength of the 
fabric layer15.
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	 3.	Verification
(see figures in Appendix A.)

20.9 � LAMINATE MADE OF IDENTICAL LAYERS OF BALANCED FABRIC

Problem Statement
A carbon/epoxy laminate consists of a stacking of identical balanced fabric layers with the com-

position illustrated in Figure 20.10. The fiber volume fraction is Vf = 60%.

p = 0%

Figures A.3 and A.7

 

Figures A.4 and A.8

Plies at +45° σℓ σt τℓt Plies at −45° σℓ σt τℓt

σx = 1 MPa 0.94 0.06 −0.5 σx = 1 MPa 0.94 0.06 0.5

σy = 1 MPa 0.94 0.06 0.5 σy = 1 MPa 0.94 0.06 −0.5

Total (MPa) 1.88 0.12 0.0 Total (MPa) 1.88 0.12 0

Tsai-Hill criterion: 1.02 × 10−5 Tsai-Hill criterion: 1.02 × 10−5

p = 30%
Figures A.1 and A.5  Figures A.2 and A.6

Plies at 0° σℓ σt τℓt Plies at 90° σℓ σt τℓt

σx = 1 MPa 2.4 0.0 0.0 σx = 1 MPa −0.54 0.12 0.0

σy = 1 MPa −0.54 0.12 0.0 σy = 1 MPa 2.4 0.0 0.0

Total (MPa) 1.86 0.12 0.0 Total (MPa) 1.86 0.12 0.0

Tsai-Hill criterion: 1.017 × 10−5 Tsai-Hill criterion: 1.017 × 10−5

 

Figures A.3 and A.7  Figures A.4 and A.8

Plies at +45° σℓ σt τℓt Plies at –45° σℓ σt τℓt

σx = 1 MPa 0.94 0.06 −0.09 σx = 1 MPa 0.94 0.06 0.09

σy = 1 MPa 0.94 0.06 0.09 σy = 1 MPa 0.94 0.06 –0.09

Total (MPa) 1.88 0.12 0.0 Total (MPa) 1.88 0.12 0

Tsai-Hill criterion: 1.02 × 10−5 Tsai-Hill criterion: 1.02 × 10−5

p = 50%
Figures A.1 and A.5  Figures A.2 and A.6

Plies at 0° σℓ σt τℓt Plies at 90° σℓ σt τℓt

σx = 1 MPa 1.9 0.02 0.0 σx = 1 MPa −0.02 0.1 0.0

σy = 1 MPa −0.02 0.1 0.0 σy = 1 MPa 1.9 0.02 0.0

Total (MPa) 1.88 0.12 0.0 Total (MPa) 1.88 0.12 0.0

Tsai-Hill criterion: 1.02 × 10−5 Tsai-Hill criterion: 1.02 × 10−5

FIGURE 20.10  Laminate made of balanced fabric.
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Give the elastic behavior equation of this laminate in axes (x, y) and then in axes (X, Y).
Solution

•	 Axes (x, y): The fabric being balanced, each layer can be replaced by two identical unidi-
rectional plies crossed at 90°, with the thickness (see Section 3.4.2)

e e e= = / 2warp weft

The laminate is balanced with composition as in the following figure:

•	 Elastic moduli: From Chart 5.4 of Section 5.4.2,

E Ex x ( )= + ∆55,333 MPa

∆Ex can be evaluated by linear interpolation starting from

dE
E
p

dp
E

p
dpx = ∂

∂
× + ∂

∂
×°

°
°

°
0

0
90

90

As

Ex ( ) ( )∆ = − × + − × =65,888 55,333
3

10
53,545 55,333

3
10

2,630 MPa

Then

E Ex y= =57,960 MPa

•	 Poisson coefficient: xy xyν = + ∆ν0.23 .
From an analogous calculation,

xy yxν = = ν0.20

•	 Shear modulus: From Chart 5.5 of Section 5.4.2,

G Gxy xy ( )= + ∆16,315 MPa

After analogous calculus,

Gxy = 14,500 MPa
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From which the behavior equation in axes (x, y) (see Equation 12.9) is as follows:
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•	 Axes (X, Y): The laminate is balanced, with the following composition:

In using the same charts as before, we obtain

E E E

G G

X Y X

XY YX XY

XY XY

= = + ∆ =
ν = ν = + ∆ν =

= + ∆ =

31,979 41,400MPa

0.56 0.43

28,430 24,190 MPa

From which the behavior equation in axes (X, Y) (see Equation 12.9)
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oXY

oX

oY

oXY

( )
ε
ε
γ

















=

−

−



























σ
σ
τ

















1
41,400

0.43
41,400

0

0.43
41,400

1
41,400

0

0 0
1

24,190

MPa

Notes

•	 We should note that a laminate constituted by layers of balanced fabric with four orienta-
tions (0°, 90°, +45°, −45°) admits two systems of orthotropic axes:

x y X Y( ) ( ), and  , .

•	 The elastic properties are reliably estimated when one uses Charts 5.4 and 5.5 in Section 
5.4.2. The same cannot be said for the maximum admissible stresses indicated in Charts 
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5.1, 5.2, and 5.3 that are valid only for laminates made of unidirectional layers. In effect, 
the rupture strength for a layer of balanced fabric is clearly higher in tension than the 
first-ply failure value for the first ply of an equivalent laminate made up of layers at 0° 
(50%) and 90° (50%). For a calculation of first-ply failure, or for the failure criterion of the 
laminate proposed in this application, it would be appropriate to consider a fabric layer 
as an anisotropic ply with thickness e (see Section 3.4.2) with the rupture stress values 

, ,rupt. rupt. rupt. 

σ σ τt t of the balanced fabric itself (see examples in Section 3.4.3)16. The equiva-
lence is then17

20.10 � CARBON/EPOXY WING SPAR

Problem Statement
We consider an airplane control surface, with the internal structure (excluding skins) shown 

schematically in Figure 20.11. It consists of a spar and several ribs. The spar is a laminate of carbon/
epoxy fabric with fiber volume fraction Vf = 45%. The composition varies along the longitudinal 
coordinate axis x, in the flange (Zone 1), and in the web (Zone 2). A preliminary calculation of the 
flight surface under loading reveals maximum stress resultants located in the spar areas indicated 
in the figure.

FIGURE 20.11  Wing spar.
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For each of these two zones is proposed a laminate composition as indicated in the figure. For 
each of these laminates,

	 1.	Evaluate the elastic properties
	 2.	Verify the laminate
	 a.	 At failure
	 b.	 At buckling

Thickness of a fabric layer is 0.24 mm. Properties of carbon/epoxy fabric are shown in Section 3.4.3.
Solution

	 1.	Elastic properties
	 a.	 Zone 1: Composition of the laminate18

Calculation of elastic moduli: From Equations 12.7–12.9 and 11.8,

E E E E E G

E
E E

E G E
E E

G E

E
E E

E

t t

t
t t

t
t t

t
t

   



  



  



 

( )

= = ν =

= + + ν + = + − + ν

= + − ν

° ° °

° °

°

; ;

4
1
2

2 ;
4

1
2

4
1
2

11
0

12
0

33
0

11
45

12
45

33
45

With (See Section 3.4.3)

1
; 54,000 MPa; 0.045

4,000 MPa





( )= =
− ν × ν

= ν = ν =

= =

E E
E

E

G G

t
x

xy yx
x xy yx

t xy

Then

E E E

E E E

= = =

= = =

° ° °

° ° °

54,100 MPa; 2,435MPa; 4,000 MPa 

32,270 MPa; 24,270 MPa; 25,840 MPa

11
0

12
0

33
0

11
45

12
45

33
45

We deduce

h
A E E

h
A

h
A E E

h
A E E

= × + × = =

= × + × =

= × + × =

° °

° °

° °

1
0.67 0.33 46,900 MPa

1

1
0.67 0.33 9,640 MPa

1
0.67 0.33 11,210 MPa

11 11
0

11
45

22

12 12
0

12
45

33 33
0

33
45
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After calculation of h A[ ]–1, we obtain the behavior equation in zone 1:

	
ox

oy

oxy

ox

oy

oxy

ε
ε
γ



















=

−

−



























σ
σ
τ



















1
44,920

0.2
44,920

0

0.2
44,920

1
44,920

0

0 0
1

11,210

	 (20.15)

	 b.	 Zone 2: Composition of the laminate
Following the same method as earlier,

h
A

h
A E E

h
A

h
A

= = × + × =

=

=

° °1 1
0.4 0.6 41,010 MPa

1
15,540 MPa

1
17,100 MPa

11 22 11
0

11
45

12

33

Then, after inversion,
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ε
ε
γ



















=

−

−



























σ
σ
τ



















1
35,120

0.38
35,120

0

0.38
35,120

1
35,120

0

0 0
1

17,100

	 (20.16)

	 2.
	 a.	 Verification of nonrupture

•	 Zone 1: Compression in the lower flange: Nx = −435N/mm. With nine fabric lay-
ers of thickness 0.24 mm, this corresponds to an overall stress

oxσ = −202 MPa

From which the strain values with Equation 20.15

ox oyε = − × ε = × γ =− −4.497 10 ; 9 10 ; 03 4
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Layers at 0°/90° (Equation 11.8):





σ = × ε + × ε = − = σ

σ = × ε + × ε = = σ

τ = = τ

° ° ° °

° ° ° °

°

241MPa

38 MPa

0

0
11
0

12
0 0

0
21
0

22
0 0

0

E E

E E

x ox oy

y ox oy t

xy t

When writing the Tsai-Hill expression (see Section 5.3.2 and Chapter 14)19

( )− + − − × = <241
360

38
420

241 38
360

0.72 1
2

2

2

2 2
2

A safety factor appears as (see Section 14.2.3)

− =1
0.72

1 38%

Layers at 45°/−45°: An analogous calculation leads to the much weaker value for 
the Tsai-Hill expression of (0.49)2. The layers 0°/90° fail first.

•	 Zone 2: With a shear resultant Txy = −30 N/mm and five fabric layers with 0.24 mm 
thickness, this corresponds to an overall stress

oxyτ = −25MPa.

We obtain then the strain values by means of Equation 20.16:

o o ox y xyε = ε = γ = − × −0 ; 0 ; 1.46 10 3

Layers at 45°/–45° (Equation 11.8)

x y xyσ = σ = τ = −° ° °0 ; 38 MPa45 45 45

Equation 11.4

xy t t 

σ = −τ = = −σ τ =° ° ° °38 MPa ; 045 45 45 45

Tsai-Hill expression

( ) ( )+ − − − × =38
420

38
360

38 38
420

0.17
2

2

2

2 2
2

Corresponding to a safety factor of

− =1
0.17

1 500%

Layers at 0°/90°: A smaller value of (0.1)2 is found for the Tsai-Hill expression. 
The 45°/−45° layers fail first.

	 b.	 Verification for buckling: This is done starting from the figures of Appendix B. In this 
view, we first evaluate the constants C C C C,  ,  , 11 22 12 33 that appear in the constitutive 
law for bending (see Equation 12.16):
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•	 Zone 1

From which

C C

C C

C

= = ×
= = ×
= ×

39,930 N mm

7,555 N mm

8,870 N mm

11 22

12 21

33

Then

C[ ] ( )=
















×
39,930 7,555 0

7,555 39,930 0

0 0 8,870

N mm

Consider the unfavorable case of a plate simply supported along two of its sides, 
clamped along the third side, and free on the fourth one (See Figure 20.11). When 
using Figure B.4 in Appendix B with the values

C
C C

C C
a
b

C
C

= +
×

= = 





2 25,295
39,930

0.63;  112 33

11 22

22

11

1/4

We obtain

k ≈ 1.15

From which the critical normal load resultant in compression is

Nx = × π ×1.15
39,930

40
critical

2
2

Nx = <283N/mm 435N/mm appliedcritical

Ply no. k 1 2 3 4 5 6 7 8 9

z zk k( )− −

3

3
1

3 0.2223 0.1256 0.0564 0.0150 1.152 × 10–3 0.0150 0.0564 0.1256 0.2223
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There is a risk of buckling, and we should reinforce the wing in the central part of 
the spar where the compressive normal resultant is maximum by means of exterior 
layers at 0°/90° in such a way to augment C11 and C22. For example, with a supple-
mentary external layer on either side,

C C C′ = ′ = ′ =77,475N/mm; 9,245N/mm; 11,646 N/mm11 12 33

From which C = 0.42, k ≈ 1, and

477  N/mm 435N/mm  applied critical′ = >Nx

•	 Zone 2

We obtain after calculation

C[ ] ( )=
















×
5,300 2,840 0

2,840 5,300 0

0 0 3,065

N mm

In the unfavorable case of a plate simply supported on four sides (See Figure 20.11), 
Figure B.6 in Appendix B should be used with the values

C
a
b

C
C

= 





1.7 ; 122

11

1/4

We obtain

k ≈ 7

From which the critical shear stress resultant is

Txy = × π ×7
5,300
130

critical
2

2

Txy = <21N/mm 30 N/mm appliedcritical

There is therefore a risk of buckling and the web should be reinforced in this zone 
of the spar where the shear resultant is at maximum value. A supplementary exter-
nal layer at 0°/90° on either side of this web gives

C C C′ = ′ = ′ =18,890 N/mm; 3,450 N/mm; 4,070 N/mm11 12 33
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From which C = 0.6, k ≈ 4.3, and

Txy = >47 N/mm 30 N/mm applied. critical

20.11 � ELASTIC CONSTANTS OF A CARBON/EPOXY 
UNIDIRECTIONAL LAYER, BASED ON TENSILE TEST

Problem Statement
Consider a unidirectional carbon/epoxy plate, from which two samples are cut as shown in 

Figure 20.12. These coupons are tested in a testing machine. Strain values are measured using strain 
gages arranged as shown. The strain values obtained under different loads are linearized. Values 
corresponding to a uniform tensile stress xσ  equal to 20 MPa are presented. Calculate the elastic 
constants of the unidirectional layer subject to In-plane loading.

Solution
We can use the relationships in 11.5:

•	 Sample No. 1: Axes x and y coincide with axes ℓ and t (θ = 0), from which

20
143 10

139,860 MPa

0.25

1 6

1


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




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ε = σ = σ → =
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=

ε = − × σ = − × σ → =

−E E
E

E E

x

x

x

xy

x
x

t
x t

x

y

•	 Sample No. 2: Axes x and y make an angle of θ = 20° with axes  and t, from which20

1
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1 1 1

2

4 4
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2
4 4 2 2

 
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  
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
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



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

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x
x

t

t t
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t t
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

+ = ×

− = ×






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


−

−

1 0.1325
2.69 10

1 1
1.144 10

4

4

FIGURE 20.12  Carbon/epoxy samples.
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From which Et = 7,320 MPa; G t = 3,980 MPa.
In summary,

139,860  MPa

7,320 MPa

0.25 ; 0.013

3,980 MPa



 



ν ν

=
=

= =
=

E

E

G

t

t t

t

20.12 � SAILBOAT HULL IN GLASS/POLYESTER

Problem Statement
Consider a laminated shell plating of a sailboat, in glass/polyester. It is made up of a stack of 

layers of balanced fabric and glass mat. The reinforcements, in “E” glass, are in the following form:

•	 Balanced fabric: Vf = 20%. Mass of glass per square meter: m f = 500 g/m0
2

•	 Mat: VfM = 15%. Mass of glass per square meter: m fM = 300 g/m0
2

	 1.	 Calculate the thickness of
	 a.	 A glass/polyester fabric layer
	 b.	 A glass/polyester mat layer
	 2.	 Given the composition of the laminated shell plating as follows:

M F M F M F
S

( )  ↔ ↔/ / / with mat; fabric

What is the total thickness, denoted as h, of the shell plating?
	 3.	 Elastic characteristics of a fabric layer: A layer of balanced fabric is considered to 

be equivalent to two series of unidirectional plies crossed at 90°, each of these series 
measuring half of the total fabric layer thickness (see Figure 20.13).

The elastic constants of these unidirectional plies are

E E Gt t t  

= = = ν =18,000 MPa; 4,900 MPa; 1,850 MPa; 0.3

Calculate the elastic characteristics (moduli, Poisson coefficients) of a fabric layer, in 
warp (C) and weft (T) axes.

	 4.	 The mat layers are considered isotropic in their planes, with

E = ν =8,350 MPa; 0.3mat mat

Figure 20.14 represents a planar portion of the shell plating. All the fabric plies are 
oriented at 0°/90°. Calculate the global elastic constants (moduli, Poisson coefficients) 
of the shell plating when working in its plane.

FIGURE 20.13  Equivalence of a balanced fabric layer.
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Note: Tests on coupons made out of this material indicate a modulus of elasticity 
along the x-direction to be equal to 9,200 MPa. What can be said about this?

	 5.	 Rupture: The failure strengths, considered to be equal in tension and in compression, 
are as follows:
•	 Fabric layer along C or T: σ = 139 MParupt.fabric .  
•	 Mat layer: σ = 113MParupt.mat .

	 a.	 Calculate the maximum stress xσ0  leading to first-ply failure of the shell plat-
ing. What are the damaged layers?

	 b.	 Apply the maximum stress xσ0 . In the previous damaged layers, the glass 
fibers are supposed entirely broken. What happens to the laminate?

Solution

	 1.	The thickness of a layer denoted as h is such that (see Section 3.2.4)

h
m

V
of

f f

=
× ρ

The specific mass of “E” glass is (see Section 1.6) fρ = 2,600 kg/m3, from which

h h= =0.96mm; 0.77mm.fabric mat

	 2.	The shell plating is constituted of the following stacking sequence:

The total thickness is

h = × + × =0.77 4 0.96 3 5.96mm

	 3.	Elastic characteristics of a fabric layer: The moduli and Poisson coefficients can be evalu-
ated starting from the simplified relations of Section 3.4.2. We obtain, with k = 0.5 (bal-
anced fabric),

E EC T= = 11,450 MPa

1,850 MPa; 0.128ν ν= = =GCT CT TC

FIGURE 20.14  Planar portion of the shell plating.
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A more precise calculation of these characteristics requires establishing the matrix h[A]–1 
in Equation 12.9 of Section 12.1.2. We calculate at first h A[ ]( )1 /  in Equation 12.8:

h
A E Eij ij ij= × + ×° °1

0.5 0.50 90

Equation 11.8 gives terms Eij. For example, we will have

1
0.5 0.5

1
2 1

11 



 

ν ν
( )
( )= × + × = +

−h
A E E

E E
t

t

t t
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 



ν ν= E
E

t t
t

We obtain

h
A[ ] ( )=

















1
11,737 1,507 0

1,507 11,737 0

0 0 1,850

MPa

h A[ ] =

−

−



























−

1
11,540

0.128
11,540

0

0.128
11,540

1
11,540

0

0 0
1

1,850

1

From which

11,540 MPa

1,850 MPa

0.128ν ν

= =
=
= =

E E

G

C T

CT

CT TC

We should note the slight difference between these values and the approximate values 
estimated using the method described.

	 4.	Elastic characteristics of the shell plating: These are deduced from the matrix h A[ ]−1 
(Equation 12.9) calculated for all the laminate.

We calculate at first h A[ ]( )1 /  in Equation 12.8:

h
A E p E pij ij ij= × + ×1

fabric
fabric

mat
mat

With

3 0.96
5.96

0.483 ; 0.517fabric mat= × = =p p

1
11fabric 22fabric 2ν

= = =
−

E E E
E

C
C

CT
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;12fabric 33fabricν= =E E E GCT C CT

1
;

1
11mat 22mat

mat

mat
2 12mat

mat mat

mat
2ν ν

= =
−

= ν
−

E E
E

E
E

2 1
33mat mat

mat

matν( )= =
+

E G
E

We obtain

h
A[ ] ( )=

















1
10,410 2,149 0

2,149 10,410 0

0 0 2,554

MPa

h A[ ] =

−

−



























−

1
9,966

0.206
9,966

0

0.206
9,966

1
9,966

0

0 0
1

2,554

1

Then

9,966 MPa

2,554 MPa

0.206ν ν

= =
=
= =

E E

G

x y

xy

xy yx

Note: The measured modulus 9,200 MPa is a bit smaller than the one calculated. Indeed, 
due to curvature of fibers from weaving, a fabric layer is less stiff than the stacking of uni-
directionals that are crossed at 90°. However, the approximation obtained by calculation is 
suitable (difference < 10%).

	 5.	Failure of the shell plating:
	 a.	 The shell plating is subject to an overall stress xσ0 . The resulting strain values are 

given by Equation 12.9:

h A
ox

oy

oxy

ox ox

ox[ ]
ε
ε
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1

These strains give rise to the following stress components:
•	 In fabric layers (see results from Question 3),
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
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
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
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− × σ

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
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11,737 1,507 0

1,507 11,737 0

0 0 1,850

/ 9,966

0.206 / 9,966

0

1.15

0.09

0

The Tsai-Hill criterion in these layers is saturated for xσ0  such that
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ox ox ox× σ



 + − × σ



 − − × × σ =1.15

139
0.09

139
0.09 1.15

139
1

2 2 2

2

From which

oxσ = 116 MPa

•	 In mat layers, with values of Question 4 for the coefficients Eijmat ,

E
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− × σ












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=
× σ
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
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
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/ 9,966

0.206 / 9,966

0

0.86

0.087

0
mat

The Tsai-Hill criterion in mat layers is saturated for xσ0  such that21

ox ox ox× σ



 + × σ



 − × × σ =0.86

113
0.087

113
0.86 0.087

113
1

2 2 2

2

Then

oxσ = 138  MPa

The fabric layers are the first to be damaged, for a stress value

oxσ = 116 MPamax

	 b.	 This stress being applied, failure of fabric layers translates into glass-fiber rupture. 
Considering the normal load resultant corresponding to this stress:

N hx ox= σ × = × =116 5.96 691N/mmmax

This stress resultant is then completely taken up by the layers of mat. Therefore, the 
stress in these layers is

N
h

ox
xσ =

×
=

×
=

4
691

4 0.77
224 MPamat

mat

It exceeds the failure strength of the mat (113 MPa), and the latter fails.
The shell plating is therefore completely broken under the stress:

oxσ = 116 MPamax

20.13 � BALANCED FABRIC PLY: DETERMINATION OF 
THE IN-PLANE SHEAR MODULUS

Problem Statement
Consider a coupon cut from a laminated panel made of identical balanced fabric layers, all of 

them oriented along axes C (warp direction) and T (weft direction) in Figure 20.15.
The sample is in a state of simple tension in its plane along the x-axis shown in the figure:

ox oy oxyσ ≠ σ = τ =0; 0
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Two strain gages, denoted as 1 and 2, are bonded onto the sample (see figure). We can read a strain 
value xε0  from gage 1 and yε0  from gage 2. 

	 1.	Noting that xyγ = 00 , give the distortion CTγ  in axes (C, T) as a function of xε0  and yε0 .
	 2.	Express the stress CTτ  in axes (C, T) as a function of xσ0 .
	 3.	Deduce, from the previous answer, the shear modulus GCT  as a function of x y oxε ε σ, ,0 0 .

Solution

	 1.	Equation 11.7 allows writing

c s cs

s c cs

cs cs c s

C

T

CT

ox

oy

oxy( )

ε
ε
γ

















=
−

− −



















ε
ε
γ

















2 2

2 2

2 2

2 2

The laminate under analysis is balanced, with midplane symmetry, loaded in its proper 
axes (x, y). Then from Equation 12.9, xyγ = 00 , from which

cs cs c sCT ox oyγ = × ε − × ε = = −2 2 with
1
2

;
1
2

CT ox oyγ = −ε + ε

	 2.	According to Equation 11.4,

c s cs

s c cs

sc sc c s

C

T

CT

ox

( )

σ
σ
τ

















=
−

− −



















σ















2

2 0
0

2 2

2 2

2 2

Then

scCT ox
oxτ = × σ = − σ
2

	 3.	The behavior relationship of the fabric in its proper axes can be written, starting from 
Equation 11.5,

FIGURE 20.15  Strain gages.



516 Composite Materials

1
0

1
0

0 0
1

ν

ν
ε
ε
γ

















=

−

−



























σ
σ
τ

















E E

E E

G

C

T

CT

C

CT

C

CT

C C

CT

C

T

CT

G
CT

CT

CT

γ = τ

From which

GCT
ox

ox oy( )= σ
ε − ε2

20.14 � QUASI-ISOTROPIC LAMINATE

Problem Statement
Consider a laminate made up of a number of identical unidirectional plies, with midplane sym-

metry and the following composition.

Elastic ply characteristics in axes (ℓ, t) are denoted:

E E Gt t t t   

ν ν, , , ,

We propose to look at the behavior of this laminate under In-plane loading, following Equation 12.9:

h A
ox

oy

oxy

ox

oy

oxy

[ ]
ε
ε
γ



















=
σ
σ
τ



















−1

	 1.	Calculate the matrix coefficients of h A[ ]( )1 / .
	 2.	By inversion, deduce the elastic moduli of this laminate.
	 3.	Give a comment. Deduce the laminate behavior under In-plane loading in axes (X, Y), 

derived from axes (x, y) by a rotation θ.

Solution

	 1.	Coefficients h Aij( )1 /  are given by Equation 12.8:

h
A E E E Eij ij ij ij ij= + + + 

° ° + ° − °1 1
4

0 90 45 45
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The stiffness coefficients Eij
θ are obtained from Equation 11.8. In using this relation for 

θ = 0°, 90°, +45°, −45°, we obtain

1 1 1
4

3
2

211 22    

ν( )= = + + +



h

A
h

A E E E Gt t t

1 1
4

1
2

3 212    

ν( )= + + −



h

A E E E Gt t t

1 1
4

1
2

233    

ν( )= + − +



h

A E E E Gt t t

h
A

h
A= =1 1

013 23

Bearing in mind that

1
;

1




   

ν ν ν ν
=

−
=

−
E

E
E

E

t t
t

t

t t

The matrix h A[ ]( )1 /  reduces to 
h

A A

A A

A

















1
0

0

0 0

11 12

21 11

33

	 2.	From the above, the elasticity moduli of the laminate in x- and y-directions and the associ-
ated Poisson coefficient are as follows:

1
1

1 ;

1

1

11

2 11
2

12
2

12

2 11
2

12
2

ν

( ) ( )
=

−
− = −

−E
h

A

h
A A E

h
A

h
A A

We obtain after calculation

2 4 2 4

4
3
2

2

      

   

ν ν

ν

( )
( )

=
+ +  + − + 

+ + +





E
E E E E E E G

E E E G

t t t t t

t t t

1
2

3 2

3
2

2

   

   

ν

ν

( )
( )

ν =
+ + −

+ + +

E E E G

E E E G

t t t

t t t

The shear modulus is

1
4

1
2

2
   

ν( )= + − +





G E E E Gt t t

	 3.	 It can be noted from the above that

2 1 ν( )=
+

G
E
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This leads to an isotropic elastic behavior of this laminate in its plane. As a result, in any 
coordinate systems (X, Y) derived from (x, y) by rotation of any angle, the constitutive 
behavior of the laminate is unchanged and is written as

1
0

1
0

0 0
1

ν

ν
ε
ε
γ

















=

−

−

























σ
σ
τ

















E E

E E

G

X

Y

XY

X

Y

XY

Note: We show22 that this result generalizes to other groups of ply orientations such as

π π





π π π π





…0,
3

,
2
3

;  0,
5

,
2
5

,
3
5

,
4
5

;

More generally, if we consider a laminate made up of n orientations, n being a whole 
number (n > 2), these orientations having the values of

n
q( )π × −1

With q = 1… n and with the same proportion of plies along each orientation denoted as 
1/( )=p n , then this laminate is elastically isotropic. Moreover, for all these laminates, E 

and v are invariable, keeping the values found above.

20.15 � PURE TORSION OF ORTHOTROPIC PLATE

Problem Statement
Consider a square plate (a × a) made of unidirectional glass/epoxy Vf( )= 60% , of thickness h, 

welded at the center point of its lower face on a support. It is subjected to a uniform and constant 
torsional moment density mo ( )×N mm/mm  along its perimeter23. The proper directions (ℓ, t) of the 
unidirectional make an angle θ with the (x, y) axes of the plate (see Figure 20.16). 

	 1.	Assuming that all load resultants in the plate are zero, except the torsional moment, deter-
mine the bending displacement at every midplane point.

	 2.	Determine the state of stress in axes (x, y) then in axes (ℓ, t) of the unidirectional.
	 3.	Numerical application: θ = − °45 ; a = 1 m; h = 5 mm; m = ×–10 N mm/mmo .

FIGURE 20.16  Glass/epoxy plate.



519Applications Level 2

Solution

	 1.	 In the constitutive Equation 12.16, we have

C E z dz E
h

ij ij

h

h

ij∫= =
−

12
/2

/2

2
3

Then

C
h

E[ ] =  12

3

Where [Ē] is the matrix shown in Equation 11.8.
By inverting Equation 12.16 and noting that

C
h

E
h E

[ ] =   = 





− −12 12 11
3

1

3

Where 
E







1
 is the matrix shown in Equation 11.5, we have

	

w
x

w
y

w
x y

h E

M

M

M

o

o

o

y

x

xy

− ∂
∂

− ∂
∂

− × ∂
∂ ∂































= 





−
−

















2

12 1

2

2

2

2

2

3 	 (20.17)

Assuming the load resultants are all zero except Mxy
24, we have

N N T M M M mx y xy x y xy o= = = = = =0 ;

There remains (see Equation 11.5)

w
x h G

m
w
y h G

m
w

x y h G
mo xy

xy

o xy

xy

o

xy

∂
∂

= × η ∂
∂

= × µ ∂
∂ ∂

= ×ο ο ο
12

;
12

; 2
12 12

2 3

2

2 3

2

3

Therefore, one can write w x yo ( ),  in the form

w
h

m
G

Ax By Cxy Dx Ey Fo
xy

( )= + + + + +ο12
3

2 2

At the center point of the plate, and due to the geometrical and loading symmetry

w
w
x

w
y

o
o o= ∂

∂
= ∂

∂
=0 ; 0

From which D = E = F = 0. And by identification with the second derivatives,

A B Cxy xy= η = µ =2 ; 2 ;  2 1
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The out-of-plane displacement takes the form

	 w
m

h G
x y xyo

o

xy
xy xy( )= η + µ +6

3
2 2 	 (20.18)

	 2.	State of stress: With Equation 12.12 and taking (20.17) into account, the strain components 
in axes (x, y) are

z

w
x

w
y

w
x y

z
h E m

x

y

xy

o

o

o

o

ε
ε
γ



















= ×

− ∂
∂

− ∂
∂

− ∂
∂ ∂































= × 



 −













2

12 1
0
0

2

2

2

2

2

3

From which we deduce the stress values in axes (x, y) using Equation 11.8:

E z
h

E
E m

z
h m

x

y

xy

x

y

xy o o

σ
σ
τ



















=  

ε
ε
γ



















= ×  




 −












= ×

−













12 1
0
0

12
0
03 3

Then

z
h

mx y xy oσ = σ = τ = − ×0; 0;
12

3

•	 Stress values in the unidirectional axes: these are obtained by using Equation 11.4:

2
24

2
24

12

3

3

2 2 2 2
3




( ) ( )

σ = − τ = × ×

σ = τ = − × ×

τ = − τ = − − ×

cs z cs
h

m

cs z cs
h

m

c s z c s
h

m

xy o

t xy o

t xy o

	 3.	Numerical application
Section 3.3.3 gives for glass/epoxy:

45,000 MPa; 12,000 MPa

4,500 MPa; 0.3  0.08



  

ν ν( )
= =

= = =

E E

G

t

t t t

Then with Equation 11.5 and θ = −45°,

G G
xy

xy

xy

xy

η = µ = − 0.1375
4,500
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wo takes the form

w xy x yo mm ( )= − − + ( )
1

9,375
0.1375 2 2

The deformed configuration is shown in Figure 20.17.
The stress values (in MPa) are written as

z

z

x y xy

t t 

( )
( )

σ = σ = τ = ×

σ = −σ = × τ =

0; 0.96 mm

0.96 mm ;  0

20.16 � PLATE MADE BY RESIN TRANSFER MOLDING

Problem Statement
First part
A roll of mat of carbon fibers has the following characteristics:

•	 Areal mass density: mof = 30 g/m2

•	 Specific mass: fρ = 1,750 kg/m3

Twenty-one layers of this mat are laid up over a plate in a rectangular mold. The mold is then closed 
and sealed, as shown in Figure 20.18.

FIGURE 20.17  Deformed configuration of the plate.

FIGURE 20.18  Plate made by resin transfer molding (RTM).
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R1 and R2 represent two valves:

	 a.	R2 is closed and R1 is open. The mold is vacuumed.
	 b.	R2 is open and R1 is open. The polyester resin is filled into the cavity of the mold. Then the 

resin begins to flow out through valve R1.
	 c.	R1 and R2 are closed.

The mold is then heated, and the resin polymerizes. After demolding, a plate of mat/polyester is 
obtained.

	 1.	Calculate the fiber volume fraction Vf (%).
	 2.	Calculate the modulus of elasticity along longitudinal and transverse directions, denoted, 

respectively, as E


 and Et, of a carbon/polyester unidirectional that would have the same 
amount of fiber volume fraction. The following characteristics are given:

E Ef ft
( )= =230,000 MPa; 15,000 MPa  see Table 3.3inSection 3.3.1

E ( )= 4,000 MPa  Section 1.6resin

	 3.	Starting from equation in Section 3.5.1 giving the elasticity modulus of mat (which is 
assumed to be isotropic in the plane of the plate), deduce the value of Emat. Assume that 

0.3matν = .

Second part
On each face of the previous plate are polymerized two plies of preimpregnated carbon/epoxy 

unidirectionals with Vf = 60% (see characteristics given in Section 3.3.3). Each ply has a thickness 
of 0.13 mm. The four plies (two above, two below) are oriented in the same direction denoted as x 
(or 0°). The midplane of the resulting laminated plate coincides with axes (x, y).

	 1.	Write numerically for the unidirectional and for the mat the constitutive relations in axes 
(x, y) in the form

E
x

y

xy

x

y

xy

σ
σ
τ



















=  

ε
ε
γ



















	 2.	Calculate in axes (x, y) the coefficients of the In-plane constitutive equation of the lami-
nated plate (matrix [A] in Section 12.1.1). Deduce from there the apparent elastic moduli 
and Poisson coefficients of the plate.

	 3.	Calculate in axes (x, y) the stiffness coefficients for the bending behavior of the laminated 
plate (matrix [C] in Section 12.1.4). Deduce from there the apparent bending moduli along 
x- and y-directions.

	 4.	This laminated plate is submitted to a tensile In-plane resultant along the x-direction 
denoted as Nx ( )N / mm . The tensile failure strength of mat is 100 MPa. Calculate the 
stress resultant value Nx that leads to first-ply failure of the laminate. In which component, 
unidirectional or mat, will this failure occur? This component is supposed to be completely 
broken (i.e., its mechanical characteristics are reduced to zero). What is then the state of 
stress in the other component? Comment.
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Solution
First part

	 1.	Carbon fiber volume fraction

Vf =
Vol.fibers

Total  volume

If s is the rectangular surface forming the base of the mold, the volume of a layer of mat is

s
mof

f

×
ρ

From which, for 21 layers,

V
s m

s
f

of f= × × ρ
× ×

=−
21 /

3 10
12%3

	 2.	Elasticity moduli (see Section 3.3.1):
We have

E E V E Vf f m m

= + = 31,120  MPa

E E
V

E
E

V
t m

m
m

f
f

t

=
+



















=1
4,386 MPa

	 3.	Elastic modulus of mat: We have (see Section 3.5.1)

E E Et

= + =3
8

5
8

14,410 MPamat

Second part

	 1.	Constitutive equation
•	 Unidirectional

x

y

xy

x

y

xy

ε
ε
γ


















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−

−



























σ
σ
τ



















1
134,000

0.25
134,000

0

0.25
134,000

1
7,000

0

0 0
1

4,200

After inversion

x

y

xy

x

y

xy

σ
σ
τ



















=
















ε
ε
γ



















134,400 1,756 0

1,756 7,023 0

0 0 4,200
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•	 Mat

x

y

xy

x

y

xy( )

ε
ε
γ



















=

−

−

+










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
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
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




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σ
τ



















1
14,410

0.3
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0

0.3
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1
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0

0 0
2 1 0.3
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After inversion
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y
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σ
σ
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


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












=






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







ε
ε
γ




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
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










15,835 4,750 0

4,750 15,835 0

0 0 5,542

	 2.	 In-plane behavior of the laminated plate

A E eij

k

k n

ij
k k∑= ×( ) ( )

=

=

1st ply

A

A

A

A A

A

( )

( )

( )

( )

= × × + × = ×

= × × + × = ×

= × × + × = ×

= =

= × × + × = ×

134,440 4 0.13 15,835 3 117,408 MPa mm

7,023 4 0.13 15,835 3 51,151 MPa mm

1,756 4 0.13 4,750 3 15,163 MPa mm

0

4,200 4 0.13 5,542 3 18,810 MPa mm

11

22

12

13 23

33

From this and with a total plate thickness

h = + × =3 4 0.13 3.52mm

We have

A[ ] =
















117,408 15,163 0

15,163 51,151 0

0 0 18,810

h A[ ] =

−

−



























−

1
32,078

0.13
13,975

0

0.3
32,078

1
13,975

0

0 0
1

5,344

1
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From where the apparent elastic moduli of this plate

32,078 MPa; 0.3; 5,344 MPa

13,975MPa; 0.13

ν

ν

= = =

= =

E G

E

x xy xy

y yx

	 3.	Bending behavior of the laminated plate: From Equation 12.16,

C E
z z

ij

k

k n

ij
k k k∑= −





( )

=

=
−

3
1stply

3
1

3

C

C

C

C C

C

( )

( )

( )

( )

= ×
−

× + × × = ×

= ×
−

× + × × = ×

= ×
−

× + × × = ×

= =

= ×
−

× + × × = ×

134,400
1.76 1.5

3
2 15,835

1.5
3

2 221,763MPa mm

7,023
1.76 1.5

3
2 15,835

1.5
3

2 45,352 MPa mm

1,756
1.76 1.5

3
2 4,750

1.5
3

2 13,119 MPa mm

0

4,200
1.76 1.5

3
2 5,542

1.5
3

2 18,284 MPa mm

11

3 3 3
3

22

3 3 3
3

12

3 3 3
3

13 23

33

3 3 3
3

From which (see Section 12.1.6)

C

EI EI

EI EI

EI

[ ] =

−

−



























=

























−

1
217,968

1
753,509

0

1
753,509

1
44,509

0

0 0
1

18,284

1 1
0

1 1
0

0 0
1

1

11 12

21 22

33

Apparent bending modulus in the x-direction 
( )
flexure 

along

E
x

=
×

⇒ =

( )
( )

1 1

12

59,972 MPa
11

flexure 

along

3 flexure 

along
EI

E
h

E

x

x
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Apparent bending modulus in the y-direction 
( )
flexure 

along

E
y

=
×

⇒ =

( )
( )

1 1

12

12,264 MPa
22

flexure 

along

3 flexure 

along
EI

E
h

E

y

y

	 4.	Rupture: For a stress resultant Nx, the plate deforms in its plane according to

A

Nx

y

xy

x

[ ]
ε
ε
γ



















=
















− 0
0

1

Then with the values found for A[ ]–1,

8.856 10 ; 2.66 10 ; 06 6ε = × × ε = − × × γ =− −N Nx x y x xy

We obtain for stress values the following:
•	 In the unidirectional,

Nx x y x

σ = σ = × ε + × ε = ×134,440 1,756 1.183

Nt y x y xσ = σ = × ε + × ε = − ×1,750 7,023 0.003

t xy

τ = τ = 0.

•	 In the mat,

Nx x y xσ = × ε + × ε = ×15,835 4,750 0.128

Ny x y xσ = × ε + × ε = × ×−4,750 15,835 5.5 10 5

xyτ = 0

From which the Tsai-Hill failure criteria values are as follows (see Section 14.2.3):
•	 In the unidirectional layer,

N N Nx x x( ) ( )× + − × − × − × <1.183
1,270

0.003
141

1.183 0.003
1,270

1
2

2

2

2

2

2

Failure will not occur if Nx < 1,072 N/mm.
•	 In the mat layer,

N N Nx x x( )( )× +
× ×

− × × × <
− −0.128

100

5.5 10

100
0.128 5.5 10

100
1

2

2

5 2

2

5 2

2

Failure will not occur if Nx < 781N/mm.
Therefore, failure will first occur in the mat layer as first-ply failure. The mat is 

supposed to be completely broken. The load resultant Nx = 781N/mm leads to a state 
of uniaxial stress in the laminate such that
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N
x

x
 

σ = σ =
×

= = > σ
4 0.13

781
0.52

1502 MPa rupture

The fibers in the unidirectional are broken.
•	 Conclusion: The first-ply failure leads to ultimate failure of the laminate.

20.17 � THERMOELASTIC BEHAVIOR OF A BALANCED FABRIC PLY

Problem Statement
Consider a layer of balanced fabric made of carbon/epoxy (Vf = 60%). The configuration of an 

elementary cell (a × a) is shown in Figure 20.19. We consider the layer of fabric as equivalent to two 
layers, each with a thickness e.

First part: Upper layer
We study the upper layer as shown schematically in Figure 20.20.
Assume that the upper layer behavior is similar to the one of two equivalent unidirectional lay-

ers (a × a) crossed at 0° and 90°. These layers have equivalent thicknesses denoted, respectively, as

e e° °andequiv.
0

equiv.
90   

	 1.1	 Show that

e e e e= =° °3
4

;
1
4

equiv.
0

equiv.
90

	 1.2	 Deduce from the above the stiffness matrix h A[ ]( )1 /  of this upper layer considered as made 
up of the two previous unidirectionals, with elastic constants indicated in Section 3.3.3.

	 1.3	 Deduce from the above the moduli of elasticity and Poisson coefficients of this upper 
layer, denoted as ,  ,  , νE E Gx y xy xy

25.
	 1.4	 The thermal expansion coefficients of this unidirectional are denoted 



α  and tα  with 
values in Section 3.3.3. What are the values of the thermal expansion coefficients 

ox oy oxyα α α, , of this upper layer? (The terms denoted as Eh iα  of Section 12.1.7 should 
first be precalculated.)

FIGURE 20.19  Elementary cell of balanced fabric.

FIGURE 20.20  Modelization of the equivalent upper layer.



528 Composite Materials

Second part: Complete fabric layer
Now we consider the complete fabric ply (thickness 2e in Figure 20.19) as the result of a simple 

superposition of two layers similar to the one previously studied above, these two layers being 
crossed at 0° for upper layer (no. 2) and at 90° for lower layer (no. 1), as shown in Figure 20.21.

We retain in the following e = 0.14 mm.

	 2.1	 Write numerically with the previous results the In-plane behavior relationship for layer 
no. 2, then for layer no. 1 in Figure 20.21 in the form E{ } { }σ =   ε .

	 2.2	 Calculate the coefficients Eiα  (see Section 11.3.2) of layer no. 2, then of layer no. 1.
	 2.3	 Calculate the matrix [A] characterizing the In-plane behavior of the double layer in 

Figure 20.21 (layer no. 1 + layer no. 2).

Third part (Independent of the two previous parts until Question 9)
We consider a laminate consisting of two orthotropic plies noted as 2 and 1, each with a thick-

ness e, crossed at 0° (or x) and at 90°, respectively. We give here the respective thermomechanical 
behavior of these layers in x- and y-axes (see Equation 11.10):

•	 Ply no. 1 (lower ply)

a c
c b

d
T

f

g
x

y

xy

x

y

xy

σ
σ
τ



















=
















ε
ε
γ



















− ∆
















0
0

0 0 0
1

•	 Ply no. 2 (upper ply)

b c
c a

d
T

g

f
x

y

xy

x

y

xy

σ
σ
τ



















=
















ε
ε
γ



















− ∆
















0
0

0 0 0
2

Recalling that the thermomechanical behavior of a laminate is (see Equation 12.21)

N

N

T

M

M

M

A B
B C

w
x

w
y

w
x y

T

Eh

Eh

Eh

Eh

Eh

Eh

x

y

xy

y

x

xy

ox

oy

oxy

o

o

o

x

y

xy

x

y

xy

−
−































=










ε
ε
γ

− ∂
∂

− ∂
∂

− ∂
∂ ∂









































− ∆

〈α 〉
〈α 〉
〈α 〉

α

α

α

































2

2

2

2

2

2

2

2

2

FIGURE 20.21  Modelization of the elementary cell of fabric.
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	 3.1	 Write the literal expression of matrix [A].
	 3.2	 Write the literal expression of matrix [C].
	 3.3	 Write the literal expression of matrix [B].
	 3.4	 Calculate the terms Eh xα , Eh Eh Ehy xy x

α α α, , 2 , Eh Eh
y xy

α α, 2 2 (see Section 
12.2.2).

	 3.5	 Write the thermomechanical behavior equation.
	 3.6	 This plate is not subject to an external loading. It is subject to a temperature variation ∆T. 

Deduce from item 3.5 the corresponding system of equations.
	 3.7	 Give the strain values xyγ 0  and w x yo∂ ∂ ∂/2 .
	 3.8	 Write the remaining equations that allow the calculation of other strain components.
	 3.9	 Taking into account the results obtained in the second part, write numerically this system 

of equations with ∆T = –160°C. Give the corresponding strain values. Comment.

Solution

	 1.1	 Volume of fibers at 0°

v
a

e a e= × = ×° °3
4

0
2

2
equiv.
0

Volume of fibers at 90°

v
a

e a e= × = ×° °

4
90

2
2

equiv.
90

From which

e
e

e
e= =° °3

4
;

4
equiv.
0

equiv.
90

	 1.2	 Stiffness matrix h A[ ]( )1 /
According to Equation 11.8 and values in Section 3.3.3,

E E E Et  

= = = ν =° °134,439 MPa; 1,756 MPa11
0

12
0

E E E Gt t= = = =° °7,023 MPa; 4,200 MPa 22
0

33
0

E E= =° °7,023MPa; 1,756 MPa11
90

12
90

E E= =° °134,439 MPa; 4,200 MPa22
90

33
90

A E
e

E
e

e

A E
e

E
e

e

A e A e

( )

( )

( ) ( )

= × + × = × ×

= × + × = × ×

= × × = × ×

° °

° °

3
4 4

102,585 MPa mm

3
4 4

38,877 MPa mm

1,756 MPa mm ; 4,200 MPa mm

11 11
0

11
90

22 22
0

22
90

12 33

The stiffness matrix of the upper layer is

h
A[ ] ( )=

















1
102,585 1,756 0

1,756 38,877 0

0 4,200

MPa
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	 1.3	 We have, according to Equation 12.9,

1
0

1
0

0 0
1

1

ν

[ ] =

−

− ν



























−h A

E E

E E

G

x

yx

y

xy

x y

xy

From which

102,506 MPa

38,847 MPa

0.017; 0.045

4,200 MPa

ν ν

=
=
= =
=

E

E

G

x

y

yx xy

xy

We therefore observe that

1
0

0

0 0

ν
ν[ ] ≈



















h
A

E E

E E

G

x yx x

xy y y

xy

	 1.4	 We have (Equation 12.18)

h A

h
Eh

h
Eh

h
Eh

ox

oy

oxy

x

y

xy

[ ]
α
α
α



















=

α

α

α





























−

1

1

1

1

With (Equations 12.17 and 11.10)

3
4 4

3
4 4

1
0

1
90

    

ν ν( ) ( )α = α × + α × = α + α × + α + α ×° °
Eh E e E

e
E e E

e
x t t t t t

And with (Section 3.3.3) 


α = − × −0.12 10 5; tα = × −3.4 10 5.

1
1,726 10

1
15,203 10 ;

1
0

5

5

α = − ×

α = × α =

−

−

h
Eh

h
Eh

h
Eh

x

y xy

From which we can deduce

ox oy oxyα = − × α = × α =− −2.3 10 ; 39 10 ; 07 7



531Applications Level 2

	 2.1 Behavior equation: E{ } { }σ =   ε
According to Equation 11.8,

•	 Layer no. 2

1
102,584 MPa11

2

ν ν
= =

−
=( )E E

E
x

x

yx xy

Etc. We find

E  =
















( )
102,584 1,744 0

1,744 38,877 0

0 0 4,200

2

•	 Layer no. 1

E  =
















( )
38,877 1,744 0

1,744 102,584 0

0 0 4,200

1

	 2.2 Coefficients Eiα :
•	 Layer no. 2

0.01681
2 ν( )α = α + α = −( )

E Ex ox yx oy

E Eα = α =( ) ( )
0.1512; 02

2
3

2

•	 Layer no. 1 (rotation of 90°)

E E Eα = α = − α =( ) ( ) ( )
0.1512 ; 0.0168 ; 01

1
2

1
3

1

	 2.3 In-plane behavior of the double layer

A E e E e ( )= × + × = + ×( ) ( ) 102,584 38,877 0.1411 11
1

11
2

Etc. Then

19,804 488 0

488 19,804 0

0 0 1,176

(MPa mm)[ ] =
















×A

	 3.1 Matrix [A]

A

a b e ce

ce a b e

de

[ ]
( )

( )=
+

+



















2 0

2 0

0 0 2

	 3.2 Matrix [C]

C a
e

b
e

a b
e( )( )= − −





+ −





= +0
3

0
3 3

11

3 3 3
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Etc. Then

C

a b
e

c
e

c
e

a b
e

d
e

[ ]

( )

( )=

+

+



























3
2

3
0

2
3 3

0

0 0 2
3

3 3

3 3

3

	 3.3 Matrix [B]

B a
e

b
e

b a
e( )( )= − −





+ −





= −0
2

0
2 2

11

2 2 2

Etc. Then

B

b a
e

a b
e[ ]

( )

( )=

−

−



























2
0 0

0
2

0

0 0 0

2

2

	 3.4 Terms αEhi  and 2αEhi

Eh fe ge f g e

Eh f g e Eh

Eh g f
e

Eh f g
e

Eh

x

y xy

x

y xy

( )
( )

( )

( )

α = + = +

α = + α =

α = −

α = − α =

; 0

2

2
; 0

2
2

2
2

2

	 3.5 Thermomechanical behavior

2 0
2

0 0

2 0 0
2

0

0 0 2 0 0 0

2
0 0

3
2

3
0

0 ( )
2

0 2
3 3

0

0 0 0 0 0 2
2

0

2

2
0

2

2

2 3 3

2 3 3

3

2

2

2

2

2

2

2

( )
( )

( )

( )

( ) ( )

( ) ( )

( ) ( )

( )
−
−































=

+ −

+ −

− +

− +





































ε
ε
γ

− ∂
∂

− ∂
∂

− ∂
∂ ∂









































− ∆

+

+

−

−





































N

N

T

M

M

M

a b e ce b a
e

ce a b e a b
e

de

b a
e

a b
e

c
e

a b
e

c
e

a b
e

d
e

w
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	 3.6 Temperature variation ∆T
In the absence of any external loading,

N N T M M Mx y xy x y xy= = = = = = 0

From which we have
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	 3.9	 With the results of the second part, and ∆T = −160°C, corresponding to the cooling in the 
autoclave after polymerization of the resin, we have (units: N and mm)

19,804; 2 488;
3

129; 2
3

3.2
3 3

( ) ( )+ = = + = =a b e ce a b
e

c
e

2
624 ; 0.0188 ;

2
0.00164

2 2

( ) ( )( )− = + = − = −b a
e

f g e g f
e

From which we obtain the strain components and curvatures

ox oyε = ε = − × −1.7 10 4

w
x

w
y

o o ( )∂
∂

= − ∂
∂

= − × − −8.6 10 mm
2

2

2

2
4 1

Therefore, we can conclude that during the cooling, the layer of balanced fabric not only 
undergoes a contraction but also, due to its weave, takes the form of a double curvature 
surface along the warp and weft directions, that is to say, a saddle-shaped surface. 

NOTES

	 1	 This representation of shear stress is approximate. Application 21.5 sets out in detail the study that pro-
vides a more precise distribution of these stress values. In fact, the approximate representation for shear 
stress proposed here will be as precise as the skins of the sandwich structure will have a small thickness 
as compared to that of the core.

	 2	 See Equation 12.8.
	 3	 These are the stresses t t 

σ σ τ, ,  (see, e.g., Equation 11.1).
	 4	 See Section 14.3.2.3.
	 5	 Recall the relation / /ν ν=E Exy x yx y (Section 9.3 and Application 19.2).
	 6	 See also Application 20.14.
	 7	 Recall also the property / /

  

ν ν=E Et t t  (see Sections 3.1, 3.2, and Application 19.2).
	 8	 See Section 14.2.3.
	 9	 This as a first approximation. For more precise values see Equation 14.16.
	 10	 See Equation 12.7.
	 11	 See Section 3.3.3 for the characteristics of unidirectional ply of carbon/epoxy.
	 12	 /

  

ν ν′ = ′ × ′ ′E Et t t  (See Application 19.2).
	 13	 Recall (see Equation 11.8) that / 1 ;  / 1

     

ν ν ν ν( ) ( )= − = −E E E Et t t t t t . 

	 14	 Or still from Equation 11.7, 
1
2

; 
1
2

;  045 45 45
 

( ) ( )ε = ε + ε = ε ε = ε + ε = ε γ =° ° °
ox oy o t ox oy o t . 

		  Then, following Equation 11.6, 1 ; 1 ;  045 45 45
    

ν ν( ) ( )σ = ε + σ = ε + τ =° ° °E Eo t t o t t t .
	 15	 See Applications 20.9 and 20.10.
	 16	 See also Application 20.10.
	 17	 See Section 5.2.3.
	 18	 See Section 5.2.3 and Note at the end of previous Application 20.9.
	 19	 Recall (see Footnote in Section 14.3.2.2) that a balanced fabric is not transversely isotropic. In such case, 

the Tsai-Hill criterion (Equation 14.6) should be written as

t

t
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<2 1
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2
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2
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2

		  Without any clear value for zσ rupt. and taking into account the slight difference of the modified term 
compared to the form used and its weak influence, we shall content ourselves with Equation 14.6.
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	 20	 Recall that / /
  

ν ν=E Et t t . See Application 19.2.
	 21	 A mat layer is not transversely isotropic in axes (y, z) or (x, z). The Tsai-Hill expression is then modi-

fied as already evoked in footnote in Application 20.12. However, we use the form shown here as a first 
approximation.

	 22	 For more details, see Bibliography: Gay and Joubert (1994).
	 23	 The practical importance of such a loading is very limited. It is better to consider this example as a mean 

to validate a computer program using finite elements. It is one of the patch tests issued from Matheron 
G. (1995) (see the Bibliography).

	 24	 Note that with this hypothesis, equations of equilibrium, constitutive equation, and boundary conditions 
are verified.

	 25	 Note here that
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21.1 � CYLINDRICAL BONDING

Problem Statement
We propose to study, in a simplified approach, an adhesive bond of two cylindrical concentric 

tubes as in Figure 21.1. The shear moduli of the materials are denoted along with the figure:
Under a torsion torque Mt about the x-axis, the deformed configuration of the generatrices of each 

of the tubes, viewed from above, is shown in Figure 21.2, with the shear stress components 10τ  and 20τ  
that are assumed to be uniform across the thickness of each tube. Also shown is the adhesive element.

	 1.	Find the shear stress distribution in the adhesive layer, denoted as τc in the previous figure.
	 2.	Numerical application:

	 3.	Calculate the maximum shear stress in the particular case where materials 1 and 2 are 
identical with the same thickness e, considered to be small compared with the average radii 
of tubes.

Solution

	 1.	Shear stress in the adhesive layer. In Figure 21.2 that represents the bonding element, we 
can read the following equilibrium:
•	 Equilibrium of material element 1:

	 0 01 1
1

1d e dz dx dz
d
dx

ec cτ + τ = → τ + τ = 	 (21.1)

•	 Equilibrium of material element 2:

	 0 02 2
2

2d e dz dx dz
d
dx

ec cτ − τ = → τ − τ = 	 (21.2)

DOI: 10.1201/9781003195788-25

FIGURE 21.1  Two bonded concentric tubes.

28,430 MPa1G = 79,000 MPa2G = 1,700 MPaGc =
12mm1 2e e= = 0.2mmec = 300 m daNMt = ×

63.5mm1r = 51.5mm2r =  44 mm=  

https://doi.org/10.1201/9781003195788-25
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The shear stress components are proportional to angular distortions, denoted here as 1γ  for 
material 1, 2γ  for material 2, and cγ  for the adhesive, from which

	 ; ;1
1

1
2

2

2G G G
c

c

c

γ = τ γ = τ γ = τ

In addition, we should note the following geometric relation, by equating the tangent and 
angle (see Figure 21.2):

	 1 2d
dx dx

e
c c c

c
( )γ + γ − γ ≈ −γ + γ

Or

	 2 1d
dx e

c

c

γ = γ − γ

In substituting the stress components,

	 2

2

1

1

d
dx

e
G G G

c c

c

τ = τ − τ
	 (21.3)

We then obtain three relations (21.1) through (21.3), with the three unknowns 1τ , 2τ , and cτ .
Eliminating 1τ  and 2τ  yields

	
2

2
2 2 1 1

d
dx

e
G e G e G

c c

c

c cτ = τ + τ

Then,

FIGURE 21.2  Deformed configuration.
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	 0 with
1 12

2
2 2

2 2 1 1

d
dx

G
e e G e G

c
c

c

c

τ − λ τ = λ = +





The general solution for this differential equation is

	 cosh sinh .A x B xcτ = λ + λ

•	 Boundary conditions:
–	 For x = 0, it is the free edge of material 2, where 02γ =  and 1 10 1Gγ = τ  from which

	
0

2 1 10

1

d
dx e e G

c

x c c

γ = γ − γ = − τ
=

Then,

	
0

10

1

d
dx

G
e G

c

x

c

c

τ = − τ
=

	 (21.4)

–	 For x = ℓ, it is the free edge of material 1, where 01γ =  and 2 20 2Gγ = τ  from which

	


2 1 20

2

d
dx e e G

c

x c c

γ = γ − γ = τ
=

Then,

	


20

2

d
dx

G
e G

c

x

c

c

τ = τ
=

	 (21.5)

Boundary conditions (21.4) and (21.5) allow the calculation of constants A and B of 
the general solution. We obtain

	
 

1
tanh

1
sinh

cosh sinh10

1

20

2

10

1

G
e G G

x
G

xc
c

c

τ =
λ

τ
λ

+ τ
λ







λ − τ λ








	 2.	Numerical application:

	
2

9.86 MPa10
1
2

1

M
r e

tτ =
π

=

	
2

15 MPa20
2
2

2

M
r e

tτ =
π

=

We obtain in Figure 21.3 the distribution of shear stress cτ , where stress concentrations at 
the extremities of assembly can be clearly observed.

This explains that we should not design such a bonding assembly using an average shear 
stress, which does not exist in reality.

Note: Here, the proposed numerical values correspond to those of application in 
Application 19.4 relative to the design of a transmission shaft in carbon/epoxy. We can 
note that the failure strength of araldite, taken to be 15 MPa, is not effectively reached at 
the location of stress concentration.
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	 3.	Particular case

	 ; and1 2 1 2 1 2G G G e e e r r= = = =

	 1 11 2
1

2

r r e e
r
r

c= + + → = + ε ≈

That is to say for the calculations, 1 2r r≈ .
Comparison of the following terms

	
2

and
2

10
1
2 20

2
2

M
r e

M
r e

t tτ =
π

τ =
π

Allows us to write approximately

	 10 20 0τ ≈ τ = τ

From which
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1
tanh

1
sinh

cosh sinh
G
e G

x xc
c

c
oτ =

λ
τ

λ
+

λ




 λ − λ








We can note the presence of identical peaks of stress at x = 0 and x = ℓ as

	






cosh 1

sinh
1

tanh
2

 max
G
e G

G
e G

c
c

c
o

c

c
o

( )τ =
λ

τ
λ +

λ
=

λ
τ λ

Taking into account that 22 G e Gec c( )λ = ,

	
 2

1

tanh
2

2
1

tanh
2

 max

2e
ec o oτ = τ λ

λ λ = τ × λ
λ

Introducing an average stress in the adhesive (fictitious notion as mentioned above) gives

FIGURE 21.3  Shear stress distribution.
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  2 2

average 2 2

M
r

M
r e

e et t
oτ =

π
=

π
= τ

From which

	




τ = τ × λ
λ
/2

tanh /2
 max averagec

In setting ( )λ =/ 2 a, we find again the relationship of Section 6.2.4:

	


tanh
; with

2
max average

2a
a

a
G
Gee

c

c

τ = × τ =

21.2 � DOUBLE-LAP BONDED JOINT

Problem Statement
Shown in Figure 21.4 is an assembly consisting of two identical plates of material 1 bonded to 

a central plate of material 2. This double-lap joint is symmetrical to the midplane, marked by the 
x-axis in the figure. We propose a simplified study of the shear stress in the adhesive. To this end, it 
will be assumed that the stress components are just functions of x.

The configuration of a bonding element of length dx is shown in Figure 21.5. The moduli of 
materials are 1E  for material 1, 2E  for material 2, and Gc for the adhesive. 

	 1.	Determine the shear stress distribution in the adhesive ( )xcτ .
	 2.	Numerical application: The two external plates are in titanium alloy R56400 (TA6V), 

with thickness 1.5 mm. The intermediate plate is a Quadrangle symmetric carbon/epoxy 
laminate, with Vf = 60% fiber volume fraction and the following composition:

The ply thickness is 0.125 mm. The failure strength of the adhesive (araldite) is 15 MPa. 
Its thickness is 0.2 mm. What bond length ℓ will allow the bonding assembly to transmit a 
stress resultant of 20 daN per millimeter width?

	 3.	Calculate the maximum shear stress in the particular case where materials 1 and 2 are 
identical and 1 2e e e= = .

FIGURE 21.4  Symmetrical double-lap joint.
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Solution

	 1.	Shear stress in the adhesive
In the previous figure showing an element of the bond, we can read the following equilibria:

•	 Element of material 1:

	 0 01 1
1

1d e dy dx dy
d
dx

ec cσ + τ = → σ + τ = 	 (21.6)

•	 Element of material 2:

	 0 02 2
2

2d e dy dx dy
d
dx

ec cσ − τ = → σ − τ = 	 (21.7)

In addition, we should note the following geometric relation in equating the tangent and angle:

	 2 1u u
e

c
c

γ ≈ −

Then with the constitutive equations,

	 ;
1

;
11

1
1

2

2
2

G
du
dx E

du
dx E

c
c

c

γ = τ = σ = σ

	 2 1

G
u u

e
c

c c

τ ≈ −

	 2

2

1

1

e
G

d
dx E E

c

c

cτ = σ − σ
	 (21.8)

We obtain Equations 21.6 through 21.8 with the three unknowns , 1 2σ σ , and cτ .
We can write

	
1

;
1

1

1

1 1 2

2

2 2E
d
dx e E E

d
dx e E

c cσ = − τ σ = τ

	
1 1 1 1

1

1

2

2

1 1 2 2E
d
dx E

d
dx e E e E

c
σ − σ = −τ +





FIGURE 21.5  Deformed configuration.
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Taking into account Equation 21.8,
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The solution of this differential equation is

	 cosh sinh1

1

2

2E E
A x B x

σ − σ = λ + λ

•	 Boundary conditions:

	 For 0 : and 0, then1 10 2
1

1

2

2 0

10

1
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E E E
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From which the constant values
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In addition (Equations 21.6 and 21.7),
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e
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Then,
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That is, according to Equation 21.6,

	
1 1

sinh cosh
1 1 2 2e E e E

A x B xc−τ +





= λ λ + λ λ
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λ − σ λ
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

	 (21.9)

•	 Comments:
–	 Only an approximation of the shear stress cτ  is obtained that way. We could have 

also deduced directly a differential equation in cτ  from relations (21.6) through 
(21.8). However, its integration would have revealed zero values of cτ  at the limits 
x = 0 and x = ℓ (free surface of the adhesive), making it impossible to obtain a 
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nonzero solution. In the reverse way, the expression found here for cτ  does not 
become zero for x = 0 and x = ℓ. This contradicts with reality.

We should conclude from the above that the unidimensional approximation for 
stress components ,1 2σ σ , and cτ  is illegitimate in strict logic. However, the expres-
sion found here for cτ  gives an acceptable order of magnitude, except at the imme-
diate vicinity of the free edge. Numerical modeling of the phenomenon by finite 
element method shows in effect that the shear stress cτ  increases very rapidly from 
the free edge, up to a peak value very close to the value found here. Apart from 
this particularity, there is a reasonably good correlation with the values given in 
relation (21.9).

–	 Normal peel stress also appears in the adhesive as a peak zone, confined near the 
free edge. This constitutes another design factor, which is not taken into account 
in this study.

	 2.	Numerical application:
Longitudinal modulus of titanium (see Section 1.6): 105,000 MPa1E = .
Shear modulus of the adhesive (araldite): 1,700 MPaGc = .
Longitudinal modulus of the laminate: With the previous ply proportions at 0°, 90°, and 
±45°, we find (Chart 5.4 in Section 5.4.2) 100,590 MPa2E = .
Thickness of the laminate:

	 2 20 plies 0.125 mm 2.5 mm 1.25 mm2 2e e= × = ⇒ =

A stress resultant of 20 daN/mm corresponds to the following stress values:
•	 In the titanium,

	
200

2 1.5
66.66 MPa10σ =

×
=

•	 In the laminate,

	
200
2.5

80 MPa20σ = =

Numerical calculation of Equation (21.9) allows verifying easily that the failure criterion in 
adhesive is reached for a length ℓ = 40 mm, as shown in Figure 21.6. 

FIGURE 21.6  Shear stress distribution.
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	 3.	Particular case
The materials are identical: 1 2e e e= = . Then 10 20 0σ = σ = σ  and

	
 

1
tanh

1
sinh

cosh sinh0
G
e E

x xc
c

c

τ =
λ

σ
λ

+
λ





 λ − λ








We can note identical peak values of stress for x = 0 or x = ℓ:

	






cosh 1

sinh
1

tanh
2

 max 0 0
G
e E

G
e E

c
c

c

c

c

( )τ =
λ

σ
λ +

λ
=

λ
σ λ

Taking into account that 22 G e eEc c( )λ = ,

	
2

1
tanh / 2

 max 0

2e
cτ = σ λ

λ λ

Introducing an average shear stress value in the adhesive, which is a fictitious stress as can 
be seen in the previous figure,

	


average 0
eτ = σ

Then,

	




τ = λ
λ

× τ/2
tanh /2

 max averagec

In posing

	 λ =/2 a

	


tanh
with

2
 max average

2a
a

a
G
Eee

c
c

c

τ = × τ =

21.3 � COMPOSITE BEAM WITH TWO LAYERS

Problem Statement
A composite beam is made up of two layers of distinct materials, denoted as 1 and 2, bonded 

together. The beam cross section is shown in Figure 21.7. The thickness of the adhesive is neglected. 
The materials are elastic and isotropic. The longitudinal and shear moduli of the two materials are 
denoted , 1 1E G  and , 2 2E G .

Elements that allow the bending behavior study of this beam in its symmetry plane (x, y) are 
summarized in Equation 16.16. 

	 1.	Determine the location of the elastic center denoted as O.
	 2.	Write the equivalent stiffnesses: extensional stiffness, bending stiffness, and shear stiff-

ness (do not provide details about the shear coefficient k).
	 3.	The shear force along y-direction is denoted as T. Calculate the shear stress distribution xyτ .  

Deduce the shear stress in the adhesive, at the interface between the two materials.
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Solution

	 1.	Elastic center
From Equation 16.16, O is the point taken as origin on the y-axis such that

	 0
section

E y dSi∫ =

Let A be an arbitrary origin that allows defining an ordinate denoted Y. The point O is such that

	 ( ) 0
section

E Y a dSi∫ − =

Then,

	 section

section

a

E Y dS

E dS

i

i

∫
∫

=

FIGURE 21.7  Beam cross section.
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section

1

0

2

1

1

1 2

E Y dS E Yb dY E Yb dYi

H

H

H H

∫ ∫ ∫= × + ×
( )+

We find after calculation

	
1
2

1 2 1
2

2 1 2
2

1 1 2 2

a
E E H E H H

E H E H
( ) ( )= − + +

+








	 2.	Equivalent stiffnesses
•	 Extensional stiffness:

	 1 1 2 2ES E S b E H E Hi i

i

∑ ( )= = +

•	 Shear stiffness:

	 1 1 2 2
GS
k

G S
k

b
k

G H G Hi i

i

∑ ( )= = +

•	 Bending stiffness:

	

3

1
2

2
2

1 1
3 3

2 1 2
3

1
3

1

1

1 2

EI E I

EI bE y ds bE y ds

EI
b

E H a a E H H a H a

i i

i

a

H a

H

H H a

a

∑

∫ ∫

{ }( ) ( ) ( )

=

= +

= − +  + + − − − 

−

− + −

−

	 3.	Subject to a shear force T along the y-direction, the shear stress is assumed to be limited to 
the component xyτ  given in material i by the relationship (see Equation 16.16)

	 G
T

GS
dg
dy

xy i
oiτ =

In which the warping function ( )0g y  is the solution of the problem

	

all over in the crosssection

0  for and (free edges)

2

2

1 2

d g
dy

E
G

GS
EI

y

dg
dy

y a y H H a

o i

i

o

= − 〈 〉
〈 〉

×

= = − = + −











The uniqueness of function ( )0g y  is assured by the condition

	 0
section

E g dSi o∫ =
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We find in material 1

	
1
2

1 1

1

2 2dg
dy

E
G

GS
EI

a yo ( )= −

and in material 2

	
1
2

2 2

2
1 2

2 2dg
dy

E
G

GS
EI

H H a yo ( )= + − − 

Therefore, the shear follows a parabolic distribution along the beam height

	
2

1
1 2 2a y H a

T E
EI

a yxy ( )( )− ≤ ≤ − → τ = −

	
2

1 1 2
2

1 2
2 2H a y H H a

T E
EI

H H a yxy( ) ( ) ( )− ≤ ≤ + − → τ = + − − 

The shear variations are shown in Figure 21.8. At junction between the two materials 
(y = H1 – a), we find the shear in the adhesive:

	
2

21
1 1adhesive

T E
EI

H a Hxy ( )τ = −

Note: The shear coefficient k is obtained by integration of function ( )0g y  by using the fol-
lowing expression (see Equation 16.16):

	
1

section

k
EI

E g y dSi o∫=

This calculation is long but without any particular difficulty. The numerical values of k are 
shown in Figure 21.9 for different ratios 1 2E E  and 2 1H H , in the particular case where 
Poisson coefficients are identical for the two materials.

FIGURE 21.8  Shear stress distribution.
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21.4 � BUCKLING OF A SANDWICH BEAM

Problem Statement
A sandwich beam is compressed at its two ends by two opposite forces F. Each end is clamped 

so that rotation is prevented.

	 1.	For what value of F, denoted as criticalF , can we obtain a deformed configuration of the beam 
other than the rectilinear configuration in compression? For example, a configuration as 
shown in Figure 21.10 (adjacent equilibrium). 

	 2.	What is the error on this value if shear deformation of the beam is neglected? Give a 
numerical application by using for the beam the characteristics of Application 19.1.

Solution
	 1.	Recall the behavior equations for the beam in Equation 16.16:

	 ;T
GS
k

dv
dx

M EI
d
dx

y z z z
z= − θ



 = θ

Referring to the following figure, we can write the corresponding relationships, in which C 
represents the clamping moment on the right-hand side:

	 ;T F
dv
dx

M C Fvy z≈ = −

FIGURE 21.9  Variations of “k” coefficient.

FIGURE 21.10  Sandwich beam under compression.
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From which, by substituting in behavior equations,

	 ;F
dv
dx

GS
k

dv
dx

C Fv EI
d
dx

z z
z= − θ



 − = θ

Elimination of zθ  between these two relationships leads to the following equation:

	 with
1

1

2

2
2 2 2d v

dx
v

C
F

F
EI kF

GS
z

+ λ = λ λ = ×
−







	 (21.10)

Provided that /F GS k< , the general solution is

	 ( ) cos sinv x A x B x
C
F

= λ + λ +

•	 Boundary conditions:
–	 For 0, (0) 0 and (0) 0x v z= = θ = .

Due to

	 1 F
k

GS
dv
dx

zθ = − ×






This last condition leads to

	 0
0

dv
dx x

=
=

We then find that

	 0 ;B A
C
F

= = −

From which

	 λ= −( ) (1 cos )v x
C
F

x

–	 For   , ( ) 0 and ( ) 0x v z= = θ =

	 cos 1λ =

From which

	  2nλ = π

We obtain

	


( ) 1 cos2v x
C
F

n
x= − π



 	 (21.11)
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With Equation (21.10) and λ = π42 2 2 2n , the critical value criticalF  is as follows:

	





4

1
4

critical

2 2

2
2 2

2

F
n EI

n EI k

GS

z

z

=
π

+
π





The smallest value of F is obtained for n = 1 as

	





4π

1
4π

critical

2

2
2

2

F
EI

EI k

GS

z

z

=
+

〈 〉






•	 Comments:
–	 We can verify that this value of criticalF  is less than /GS k. The general solution ( )v x  

in Equation 21.11 is, therefore, appropriate.
–	 It is worthy to note that ( )v x  as written in Equation 21.11 is defined only by a mul-

tiplication factor, because the clamping moment C is indeterminate. We can find 
this property by writing explicitly as a function of v(x) the relation

	 



= = θ
=

( )C M EI
d
dx

x z
z

x

	 2.	 If shear effect is neglected, it means undeformability under shear and leads to zero value 
for the corresponding strain energy in Equation 16.16. In other words, k = 0.

The critical force then becomes

	
4

critical

2

2


′ =
π

F
EIz

And the relative error to its previous value is

	 Error 1critical

critical

F
F

= ′ −

	


Error
4 2

2

EI k

GS
z=

π

As a numerical example, let us calculate this error for the beam characteristics in 
Application 19.1 or also in Section 4.2.2. Recall that the beam was made of polyurethane 
foam with aluminum skins, 1 m long. The following had then been found:

	 475 10 ; 650 102 2EI
GS
k

z = × = ×

With such values, we note a spectacular error on the critical buckling force evaluation:

	 Error 28.84 2.884 10 %!3( )= = ×

21.5 � SHEAR DUE TO BENDING IN A SANDWICH BEAM

Problem Statement
We consider a sandwich beam cross section as shown in Figure 21.11. The components, assumed 
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other with an adhesive with negligible thickness. The beam has a unit width. The moduli of elastic-
ity are denoted as shown.

Using the formulation in Equation 16.16 for bending of composite beams,

	 1.	Give a study of the warping function 0g  for bending in the middle plane (x, y) of this beam 
with such a cross section

	 2.	Deduce from there the shear stress distribution
	 3.	Calculate the shear coefficient for bending in plane (x, y), as well as the deformed configu-

ration of a cross section under shear
•	 Numerical application: Calculate k for a beam with the following:

Core of polystyrene foam with thickness 80.2 mm; 21.5 MPa; 7.7 MPa2 2E G= = .
Aluminum skins with thickness 2.15 mm; 65,200 MPa; 24,890 MPa1 1E G= = .

Solution

	 1.	Longitudinal warping function ( , )0g y z
This is the solution of the problem described in Equation 16.16. Assuming here that 0g  

does not vary with z leads to

	

in the domain of the section

0  for 2

2

2

1

d g
dy

E
G

GS
EI

y

dg
dy

y H

o i

i z

o

= − ×

= = ±











With 0g  and G dg dyi o( ) remaining continuous when crossing from material 1 to material 2.

Taking into account the antisymmetry of function 0g  with respect to y, we find

	

2 2 6

2 2 6

2 2 6

2 1
1

1

1

3
1 1

2 2
2

2

2

3
2

1 2
3

1

1

3
1 1

H
y

H
g

E
G

a
y A y B

H
y

H
g

E
G

a
y A y

H
y

H
g

E
G

a
y A y B

o

o

o

≤ ≤ → = − + +

− ≤ ≤ → = − +

− ≤ ≤ − → = − + −

FIGURE 21.11  Sandwich beam cross section.
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with
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	 2.	Shear stress due to bending
It is given by the relationship in Equation 16.16:

	
� � ����

gradG
T

GS
gi

y
oτ =

In the present case,

	 ; 0G
T

GS
g
y

G
T

GS
g
z

xy i
y o

xz i
y oτ = ∂

∂
τ = ∂

∂
=

we obtain
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y

H T
EI
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y
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y

z
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y
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

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



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

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







≤ ≤ → τ = −




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The corresponding distribution is illustrated below for two distinct designs of components 
1 and 21.

	 3.	Shear coefficient
The calculation of k is carried out without difficulty starting from expression in 

Equation 16.16:
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1

k
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We obtain
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Evolution of the shear coefficient k is represented in Figure 21.12 for different ratios 1 2E E( ) 
and with the same Poisson coefficient (0.3), when varying relative thicknesses of the skins. 
•	 Comments:

–	 In Figure 21.12, the limiting cases ; ; 02 1 2 1 2E E H H H= = =  correspond to a homo-
geneous beam with rectangular cross section for which we find again the classical 
value k = 6/5 (or 1.2).

–	 The expression written above for the k coefficient is long. If the skins are thin rela-
tive to the total thickness of the beam, we can content ourselves with a simplified 
expression for easier manipulation, as done in Application 20.1.

FIGURE 21.12  Variations of “k” coefficient.
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–	 Deformed configuration of a cross section: The displacement of each point of 
the cross section out of its initial plane is obtained starting from the function go 
through the relationship (see Equations 16.12 and 16.15)

	
T

GS
g k yx

y
o( )η = − ×

This displacement is described graphically in the following figure for two distinct 
sets of properties of components 1 and 2.

–	 Numerical application: We find k = 165.7. Note that for this type of beam, the 
shear coefficient can have very high values, far greater than those of homoge-
neous beams, which are at most about a few units.

21.6 � SHEAR DUE TO BENDING IN A COMPOSITE BOX BEAM

Problem Statement
In Figure 21.13 is shown the cross section of a box beam made of two distinct materials denoted 

as 1 for vertical parts and 2 for horizontal parts. Each of them is transversely isotropic in plane  
(y, z) of the cross section. This beam is bending in its midplane (x, z).

Assuming that 1e  and 2e  have little values compared to h and b,

	 1.	Calculate the shear stress distribution due to a shear force Tz

	 2.	Calculate the shear coefficient kz for bending in the plane (x, z)

FIGURE 21.13  Composite box beam.
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Solution
Note first that the cross section admits y-axis and z-axis as symmetry axes. Accordingly, O is the 

elastic center in accordance with Equation 16.19.

	 1.	Shear stress due to bending
•	 In area 1, the assumption 1e h leads to a shear stress denoted as 1τ  directed along z 

(no component normal to the wall because the latter is free of shear force) and constant 
across the thickness 1e . Then with Equation 16.19 and denoting by ( )01h z  the longitudi-
nal warping function

	 1 1
01G

T

GS
dh
dz

xz
yτ = τ =

•	 In area 2, the assumption 2e b leads to a shear stress denoted as 2τ  directed along 
y (no component normal to the wall because the latter is free) and constant across the 
thickness 2e . Then with Equation 16.19 and denoting by ( )02h y  the longitudinal warp-
ing function

	 2 2
02G

T
GS

dh
dy

xy
zτ = τ =

We have to evaluate 01dh dz( ) and 02dh dy( ). From Equation 16.19, the following 
applies:

–	 In area 1, 
2

01
2

1

1

d h
dz

E
G

GS
EI

z
y

= −  giving 
2

01 1

1

2

1
dh
dz

E
G

GS
EI

z
a

y

= − + ′

–	 In area 2, 
2

02
2

2

2

d h
dy

E
G

GS
EI

z
y

= −  with / 2z h=  giving 
2

02

2

2

2

dh
dy

E
G

GS
EI

h
y

z
h y

= −
=

(Since z is the axis of symmetry, the integration constant is zero for y = 0).
–	 Local equilibrium of a corner of the box beam: for example, in the follow-

ing figure is shown the corner

	
2

;
2

y
b

z
h= − =

Consideration of longitudinal equilibrium (along x-direction) in figure below allows 
writing2

By using expressions of 1τ  and 2τ  above

	 1 1
01

2 2
02e G

T
GS

dh
dz

e G
T
GS

dh
dy

z z=
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	 1 1
01

2 2
02e G

dh
dz

e G
dh
dy

=

	
8 4

1 1
1

1

2

1 2 2
2

2

e G
E
G

GS
EI

h
a e G

E
G

GS
EI

hb

y y

− 〈 〉 + ′








 = 〈 〉









Then,
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From which the shear stress distribution:
–	 In vertical walls (material 1)
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–	 In upper horizontal wall (material 2; z = h/2)
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–	 In lower horizontal wall (material 2; z = –h/2)
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	 2.	Shear coefficient kz

From Section 16.1.6.2, the shear strain energy is
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With expressions above for 1τ  and 2τ , we find after calculus
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Then,
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21.7 � TORSION CENTER OF A COMPOSITE U-BEAM

Problem Statement
We consider the cross section of a U-beam as shown in Figure 21.14, made of two distinct mate-

rials denoted as 1 (vertical part) and 2 (horizontal parts), each of them being transversely isotropic 
in plane (Y, Z) of the section. This beam is bending in plane (x, Z) under a shear force TZ  passing 
through the torsion center C. The latter is located on the Y-axis due to the plane of symmetry (x, Y).

Assuming that 1e  and 2e  have little values compared to h/2 and b/2,

	 1.	Calculate the shear stress distribution due to the shear force TZ

	 2.	Calculate the Y-coordinate of the torsion center C, denoted as c

Solution
	 1.	Shear stress due to bending

In Figure 21.14, the Z-axis is not anymore a symmetry axis, and O′ is not the elas-
tic center of the section. We could follow the calculation steps described in Equation 
16.19 in order to first determine the elastic center O and then calculate shear stress in 
principal axes y and z. To avoid such calculations, we will note that the U-section shape 
of the figure above is just the half of the box-beam section examined in the previous 
Application 21.6. From then, we can observe the equivalence between the loadings of 
the two cases (a) and (b) summarized in the figure below, when the box beam is subject 
to a shearing force 2 TZ( )× .

Therefore, when the section of the half box beam is considered alone, the shear stress 
distribution due to TZ  can be deduced from the shear stress distribution in the complete 
box-beam section written in Application 21.6. We obtain in axes ( , )Y Z  with z = Z and 
y = Y – (b/2), the following:
•	 In vertical wall (material 1),
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T
Z h e E
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y
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•	 In upper horizontal wall (material 2, Z = h/2),
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•	 In lower horizontal wall (material 2, Z = –h/2),

	
2 4

2
2E

EI
T

h
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hb

y
zτ = −





	 2.	Torsion center C
Then the location of the torsion center C can be readily obtained. At this point, we must 

write that the shear stress distribution ,1 2( )τ τ  does not cause any torsional moment. This 
condition can be written as

	 01 1

2

2

2 2

0

2

c e dZ h e dY
h

h b

∫ ∫( ) ( )× τ × − × τ × =
−

with the forms above for 1τ  and 2τ , this leads after calculus to
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
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21.8 � SHEAR DUE TO BENDING IN A COMPOSITE I-BEAM

Problem Statement
We consider the cross section of a I-beam as shown in Figure 21.15, made of two distinct materi-

als denoted as 1 (web) and 2 (flanges), each of them being transversely isotropic in the plane (y, z) 
of the cross section.

This beam is bending in its midplane (x, z).
Assuming that 1e  and 2e  have little values compared to h and b,

	 1.	Calculate the shear stress distribution due to a shear force Tz

	 2.	Calculate the shear coefficient kz for bending in the plane (x, z)

FIGURE 21.14  Composite U-beam.
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Solution
Note first that the cross section admits y-axis and z-axis as symmetry axes. Thus, O is the elastic 

center in accordance with properties in Equation 16.19.

	 1.	Shear stress distribution
•	 In area 1, the assumption 1e h leads to admit a shear stress 1τ  directed along z (no 

component normal to the wall because the latter is free) and constant across the thick-
ness 1e . Then with Equation 16.19 and denoting by ( )01h z  the longitudinal warping 
function

	 1 1
01G

T
GS

dh
dz

xz
zτ = τ =

•	 In area 2, the assumption 2e b leads to admit a shear stress 2τ  directed along y (no 
component normal to the wall because the latter is free) and constant across the thick-
ness 2e . Then with Equation 16.19 and denoting by ( )02h y  the longitudinal warping 
function

	 2 2
02G

T
GS

dh
dy

xy
zτ = τ =

We have to calculate 01dh dz( ) and 02dh dy( ). For this, we have from Equation 16.19 
the following:
–	 In the web (material 1),
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From which
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–	 In the upper flange (material 2)3
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FIGURE 21.15  Composite I-beam.
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Then,
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We remark that 2τ  is zero for = /2y b  (condition of shear stress reciprocity). Then,
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For –( / 2) 0b y≤ < , an analogous calculus gives
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•	 Equilibrium condition at the junction between the web and upper flange:
Consideration of longitudinal equilibrium along x-direction in figure below for the 
junction = =( 0 and /2)y z h  allows writing4
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This continuity condition can be rewritten as
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Then, the shear stress distribution is obtained as follows:
–	 In the web (material 1),
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–	 In the upper flange (material 2),
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Note that the shear stress in the lower flange is readily obtained from an analogous 
calculation.

	 2.	Shear coefficient kz

From Section 16.1.6.2,
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With 1τ  and 2τ  above, we obtain after calculus the following shear energy density:
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From where by identification
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Note: We should point out the close analogy of results for the two section shapes: I-beam 
discussed here and box beam of Application 21.6. The results turn identical if we give 
the value 2 1e in place of 1e  for the web thickness of I-beam above. In such case, the areas 
occupied by material n 1°  are strictly identical in both section shapes.
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21.9 � POLYMERIC COLUMN REINFORCED BY FILAMENT-WOUND FIBERGLASS

Problem Statement
We consider a cylindrical column of revolution designed for the chemical industry (temperature 

can be high, and it may contain corrosive fluid under pressure) made of PVDF (polyvinylidene 
fluoride). It is reinforced on the outside by a filament-wound layer of “E” glass/polyester. The char-
acteristics of the two layers are as follows:

•	 Internal layer in PVDF: Thickness 1e , isotropic material, modulus of elasticity 1E , Poisson 
coefficient 1ν .

•	 External layer in glass/polyester: To simplify the calculation, we will neglect the pres-
ence of the resin. As a consequence, 



,Et tν , and 


G t  (see Chapter 10) are neglected. The 
total thickness of the glass/polyester layer 2e  consists of a partial thickness denoted as 

90h
o

of windings along the 90° direction relative to the direction of the generator of the 
cylinder, and a partial thickness denoted as 45h± °of balanced windings along the +45° and 
–45° direction (as many fibers along the +45° as along the –45° direction). We, thus, have 

2
90 45e h h= +° ± ° (see Figure 21.16).

The longitudinal elasticity modulus of the glass/polyester layer is denoted as 


E . Thicknesses 1e  
(internal) and 2e  (external) will be considered small, relative to the average radius of the column.

	 1.	The tangent plane to the midsurface of the glass/polyester laminate is denoted as (x, y) in 
Figure 21.16. Calculate for the reinforcement glass/polyester, in terms of 



° ± °, ,90 45E h h :
•	 The equivalent moduli Ex  and Ey

•	 The equivalent coefficients yxν  and xyν
	 2.	A pressure po is exerted inside the column, at room temperature (creep of the materials not 

considered). The resulting stress components are denoted in axes (x, y):
•	 1xσ  and 1yσ  in the internal layer of PVDF
•	 2xσ  and 2yσ  in the external layer of glass/polyester

	 a.	 The assembly of both materials being assumed perfectly bonded, write the equilib-
rium and behavior equations for this assembly. Deduce from there the system that 
allows the calculation of 1xσ  and 2xσ .

	 b.	 Numerical application:
–	 Internal pressure po = 3 MPa (30 bar); r = 100 mm.
–	 PVDF, 260 MPa; 0.3; 10 mm1 1 1E e= ν = = .

–	 Glass/polyester, 


74,000 MPa; 0.75 mm; 32
90 45E e h h( )= = =° ± ° .

–	 Calculate , , ,1 1 2 2x y x yσ σ σ σ .
	 c.	 Deduce from the previous results the stress values 



90σ  in the glass fibers at 90° and 


45σ±  in the fibers at ±45°. Give comment.

FIGURE 21.16  Reinforced polymeric column.
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	 3.	We would like to modify the ratio 90 45h h( )° ± °  in order to obtain identical stress in fibers at 

90° and at ±45°, corresponding to an isotensoid glass layer.

	 a.	 What relations have to verify , ,90 45
2 2h h x y( ) σ σ° ± ° ?

	 b.	 Starting from results of Question 2(b), indicate an iterative method that allows the cal-
culation of the suitable ratio 90 45h h( )° ± ° . Then, give the precise definition of the glass/
polyester winding and its true thickness with a fiber volume fraction Vf = 25%.

Solution

	 1.	Equivalent moduli
The constitutive relationship of the laminate in axes (x, y) is written as (see Equation 12.4)
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Coefficients Eij
k  are given by Equation 11.8, in neglecting 



,Et tν , and 


G t :
•	 Plies at 90°:
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•	 Plies at +45°:
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•	 Plies at −45°:

	
�

� � 4

11
45

22
45

33
45

12
45

13
45

23
45

E E E E

E E E

= = =

= = =

− − − −

− −

From which we deduce the coefficients Aij. For example, we have
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and so forth. We obtain
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In inverting and introducing average stress components (fictitious) in the external glass 

layer (with index 2), ; ;2 2 2 2 2 2N e N e T ex x y y xy xy( ) ( ) ( )σ = σ = τ =  (see Equation 12.6):
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The above relation can be also interpreted as follows (see Equation 12.9):
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where appear the equivalent moduli of the laminate. From this, by identification,
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	 (21.12)

•	 Comment:
The obtained results are formally simple because of the following reasons:
–	 The polyester resin is not taken into account. The fibers work only in their 

directions.
–	 Decoupling between the external layer (glass/resin) and the internal layer (PVDF) 

was deliberately preferred to the consideration of a global laminate consisting of 
plies of glass/resin at 90°, +45°, and –45° plus one ply of PVDF, isotropic, with 
thickness 1e .

	 2.
	 a.	 Equilibrium relationships:

The isolated portions of the column as shown below allow us to write



566 Composite Materials

	 2 1 1 2 2
2r e e r px x o( )π σ + σ = π

	 1 2 1 21 1 2 2e e r py y o( )× σ + σ = × ×

From which the equilibrium relationships
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x x oσ + σ = 	 (21.13)

	 1 1 2 2e e p ry y oσ + σ = 	 (21.14)

–	 Behavior relationships:
Elastic behavior of the internal PVDF layer is described by the classical isotro-

pic equation:
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The behavior of the external composite filament winding is described in the previ-
ous question:
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Equality of strain under the stress state

	 ;1 1x ox y oyε = ε ε = ε

leads to
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Equations 21.13 through 21.16 constitute a system of four relationships for the four 
unknowns , ,1 1 2x y xσ σ σ , and 2yσ . By performing subtraction, (21.15)–(21.16), we 
obtain
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By performing addition, (21.15) + (21.16), we obtain
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By using Equations 21.13 and 21.14, we obtain a system allowing calculation of 1xσ  and 1yσ
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











= + ν



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− + ν



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











	



1 1 1 1

1
2

1

1
1

1

1

2
1

1

1

1

2

0

2

E
e
e E E
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yx
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
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







 + σ − ν



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+ − ν



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











= − ν





+ − ν

















	 (21.17)

	 b.	 Numerical application:
Since 390 45h h( )=° ± ° ,

	 0.75 mm; 0.56 mm; 0.19 mm2
90 45 45 90e h h h h= + = = =° ± ° ± ° °

Following Equation 21.12,

	 7,953 MPa; 18,747 MPa; 0.42E Ex y xy= = ν =

The system in Equation 21.17 provides

	 1.71 MPa; 3.07 MPa1 1x yσ = σ =

Equations 21.15 and 21.16 allow the calculation of 2xσ  and 2yσ :

	 188 MPa; 386 MPa2 2x yσ = σ =

	 c.	 Stresses in the fibers
Following Equation 11.8, we have for any ply “k” in the external layer:

	


4 2 2 3

2 2 4 3

3 3 2 2

E

c c s c s

c s s cs

c s cs c s

x

y

xy

k k

ox

oy

oxy

σ
σ
τ



















=
−
−

− −



















ε
ε
γ



















	 (21.18)
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The strain components oxε  and oyε  are obtained by means of the previous results (see 
Question 2(a)). For example,

	

3.03 10

9.85 10

1
1

1

1

1
1

3

1
1

1
1

1

1

3

E E

E E

ox x
x

y

oy y x
y

ε = ε = σ − ν σ = ×

ε = ε = − ν σ + σ = ×

−

−

If we invert Equation 11.4, taking into account the fact that the only nonzero stress in 
axes (ℓ, t) of the filament winding is 



σ ,

	


2

2 0
0

2 2

2 2

2 2

c s cs

s c cs

sc sc c s

x

y

xy

k k

( )

σ
σ
τ



















= −
− −



















σ















	 (21.19)

We, thus, have what follows:
–	 For fibers at 90°,

–	 Following Equation 21.18, 090
xσ =° ; 



90 Ey oyσ = ε°

–	 Following Equation 21.19, 090
xσ =° ; 



90 90
yσ = σ° ° from which

	
 



729 MPa

90

90

E oyσ = × ε

σ =

°

°

–	 For fibers at +45°,

–	 Following Equation 21.18, 

4
45 45 E

x y ox oy( )σ = σ = ε + ε+ ° + °

–	 Following Equation 21.19, σ = σ = σ+ ° + ° + °


1
2

45 45 45
x y

From which

	
( )σ = ε + ε

σ =

+ °

+ °







2

477 MPa

45

45

E
ox oy

The stress value is identical in the –45° fibers. Note the disparity of stress in the 90° 
fibers and the ±45° fibers. As such, the outer glass layer is not well designed because 
we want to ensure that all the fibers operate in an identical fashion in order to obtain 
uniform extension of fiberglass.

	 3.
	 a.	 Our goal is that 

 

90 45σ = σ° + °.
Referring to the results of the previous question, this equality leads to

	




2
E

E
oy ox oy( )× ε = ε + ε

Or

	 oy oxε = ε
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The behavior equation of the filament winding (Question 1 and Equation 21.12) indi-
cates then

	 2
2 2

2

E E E E
x

x

yx

y
y

xy

x
x

y

y

σ − ν σ = − ν σ + σ

After calculation,

	
90

45
2 2

2

h
h

y x

x

= σ − σ
σ

°

± ° 	 (21.20)

	 b.	 With the result of numerical application 2(b), Equation 21.20 indicates

	 0.532 2

2

y x

x

σ − σ
σ

=

Adopting this new value for the ratio 90 45h h( )° ± °  leads to the new result:

( ) =° ± ° 0.5390 45h h

	

8,216 MPa; 25,653 MPa; 0.32; 1

2.42 MPa; 2.72 MPa 

167 MPa; 364 MPa

1 1

2 2

E Ex y xy yx

x y

x y

= = ν = ν =

σ = σ =

σ = σ =

Equation 21.20 then indicates

	 0.5872 2

2

y x

x

σ − σ
σ

=

The value that we adopt for new ratio

( ) =° ± ° 0.58790 45h h

	

8,166 MPa; 27,627 MPa; 0.29; 1

2.63 MPa; 2.69 MPa 

165 MPa; 364 MPa 

1 1

2 2

E Ex y xy yx

x y

x y

= = ν = ν =

σ = σ =

σ = σ =

Equation 21.20 then indicates

	 0.62 2

2

y x

x

σ − σ
σ

=

which corresponds to a 2% relative variation with respect to the ratio value 90 45h h( )° ± °  

taken to carry out the last calculations above. The iterative procedure seems to quickly 
converge. Therefore, an external isotensoid layer and an internal layer of PVDF in 
biaxial tension would be obtained for a ratio

	 0.6
90

45

h
h

≈
°

± °
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The composition of the glass/polyester reinforcement will be as follows:

Taking account of the resin volume with 0.25Vf = , the true thickness of the glass/
polyester winding will be

	
0.25

2
2e

e′ =

	 3 mm2e′ =

21.10 � CYLINDRICAL BENDING OF A THICK ORTHOTROPIC 
PLATE UNDER UNIFORM LOADING

Problem Statement
Consider a thick rectangular plate ( )b a×  with b a> , made of unidirectional glass/resin 

(see Figure 21.17). It is simply supported at two opposite sides and loaded by a constant pressure 
noted qo.

	 1.	Calculate the bending deflection at the midline of the plate located at = /2x a  (maximum 
deflection).

	 2.	Numerical application: For this deflection, indicate the contribution of bending moment 
and of transverse shear, using the following:

	
40,000 MPa; 400 MPa; 0.3; 0.075; 1 MPa

150 mm; 15 mm.

E G q

a h

x xz xy yx o= = ν = ν = = −

= =

Comment on this.

FIGURE 21.17  Thick orthotropic plate.



571Applications Level 3

Solution

	 1.	For the cylindrical bending under analysis, Equation 18.32 allows us to write

	 ; ; ;11
dQ
dx

q
dM

dx
Q M C

d

dx
Q

hG
k

dw
dx

x
o

y
x y

y
x

xz

x

o
y= − = = θ = + θ





Elimination of , Q Mx y, and yθ  leads to

	
4

4
11

d w
dx

q
C

o o=

Then,

	
24 6 211

4 3 2

w
q
C

x
A

x
B

x
Cx Do

o= + + + +






The boundary conditions are

	
0

0 and 0 0
2

2

x
x a

w M
d

dx
k

hG
q

d w
dx

o y
y x

xz
o

o=
=





⇒ = = ⇒ θ = − =

After calculation of constants A, B, C, and D, we obtain the deflection at = /2x a :

	
2

12 1 5
384

1
96 1

4
3

2

w
a

q a
E h

k
h
a

E
G

o o
xy yx

x
x

x

xz xy yx

( )
( )





 = ×

− ν ν
+ 



 ×

− ν ν












The calculation of kx was done in Section 18.7.1 for this type of plate. It indicates (see 
Equation 18.34)

	
6
5

1.2kx = =

From which

	
2

12 1 5
384

1
80 1

4
3

2

w
a

q a
E h

h
a

E
G

o o
xy yx

x

x

xz xy yx

( )
( )





 = ×

− ν ν
+ 



 ×

− ν ν












The terms between brackets represent, respectively, the contribution of bending moment 
and that of transverse shear.

	 2.	Numerical values:

	
� �� �� � �� ��2
0.5727 mm 0.5625 mm

moment transverseshear

w
a

o




 = − −

	
2

1.1352 mmw
a

o




 = −
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Note: A percentage of 49.5% of this deflection is due to transverse shear. We can see from 
the above literal expression for ( /2)0w a  that the influence of transverse shear on bending 
deflection increases with the following:
•	 The relative thickness ( / )h a . Here, =( / ) 1/10h a , corresponding to a thick plate.
•	 The ratio E Gx xz( )5.

21.11 � BENDING OF A SANDWICH PLATE

Problem Statement
A rectangular sandwich plate ( )a b×  is clamped on one side b and loaded along the opposite side 

by a constant distributed load (N/mm)fo . The two other sides (length a) are free (see Figure 21.18).
The plate consists of two identical orthotropic skins of material 1 and an orthotropic core made 

of material 2. The orthotropic axes are parallel to axes (x, y, z).

	 1.	Assuming cylindrical bending of the plate about the y-axis, calculate the deflection of the 
loaded side x a= .

	 2.	Numerical application: fo = –10 N/mm; a = b = 1,000 mm; 2 100 mm1 2H H= × = .
•	 Material 1:

	 40,000 MPa; 4,000 MPa1 1E Gx xz= =( ) ( )

•	 Material 2:

	 40 MPa; 15 MPa2 2E Gx xz= =( ) ( )

For each of the materials, 0.3 and 0.075xy yxν = ν = ,
	 a.	 Calculate the deflection of the side x a= , and highlight the contributions of 

bending moment and of transverse shear
	 b.	 Calculate the transverse shear stress xzτ

–	 On the midplane of the plate
–	 At the interface between the core and the upper skin
–	 At the midthickness of the upper skin

Solution

	 1.	For the cylindrical bending case, consideration of equilibrium (see Section 18.5) and 
Equation 18.32a allows writing

	 0; ; ;11
0dQ

dx

dM

dx
Q M C

d

dx
Q

hG

k
dw
dx

x y
x y

y
x

xz

x
y= = = θ = + θ





FIGURE 21.18  Sandwich plate.
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Here, 0Q fx = , and elimination of My and yθ  leads to

	
3

3
11

d w
dx

f
C

o o= −

Then,

	
6 211

3 2

w
f

C
x

A
x

Bx Co
o= − + + +







The boundary conditions are

	

0 0 and 0 0

0 0
2

2

x w k
f

hG
dw
dx

x a M
d

dx
d w
dx

o y x
o

xz

o

y
y o

= → = θ = ⇒ − =

= → = ⇒ θ = − =

After the calculation of constants A, B, and C, we obtain the deflection at x a=

	 ( )
3

3

11

w a
f a
C

k
f a

hG
o

o
x

o

xz

= +

According to Equations 18.32a and 18.2

	
12 12

11 11
1 1

3
2
3

11
2 2

3

C E
H H

E
H= −





+( ) ( )

	
12 1

11

1
1
3

2
3 2

2
3

C
E H H E Hx x

xy yx

( )
( )=
− +

− ν ν

( ) ( )

	 1
1 2

2
2hG G H H G Hxz xz xz( )= − +( ) ( )

From which we obtain

	 ( )
4 1 3

1
1
3

2
3 2

2
3 1

1 2
2

2

w a
f a

E H H E H

k f a
G H H G H

o
xy yx o

x x

x o

xz xz( )
( )

( )=
− ν ν

− +
+

− +( ) ( ) ( ) ( )

The calculation of kx was carried out in Section 18.7.2 for this type of plate and is given by 
Equation 18.39.

	 2.	Numerical application:
	 a.	 Deflection, from Equation 18.39, kx =110.8

From which

	
� �� �� � �� ��

( ) 1.177 mm 5.519 mm
moment transverseshear

w ao = − −

	 ( ) 6.696 mmw ao = −
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Note: A percentage of 82% of this deflection is due to transverse shear, and this hap-
pens despite very thick skins. This important influence is due to
–	 The very large value (110.8) compared with the unity of the transverse shear 

coefficient
–	 The notable thickness of the plate, ( ) = 1/101H a

	 b.	 Transverse shear stress τxz: from Equation 18.37,
–	 On the midplane, 0 0.1286 MPaz xz= → τ =
–	 At the interface between the skin and the core,

	 2 0.12855 MPa2z H xz= → τ =

–	 At the midthickness of the upper skin,

	 4 0.075 MPa1 2z H H xz( )= + → τ =

Note: We have maintained several decimal places in order to use this example as a test 
case when evaluating finite element software6.

21.12 � BENDING VIBRATION OF A SANDWICH BEAM7

Problem Statement
Consider a sandwich beam of length ℓ and width d simply supported at its ends (see Figure 21.19). 

It consists of two identical skins of material 1 (glass/resin) and a core of material 2 (foam). These 
materials are transversely isotropic in plane ( , )y z .

The elastic constants are denoted as 1Ex
( ); 1Gxy

( ); 2Ex
( ); 2Gxy

( ).
Specific masses are 1ρ  and 2ρ .

	 1.	Write the equation for the natural frequencies of bending vibration in plane of symmetry 
( , )x y  of this beam.

	 2.	Numerical application:

	



40,000 MPa; 4,000 MPa; 2,000 kg/m

40 MPa; 15 MPa; 50 kg/m

2 100 mm; 1,000 mm; 100 mm

1 1
1

3

2 2
2

3

1 2

E G

E G

H H d

x xy

x xy

= = ρ =

= = ρ =

= = = =

( ) ( )

( ) ( )

Calculate the first five flexural natural frequencies.

FIGURE 21.19  Simply supported sandwich beam.
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Solution

	 1.	Equation for the bending vibrations
We have to formulate the differential equation for the dynamical displacement ( , )v x t  

starting from Equation 16.18. We should note that for the example under analysis, the elas-
tic center and center of gravity of section coincide. Thus, 0yG = , resulting in uncoupling 
between bending vibrations ( , )v x t  and longitudinal vibrations ( , )u x t :

	

;

;

2

2

2

2

T

x
S

v
t

M
x

T I
t

T
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k

v
x

M EI
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y z
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y z z z
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= ρ ∂
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∂
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+ = ρ ∂ θ
∂

= ∂
∂

− θ



 = ∂θ

∂

Elimination of Ty, Mz, and zθ  between these four relations leads to the equation for ( , )v x t :

	 (1 ) 0
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4
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2 2
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EI
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v
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S
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v
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k
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−
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+ ∂
∂ ∂

+ 〈ρ 〉 ∂
∂

+
ρ ρ ∂

∂
=

with

	 a k
S

GS

EI

I
z

z

= ×
ρ

ρ

Assuming a solution in the form ( , ) ( ) cos( )0v x t v x t= × ω + ϕ , we can rewrite the differential 
equation that defines the modal deflection shape ( )0v x  in the following nondimensional form:

	 (1 )
1

0
4

4
2

2

2
2 2

2

v
x

a
v

x
a

r
vo o

o
∂
∂

+ ω + ∂
∂

+ ω ω −

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In which

	
 


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; ; ; 2 2 2 2
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x
v

v I

EI
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I

S
o

o z
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z= = ω =
ρ

ω =
ρ

ρ

After writing the characteristic equation, the reduced modal deflection shape takes the form

	 cosh sinh cos sin1 1 2 2v A X x B X x C X x D X xo = + + + 	 (21.21)

where

	
(1 )
2

1
2

12
2

1
2

2
2 2

2

2= ± ω + + ω ω −



 +











X

X

a a
r

	 (21.22)

The boundary conditions corresponding to simply supported ends are written as

	 0 or 0 and 0x x v M EI
x

tz z
z= = → = = ∂θ

∂
= ∀

which leads in nondimensional form to

	 0 or 1 0 and 0
2

2
2x x v

v
x

a vo
o

o= = → = ∂
∂

+ ω =
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With Equation 21.21, these four conditions allow obtaining a linear and homogeneous sys-
tem with four unknowns A, B, C, and D. By setting the determinant of this system equal to 
zero, we obtain an equation for circular natural frequencies that reduces to

	 sin 02X =

The solution is

	 , ( 1, 2, 3 )2X n n= π = … 	 (21.23)

	 2.	Natural frequencies
With the specified numerical values, the shear coefficient k is obtained from the literal 

expression found in Question 3 of Application 21.5. We find k = 110.8.
First, the circular frequencies , ,1 2 3ω ω ω … are extracted from Equation 21.23, in which 

2X  takes the form (21.22). The natural frequencies are then obtained:

	
2

(Hz)fi
i= ω

π

Numerically8,

	
64.476 Hz; 131.918 Hz; 198.734 Hz

265.383 Hz; 331.963 Hz

1 2 3

4 5

f f f

f f

= = =

= =

21.13 � TRANSVERSE SHEAR IN A TWO PHASES CIRCULAR SECTION BEAM

Problem Statement
Consider a circular section beam made up of two concentric phases denoted 1 and 2 as shown in 

Figure 21.20. The materials constituting each phase are homogeneous and isotropic, with respec-
tive moduli of elasticity , 1 1E G  and , 2 2E G . We examine the transverse shear behavior associated to 
bending of this beam in its symmetry plane ( , )x y .

Using the results from Chapter 16 (see Equation 16.16):

	 1.	
	 a.	 Calculate the warping function 0g  in domain D of the cross section. One can use the polar 

coordinates r and θ in the plane of the transverse section and put ( , ) ( ) cos0g r f rθ = × θ.
	 b.	 Give the expression for the shear coefficient k and define the transverse shear stiffness 

of the beam.

FIGURE 21.20  Two phases circular section beam.
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	 2.	Examine the particular case where 1.51 2r r= × , 10 1 2E E= , and 0.31 2ν = ν = . Calculate 
the shear coefficient k. Deduce the warping, written as GS Tx y( )η ×  of the cross section 
under the effect of transverse shear stress.

Solution

	 1.	
	 a.	 Longitudinal warping function ( , )0g r θ

We have to solve in domain D of the cross section (see Equation 16.16)
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In polar coordinates
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1 2
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By posing

	 ( , ) ( ) cos0g r f rθ = × θ

We obtain after calculation
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	 b.	
–	 Shear coefficient k

It is given by Equation 16.16b, that is to say
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–	 Transverse shear stiffness of the beam:
Starting from the constitutive Equation 16.16a:

	 T
GS
k

dv
dx

y z= − θ





One can note the proportionality between the shear stress resultant Ty and the cor-
responding deformation ( / )dv dx z( )− θ . The transverse shear stiffness is, thus, the 
coefficient of proportionality ( )/GS k , that is to say

	 1 1
2

2 1 2
2GS

k k
G r G G r{ }( )= π + −

	 2.	Particular case:
•	 Shear coefficient k: with 1.51 2r r= × , 101 2E E= × , and 0.31 2ν = ν = , the formula previ-

ously written for k gives

	 1,658k = 	 (21.25)

•	 Warping of the cross section: it is written (see Section 16.1.5.3 and Equation 16.15)

	 ( , ) ( , )0
T

GS
g y z

T

GS
g y z k yx

y y [ ]η = × = × − ×

i.e.,

	 ( , )0
GS
T

g y z k yx
y

η × = − ×
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With Equations 21.24 and 21.25, one obtains in the plane ( , )y z  of the cross section:

Figure 21.21 shows the corresponding warped section superimposed on the initial plane cross section.

NOTES

	 1	 Evolution of τxy for the beam with thin skins (H2/H1 = 0.9) justifies the simplification proposed in 
Application 20.1.

	 2	 To write this, we have to neglect the area of the corner. Then the shear flow is conservative.
	 3	 We should note that the assumption of a little value of the flange’s thickness is not valid for y = 0. From 

which the occurrence of a strict inequality y > 0.
	 4	 To write this, we have to neglect the area of the corner. Then the shear flow is conservative.
	 5	 This example of thick plate in bending constitutes a test case to evaluate computer programs using finite 

elements. For complementary information on this topic, see Bibliography: Matheron G.
	 6	 This example of thick plate in bending constitutes a test case to evaluate computer programs using finite 

elements. For complementary information on this topic, see Bibliography: Matheron G.
	 7	 This application constitutes another test case for the validation of finite element software. See 

Bibliography: Matheron G.
	 8	 The nonsignificant decimals have intentionally been kept for the purpose of comparison with values 

obtained from numerical models of finite element software.
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FIGURE 21.21  Warping of the cross section.
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Appendix A
Stresses in the Plies of a Carbon/
Epoxy Quadrangle Symmetric 
Laminate Loaded in Its Plane

In this appendix, Figures A.1–A.12 give for each ply of a given Quad laminate, in orthotropic 
directions ℓ and t of this ply in its plane, the stress components σℓ, σt, and τℓt.

The laminate is successively subject to three cases of simple loading:

	 1.	 ±Φ ±Ψ[ / ], normal stress along the 0° direction
	 2.	 1 MPaσ =y , normal stress along the 90° direction
	 3.	 1 MPaτ =xy , shear stress

A.1  CHARACTERISTICS OF EACH PLY

•	 Vf = 60% fiber volume fraction
•	 Thickness of each ply, 0.13 mm
•	 Moduli:

•	 Modulus along the fiber direction, 134,000 MPa


=E
•	 Modulus along the transverse direction, 7,000 MPa=Et

•	 Shear modulus, 4,200 MPa


=G t

•	 Poisson coefficient, 0.25


ν =t

•	 Failure strength:
•	 Tension along the longitudinal direction ℓ, 1,270 MPatens.

rupture

σ =
•	 Compression along the longitudinal direction ℓ, 1,130 MPacomp.

rupture

σ =
•	 Tension along the transverse direction t, 42 MPatens.

ruptureσ =t

•	 Compression along the transverse direction t, 141 MPacomp.
ruptureσ =t

•	 Shear strength, τ =


63 MParupturet
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FIGURE A.1  Stresses in 0° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and –45°, 

for an applied uniaxial stress 1 MPa: (Mpa)

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FIGURE A.2  Stresses in 90° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.3  Stresses in +45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.4  Stresses in –45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.5  Stresses in 0° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and –45°, 

for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.6  Stresses in 90° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.7  Stresses in +45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.8  Stresses in –45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.9  Stresses in 0° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and –45°, 

for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.10  Stresses in 90° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.11  Stresses in +45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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FIGURE A.12  Stresses in –45° plies as functions of the percentage of plies in directions 0°, 90°, +45°, and 

–45°, for an applied uniaxial stress 1 MPa: (Mpa)
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Appendix B
Buckling of Orthotropic Structures

The stability of orthotropic plates and shells is not treated in this book. However, in what follows, 
we give the way to estimate the magnitude order of loads that can lead to buckling due to compres-
sion or shear in orthotropic panels and tubes.

B.1  BUCKLING OF RECTANGULAR PANELS1

Figures B.1–B.6 allow calculating the critical In-plane resultants2 in compression and in shear for 
different support conditions.

FIGURE B.1  Buckling of a rectangular panel under In-plane loading simply supported on four sides.
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FIGURE B.2  Buckling of a rectangular panel under In-plane loading simply supported on three sides and 
clamped on the fourth side.
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FIGURE B.3  Buckling of a rectangular panel under In-plane loading simply supported on two sides and 
clamped on the other two sides.
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FIGURE B.4  Buckling of a rectangular panel under In-plane loading simply supported on two opposite 
sides, clamped on the third side, and free on the fourth side.



599Buckling of Orthotropic Structures

FIGURE B.5  Buckling of a rectangular panel under In-plane loading simply supported on three sides and 
free on the fourth side.
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B.2  BUCKLING OF ORTHOTROPIC TUBES

•	 Buckling in bending, giving rise to ovalization of the thin tube (Figure B.7)
Bending leads to ovalization of the cross section. Then the moment of inertia for bending 
that contributes to the bending stiffness decreases, leading to the unstable process. The 
phenomenon is known as the Brazier effect.

	
2 2

9 1
critical
bending

2

1/2

= π ×
− ν ν









M r e

E E
o

x y

xy yx

•	 Buckling due to external pressure
The notations in Figure B.7 are kept. L is the length of the tube making the container that 
is subject to buckling:

	
critical

0.83

1 0.1

1/4 5/2

= ×
−





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FIGURE B.6  Buckling of a rectangular panel under In-plane shear simply supported on four sides.
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•	 Buckling due to torsion (Figure B.8)
The critical shear resultant in torsion is given by

	
critical 12 1

2 9

3 2

1/4 3 5

5

1/8

( )
= π 
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





T e
r L

E Exy

o

x y

xy yx

•	 Buckling due to axial compression
This aspect is not considered here, because the occurrence of elastic instability is strongly 
influenced by the geometry defects in the orthotropic cylinder.

NOTES

	 1	 See Bibliography “Brunnelle and Oyibo”.
	 2	 See Section 5.2.4 or 12.1.1 for the definition of these stress resultants. See in Equation 12.16 the defini-

tion of constants C11, C22, C12, and C33 that appear in the figures.

FIGURE B.7  Flexural buckling of a thin-walled orthotropic tube.

FIGURE B.8  Torsion of a thin-walled orthotropic tube.
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